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Sumnary
T h i s  t h e s i s  d e s c r i b e s  th e  r e s u l t s  o f  th e  a u t h o r ' s  
c o n t r i b u t i o n  to  a c o l l a b o r a t i v e  r e s e a r c h  p rogram m e b e tw e e n  th e  
D epartm ent o f  R e s p i r a to ry  M edic ine , Glasgow Royal In f i rm a ry ,  and 
t h e  D e p a r tm e n t  o f  E l e c t r o n i c s  and E l e c t r i c a l  E n g i n e e r i n g ,  
U n iv e r s i t y  o f  Glasgow. A f te r  the  f i r s t  s ix  months o f  r e s e a r c h ,  
i t  was decided  t h a t  the  p r o j e c t  would be l i m i t e d  to  d e m o n s tra t in g  
th e  f e a s i b i l i t y  o f  d eve lop ing  a n o n - in v a s iv e  exam ina t ion  system 
for p a t i e n t s  exposed to  a s b e s to s  d u s t s .  The developm ent o f  t h i s  
s y s t e m  le d  to  a g ro w in g  i n t e r e s t  in  n e a r e s t  n e ig h b o u r  (NN) 
c l a s s i f i c a t i o n  a lg o r i th m s  and to  th e  in v e s t ig a t io n  o f  a number o f  
i n t e r e s t i n g  p rob lem s in  t h i s  a re a .
In  p a r t i c u l a r ,  i t  i s  a rg u e d  t h a t  when th e  s i z e  o f  t h e  
p ro to ty p e  s e t  i s  f i n i t e ,  a w eighted  k-NN r u l e  may, in some c a s e s ,  
h a s  a  s m a l le r  p r o b a b i l i t y  o f  e r r o r  than  an unweighted k-NN r u le .  
A n a ly t i c a l  s o lu t i o n s  to  a s im p le  example and e x p e r im en ta l  r e s u l t s  
a r e  p e s e n t e d  to  su p p o r t  t h i s  argum ent.
A new NN c l a s s i f i c a t i o n  schem e i s  a l s o  d e s c r i b e d  in  
t h i s  t h e s i s .  A gain  a num ber o f  m o d i f i c a t i o n s  f o r  th e  c a s e  o f  a 
f i n i t e  p ro to ty p e  s e t  a re  su g g es ted ,  and ex p er im en ta l  r e s u l t s  a re  
g iv e n .
The r e m a in d e r  o f  t h e  w ork in  t h i s  t h e s i s  c o n c e r n s  t h e  
developm ent o f  the  p r o p s e d  n o n - in v a s iv e  exam ination  system  which 
u s e s  lu n g  sound a s  i t s  i n p u t .  Due to  t h e  c o m p l e x i t y  o f  t h e
V
p r o p s e d  system  and th e  i n i t i a l  sm a l l  d a ta  s e t ,  o n ly  p a r t  o f  the  
system  has  been im plem ented . However, p r e l im in a r y  e x p r i m e n t a l  
r e s u l t s  on t h r e e  g r o u p s  o f  p a t i e n t s ,  n a m e ly  (a) p a t i e n t s  w i t h  
a s b e s t o s i s ,  (b) p t i e n t s  who have  e x p s e d  to  a s b e s t o s  d u s t ,  and 
(c) h e a l t h y  s u b j e c t s ,  h a v e  sh o w n  t h a t  i t  i s  p o s s i b l e  t o  
d i s c r i m i n a t e  t h e s e  t h r e e  g ro u p s  o f  p a t i e n t s .  More e x t e n s i v e  
s t u d i e s  a r e  r e q u i r e d  b e f o r e  th e  s y s te m  c a n  be used  in  c l i n i c a l  
c o n d i t io n s .  S u g g es t io n s  fo r  th e se  co n t in u in g  s tu d ie s  a r e  made.
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Chapter 1: In trod u ction  
IJ . A b r ie f  h is t o r ic a l  account o f  th e  lung sound research
Ever s i n c e  L aennec  (1819) i n v e n te d  h i s  s t e t h o s c o p e ,  
lung sound has been used as  a d ia g n o s t i c  to o l .  U n fo r tu n a te ly ,  in 
t h o s e  e a r l i e r  d a y s ,  l u n g  s o u n d s  w e r e  i d e n t i f i e d  by  a 
p r o l i f e r a t i o n  o f  d i f f e r e n t  t e r m i n o l o g i e s  w h ich  w ere  s u b j e c t i v e  
and d ep en d e d  on th e  i n t e r p r e t a t i o n s  o f  i n d i v i d u a l  p h y s i c i a n s .  
T h e r e f o r e ,  a s  s c i e n c e  and t e c h n o lo g y  a d v a n c e d ,  th e  s t e t h o s c o p e  
w a s  s l o w l y  r e p l a c e d  in  i m p o r t a n c e  by o t h e r  n o n - i n v a s i v e  
i n v e s t i g a t i v e  te c h n iq u e s ,  such as  rad iog raphy  and more r e c e n t ly  
n u c le a r  m agnetic  resonance im aging. Perhaps i t  was the  work o f  
F o r g a c s  (1978) in  th e  1960s  and e a r l y  1 9 7 0 s ,  who s t r e s s e d  th e  
m e r i t  o f  a s c i e n t i f i c  a p p r o a c h ,  t h a t  s t i m u l a t e d  a g ro w in g  
i n t e r e s t  in  lung sound a n a l y s i s  in th e  m id - s e v e n t ie s .
I t  was a t  about t h i s  t im e  t h a t  the  lung sound re se a rc h  
programme a lso  s t a r t e d  in  Glasgow U n iv e rs i ty .  I t  has been going 
on f o r  n e a r l y  t e n  y e a r s  and i s  a c o l l a b o r a t i o n  b e tw e e n  th e  
D epartm ent o f  R e s p ira to ry  M edicine, Glasgow Royal I n f i rm a ry ,  and 
th e  D epartm ent o f  E le c t r o n ic s  and E l e c t r i c a l  E ngineering  a t  the 
U n i v e r s i t y .  McGhee (1978) d e s ig n e d  a s u i t a b l e  t r a n s d u c e r  f o r  
s u b se q u en t  lung sound r e s e a r c h .  U rquhart e t  a l  (1981) and Banham 
e t  a l  (1984) in v e s t ig a te d  th e  s ig n i f i c a n c e  o f  low frequency lung 
sound s ig n a l s  (0 to  50Hz). Four groups o f  p a t i e n t s  were used in 
t h e i r  s t u d i e s :  (a) p a t i e n t s  w i t h  a s b e s t o s i s ,  (b) p a t i e n t s  w i t h  
i n t e r s t i t i a l  p u l m o n a r y  o e d e m a  ( IP O ) ,  (c) p a t i e n t s  w i t h
c r y p t o g e n i c  f i b r o s i n g  a l v e o l i t i s  (CFA), and .(d) h e a l t h y  non ­
sm o k in g  (or n o rm a l)  s u b j e c t s .  The a p p l i c a t i o n  o f  U r q u h a r t ' s  
(1980, 1982) new g r a p h - t h e o r e t i c a l  c l u s t e r i n g  a lg o r i th m s  and the  
Karhunen-Loeve t r a n s f o r m a t io n  (Watanabe, 1965) has  y ie ld e d  t h r e e  
s l i g h t l y  o v e r la p p in g  c l u s t e r s ,  namely (a) p a t i e n t s  w ith  IPO, (b) 
p a t i e n t s  w i t h  f i b r o s i s  ( a s b e s t o s i s  and CFA), and (c) n o rm a l  
s u b j e c t s .  From t h i s  r e s u l t ,  t h e  a u t h o r s  c o n c lu d e d  t h a t  lu n g  
sound s ig n a l s  a n a l y s i s  may c o n t r i b u te  to  n o n - in v as iv e  d ia g n o s i s .
T h i s  t h e s i s  r e p o r t s  th e  r e c e n t  r e s e a r c h  on n e a r e s t  
neighbour c l a s s i f i c a t i o n  (Luk and Macleod, 1986; Macleod, e t  a l ,  
1987) and on lu n g  sound  s i g n a l  a n a l y s i s  (A nderson  e t  a l ,  1986).  
The o r i g i n a l  aim  o f  th e  p r o j e c t  was to  a n a l y s e  lu n g  sound 
a u t o m a t i c a l ly  by u s ing  p a t t e r n  r e c o g n i t io n  and s ig n a l  p ro c e s s in g  
te ch n iq u es .  However, a f t e r  th e  f i r s t  s ix  months o f  r e s e a r c h ,  a 
d e c i s i o n  was t a k e n  to  l i m i t  th e  p r o j e c t  t o  d e m o n s t r a t i n g  th e  
f e a s i b i l i t y  o f  d e v e l o p i n g  a n o n - i n v a s i v e  s y s te m  t h a t  can  
r o u t i n e l y  be used to  examine p a t i e n t s  exposed to  a s b e s to s  d u s t s ,  
u s in g  lu n g  sound a s  i t s  i n p u t .  F u r t h e r ,  i t  was hoped t h a t  t h e  
p ro p o s e d  s y s te m  c o u ld  be a b l e  t o  d i s t i n g u i s h  b e tw e e n  p a t i e n t s  
w i th  a s b e s to s i s  and p a t i e n t s  w i t h o u t .  The d e v e lo p m e n t  o f  t h i s  
s y s t e m  l e d  t o  a g ro w in g  i n t e r e s t  in  n e a r e s t  n e ig h b o u r  (NN) 
c l a s s i f i c a t i o n  a lg o r i th m s  and to  the  i n v e s t ig a t io n  o f  a number o f  
i n t e r e s t i n g  p rob lem s in  t h i s  a re a .
1 .2  A g e n e r a l  in t r o d u c t io n  t o  p a t t e r n  r e c o g n i t io n  and s ig n a l  
p ro cess in g
I n  a s e n s e ,  p a t t e r n  r e c o g n i t i o n  i s  b e in g  p e r fo rm e d  
d a i l y  by  e v e r y  i n d i v i d u a l .  E very  i n d i v i d u a l  u s e s  h i s / h e r  f i v e  
s e n s e s  t o  d e t e c t ,  i n t e r p r e t  and l e a r n  a b o u t  t h e  s u r r o u n d i n g s .  
S u p p o se  fo r  exam ple  t h a t  a p e r s o n  w a n ts  to  f i n d  a b a r  o f  
c h o c o la te  t h a t  h e /sh e  knows i s  in s id e  a room. That pe rso n  w i l l  
u se  h i s / h e r  e y e s  a s  a p a i r  o f  v i s u a l  i n p u t  t r a n s d u c e r s  to  s c a n  
t h a t  room . I f ,  s a y ,  t h e r e  i s  one b a r  o f  c h o c o l a t e  l y i n g  on a 
t a b l e ,  i t  i s  up to  t h e  b r a i n  to  seg m e n t  t h a t  p a r t  o f  v i s u a l  
i n f o r m ia t i o n  and th e n  to  i d e n t i f y  t h a t  th e  o b j e c t  l y i n g  on th e  
t a b le  i s  a bar  o f  c h o co la te .  T h is  example a l s o  d e m o n s t ra te s  the  
im p o r ta n t  o f  le a rn in g .  That person  must have been ta u g h t  in  the 
p a s t  what a  bar o f  c h o c o la te  looked l i k e  and how i t  d i f f e r e d  from 
a t a b l e .  He/she must a l s o  have the  a p r i o r i  knowledge t h a t  th e re  
may be a bar o f  ch o c o la te  in t h a t  room.
A lth o u g h  i t  i s  n o t  p o s s i b l e  to  i m i t a t e  a l l  human 
r e c o g n i t i o i  a b i l i t i e s  c o m p le te ly ,  i t  i s  p o s s ib le ,  n e v e r th e le s s ,  
to  perfo rm  some o f  th e se  a b i l i t i e s  a r t i f i c i a l l y .  Two approaches 
a r e  g e n e r a l l y  a v a i l a b l e  in  an a r t i f i c i a l  s y s t e m :  o n e ,  th e
s t a t i s t i c a l  (or d e c i s i o n - t h e o r e t i c a l )  a p p r o a c h ,  i s  b a s e d  on 
m athem iatical m odels (D evijver and K i t t l e r ,  1982; Duda and H art,  
1973; F u k u n a g a ,  1972; P a t r i c k ,  1972); and th e  o t h e r ,  th e  
s y n t a c t i c  (or s t r u c t u r a l )  approach , i s  based on l i n g u i s t i c  models 
(Fu, 1974; G o n z a le z  and T hom ason, 1978; P a v l i d i s ,  1977). As in  
t h e  above  ex am p le  o f  human r e c o g n i t i o n ,  t h e  o p e r a t i o n  o f  an
a r t i f i c i a l  s y s te m  can  u s u a l l y  be d i v i d e d  i n t o  a l e a r n i n g  and a 
r e c o g n i t i o n  p h a s e .  A t t h e  l e a r n i n g  p h a s e ,  th e  s y s te m  w i l l  
a t t e m p t  t o  g e n e r a t e  and s e l e c t  a s e t  o f  u s e f u l  p r o p e r t i e s  o r  
a t t r i b u t e s  from  t h e  i n f o r m a t i o n  p r e s e n t e d  by a t r a n s d u c e r .  In  
s y n t a c t i c  m e th o d s  t h e  a t t r i b u t e s  a r e  th e  " p r i m i t i v e s "  w h ich  
to g e th e r  c o n s t i t u t e  th e  com plete  p a t t e r n .  In s t a t i s t i c a l  p a t t e r n  
r e c o g n i t i o n ,  on th e  o t h e r  h an d ,  t h e  p r o p e r t i e s  a r e  " f e a t u r e s "  
w h ich  t o g e t h e r  form  a d i f f e r e n t  ty p e  o f  d e s c r i p t i o n  o f  th e  
p a t t e r n  and a r e  t r e a t e d  a s  th e  c o m p o n e n ts  o f  a f e a t u r e  v e c t o r .  
Learn ing  a lg o r i th m s ,  which can be su p e rv ised  or unsuperv ised  in 
n a t u r e  (A n d e rb e rg ,  1973) ,  can th e n  be a p p l i e d  to  s tu d y  th e  
u n d e r l y i n g  r e l a t i o n s h i p s  fo r  t h e s e  p a t t e r n s ,  s u c h  a s  t h e  c l a s s  
m e m b e r s h ip  o f  e a c h  p a t t e r n  o r  th e  gram m ar t h a t  c o n s i t u t e s  th e  
p a t t e r n s .  During th e  r e c o g n i t i m  phase , the  s e le c te d  f e a t u r e s  or 
p r i m i t i v e s  from an in p u t  p a t t e r n  w i l l  be i d e n t i f i e d  as  belonging 
to  one o f  th e  p r e d e t e r m i n e d  c l a s s e s  or f a m i l i e s  o f  g ram m ars  
r e s p e c t i v e l y  th r o u g h  th e  u se  o f  s u i t a b l e  c l a s s i f i e r s  (such  a s  
th o se  using  th e  n e a r e s t  neighbour type  o f  a lg o r i th m ) .
P a t t e r n  r e c o g n i t i o n  t e c h n i q u e s  h ave  b een  a p p l i e d  to  
numerous problem s. These in c lu d e  c h a ra c te r  r e c o g n i t io n ,  speech 
p r o c e s s i n g ,  r e m o te  s e n s i n g ,  f a u l t  d e t e c t i o n ,  m e d ic a l  s i g n a l  
a n a l y s i s  and i n d u s t r i a l  i n s p e c t i o n  (M acleod , 1985). Some o f  
t h e s e  a p p l i c a t i o n s  h av e  b een  re v ie w e d  in  a book e d i t e d  by Fu 
(1982) .
G e n e r a l l y ,  some s o r t  o f  s i g n a l  p r e p r o c e s s i n g  o r  
c o n d i t io n in g  i s  r e q u ire d  on the  in p u t s ig n a ls .  For example, i t
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may be n e c e s s a r y  t o  rem ove h ig h  f r e q u e n c y  n o i s e  from  th e  lu n g  
sound s i g n a l s  by f i l t e r i n g .  O ther l e s s  t r i v i a l  o p e r a t io n s ,  such 
a s  s p e c t r u m  e s t i m a t i o n ,  may a l s o  be r e q u i r e d  b e f o r e  th e  i n p u t  
s i g n a l  b eco m es  u s a b l e  by a p a t t e r n  r e c o g n i t i o n  s y s t e m .  On th e  
w hole , th e  amount o f  s ig n a l  p re p ro c e ss in g  needed i s  dependent on 
the  ty p e  o f  a p p l i c a t i o n .
1.3 Aims o f  research
One o f  t h e  a im s  o f  t h i s  p r o j e c t  i s  t o  d e m o n s t r a t e  th e  
f e a s i b i l i t y  o f  d e v e l o p in g  a n o n - i n v a s i v e  s y s te m  t h a t  can  
r o u t i n e l y  be  u sed  to  e x am in e  p a t i e n t s  who h av e  b een  ex p o sed  to  
a s b e s t o s  d u s t s ,  u s in g  lu n g  sound a s  i t s  i n p u t .  In  p a r t i c u l a r ,  
t h e  s y s te m  s h o u ld  be c a p a b l e  o f  d i s c r i m i n a t i n g  p a t i e n t s  w i th  
a s b e s t o s i s  f ro n  th o se  w ith o u t .  A modular approach was adopted a t  
th e  beg inn ing  o f  t h i s  p r o j e c t .  The major modules in  the  proposed 
s y s te m  a r e  shown in  f i g u r e  1.1. The d a t a  a c q u i s i t i o n  and 
p r e p r o c e s s i n g  m o d u le  i s  e s s e n t i a l l y  an i n t e r f a c e  b e tw e e n  th e  
p a t i e n t  and th e  p ro p o s e d  s y s te m .  In  t h i s  c a s e ,  th e  f u n c t i o n  o f  
t h i s  module i s  to  a c q u i re  lung sound from a human c h e s t  w a ll  and 
th e n  p e r f o r m  a num ber o f  c o m p u t a t i o n a l  o p e r a t i o n s ,  s u c h  a s  
d i g i t i z a t i o n ,  so t h a t  a s e t  o f  f e a tu r e s  can be g e n e ra ted  fo r  the 
o th e r  modules to  ana ly se .  These f e a tu r e s  a re  regarded  as  being 
e le m e n ts  o f  a  m u l t i - d im e n s io n a l  f e a tu r e  v e c to r .  The purpose o f  
t h e  d i s p l a y  m odu le  i s  to  p r o j e c t  t h e s e  h ig h e r  d i m e n s i o n a l  lu n g  
sound d a ta  on to  a low er d im en s io n a l  (sub)space and, fo r  example, 
to  p l o t  t h e  d a t a  a s  a  p o i n t  s e t  in  a p la n e .  P h y s i c i a n s  or p a r a ­
m ed ica l p e rso n n e l  could  then  i n t e r p r e t  r e l a t i o n s h i p s  in  a s e t  o f
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lung  sound d a t a ,  and oould d ec id e  w hether th e s e  re c o rd in g s  were 
c o n s i s t e n t  w ith  a s b e s t o s i s  or n o t .  T h is  module was im plem ented 
by u s in g  mapping a lg o r i th m s ,  to  th e  e x te n t  t h a t  o f f - l i n e  d i s p l a y s  
can be produced on th e  GEC 4180 iri in i-com  pu t e r .
The n e x t  m odu le  in  th e  s y s te m  i s  a c l a s s i f i c a t i o n  
module which a t  t h i s  s ta g e  o f  developm ent i s  implemented by using  
th e  n e a r e s t  neighbour type  o f  a lg o r i th m . The knowledge o f  the  
d e s ig n e r  i s  l i m i t e d  to  the  amount o f  in fo rm a t io n  a v a i l a b l e  du ring  
t h e  d e s i g n  s t a g e ,  and i t  i s  p o s s i b l e  t h a t  t h i s  i n f o r m a t i o n  i s  
i n s u f f i c i e n t  to  cope  w i th  u n s e e n  d a t a  o r  t h a t  some o f  i t  i s  
in a c c u ra te .  T h e re fo re ,  i f  t h i s  module produces e x c e ss iv e  e r r o r ,  
th e  knowledge w i th in  the  system  may be incom ple te  and hence i t  
may be  n e c e s s a r y  to  " r e - l e a r n "  some m i s s i n g  i n f o r m a t i o n  b y ­
in v o k in g  th e  u n s u p e r v i s e d  l e a r n i n g  m o d u le .  F u r th e r m o r e ,  t h e  
c l a s s i f i e r  can  a l s o  be used  to  p r o v id e  some v e r y  s im p le  
i n f o r m a t i o n  a b o u t  t h e  c o n d i t i o n  o f  a s u b j e c t  f o r  th e  u s e r ,  and 
th u s  may a s s i s t  j i iy s i c i a n s  or p a ra -m e d ic a l  personnel in reach ing  
a d e c i s io n .  The l a s t  module, th e  unsuperv ised  le a rn in g  module, 
can be im plem ented by using c l u s t e r in g  a lg o r i th m s  such as  those  
o f  U r q u h a r t  (1982). T h i s  m odu le  i s  used m a in ly  f o r  d a t a  
e x p l o r a t i o n .  (Due to  t h e  s m a l l  d a t a  s e t  a v a i l a b l e ,  no 
un s u p e rv is e d  le a rn in g  module was im plem ented in t h i s  p ro je c t . )
The second  aim i s  to  i n v e s t i g a t e  th e  f i n i t e  s a m p le  
b e h a v i o u r  o f  n e a r e s t  n e i g h b o u r  c l a s s i f i c a t i o n  r u l e s .  In  
p a r t i c u l a r ,  two n e a r e s t  neighbour r u l e s  w i l l  be compared (Macleod 
e t  a l ,  1987 ) ,  and a n o t h e r  new n e a r e s t  n e ig h b o u r  c l a s s i f i c a t i o n
scheme w i l l  be i n v e s t ig a t e d  (Luk and Macleod, 1986).
1.4 O rgan isation  o f  th e  t h e s is
The m a t e r i a l s  c o v e re d  in  t h i s  t h e s i s  a r e  r e l e v a n t  to  
r e s e a r c h  in  b o th  b i o m e d i c a l  e n g i n e e r i n g  and n e a r e s t  n e ig h b o u r  
c l a s s i f i c a t i o n .  A r e a d e r  who i s  i n t e r e s t e d  i n  t h e  lu n g  sound 
re s e a rc h  should  read c h a p te r s  1 to  4 and p a r t  o f  c h a p te r  5, then  
s k i p  c h a p t e r  6 , and c o n t i n u e  t o  r e a d  th e  r e s t  o f  t h e  t h e s i s .  On 
t h e  o t h e r  h a n d ,  i f  t h e  r e a d e r  i s  i n t e r e s t e d  o n ly  i n  n e a r e s t  
ne ighbour c l a s s i f i c a t i o n ,  on ly  c h a p te r s  5 and 6 need be read .
C h a p t e r  2 i s  p r i m a r i l y  i n t e n d e d  t o  p r o v i d e  t h e  
b a c k g ro u n d  on b o th  th e  m a t e r i a l  a s b e s t o s  and t h e  d i s e a s e  
a s b e s t o s i s .  Some b a c k g ro u n d  i n f o r m a t i o n  i s  g iv e n  on t h e  b a s i c  
a n a to m y  o f  t h e  r e s p i r a t o r y  t r a c t  and lu n g  sound . S i m i l a r l y  
c h a p t e r s  3 and 4 a r e  i n t e n d e d  to  p r o v i d e  b r i e f  b a c k g ro u n d  
knowledge on th e  s ig n a l  p rep ro c e s s in g  and mapping a lg o r i th m s  used 
in  the  proposed system .
Chapter 5 p r e s e n t s  a "more than  u sua l  tex tbook" rev iew  
on n e a r e s t  n e ig h b o u r  (NN) c l a s s i f i c a t i o n .  In  p a r t i c u l a r ,  a 
num ber o f  NN a l g o r i t h m s  i s  r e v ie w e d .  A b r i e f  sum m ary o f  th e  
p r o p e r t i e s  o f  NN c l a s s i f i c a t i o n  i s  a l s o  p re se n te d .
Chapter 6 r e p o r t s  some new r e s u l t s  in  n e a r e s t  neighbour 
c l a s s i f i c a t i o n .  The perfo rm ances  o f  two NN r u l e s  on a p ro to ty p e  
s e t  o f  f i n i t e  s i z e  a r e  co m p ared .  A n a l y t i c a l  s o l u t i o n s  t o  a
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s i m p l e  e x a m p le  and e x p e r i m e n t a l  r e s u l t s  a r e  a l s o  p r e s e n t e d  to  
su p p o r t  the  argum ent. F in a l l y ,  a new NN c l a s s i f i c a t i o n  scheme i s  
d e s c r i b e d .  A g a in  a num ber o f  m o d i f i c a t i o n s  f o r  t h e  c a s e  o f  a 
f i n i t e  p ro to ty p e  s e t  a r e  su g g es ted ,  and e x p e r im e n ta l  r e s u l t s  a r e  
g iv e n .
C h a p te r  7 d e s c r i b e s  t h e  work on th e  p ro p o s e d  no n -
i n v a s i v e  s y s te m .  Each i n d i v i d u a l  m odu le  i s  d e s c r i b e d  in  m ore
d e t a i l .  D i f f i c u l t i e s  e n c o u n t e r e d  d u r i n g  th e  r e s e a r c h  and 
e x p e r im e n ta l  r e s u l t s  a r e  a l s o  p re se n te d .
F i n a l l y ,  c h a p t e r  8 g i v e s  some g e n e r a l  c o n c l u s i o n s  on
the  whole re s e a rc h  p r o j e c t  and a l s o  su g g e s ts  some p o s s ib le  f u tu r e
r e s e a r c h .
1 .5  Remarks
In  t h i s  p r o j e c t ,  lung sounds from over 50 s u b je c t s  have 
been recorded  over a p e r io d  o f  e ig h te e n  months, w ith  th e  h e lp  o f  
Dr. A n d e rso n  a t  G lasgow  R oyal I n f i r m a r y .  For e ac h  r e c o r d i n g ,  
s e v e r a l  t i m e  consum ing  d a t a  t r a n s f e r  o p e r a t i o n s  a r e  r e q u i r e d  
b e fo re  the  lung sound s ig n a l  can be used (fo r  d e t a i l s  see s e c t io n  
7.3). F u rtherm ore ,  th e  r e s u l t i n g  can p u te r  f i l e s  a re  v e ry  l a r g e  
and c a n n o t  a l l  be s i m u l t a n e o u s l y  h e l d  on d i s c :  h e n c e  to  do 
c e r t a i n  f u r th e r  ex p er im en ts  on th e  recorded  d a t a ,  some o f  th e s e  
t r a n s f e r  o p e ra t io n s  have to  be re p e a te d .  The o v e r a l l  p ro c e s s  i s  
v e ry  t im e-consum ing , and any f a i l u r e  on any p a r t  o f  the  equipm ent 
(e .g .  on  one  o f  t h e  t h r e e  c o m p u te r s  in v o lv e d )  l e a d s  t o  s t i l l
f u r th e r  d e lay .  C onseq u en tly ,  the  s ig n a l s  from on ly  15 s u b j e c t s  
have been used and ana ly sed  by th e  proposed system . The r e s u l t s  
and c o n c l u s i o n s  p r e s e n t e d  in  c h a p t e r  7 s h o u ld  t h e r e f o r e  be 
c o n s id e re d  as  p r e l im in a ry .
Work t o  d e v e l o p  i m p r o v e d ,  f a s t e r  d a t a  t r a n s f e r  
f a c i l i t i e s  i s  now in p ro g re s s  (Macleod and A itken , 1987).
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Chapter 2: A sb esto s  and A sb e s to s is  
Simnary
T h i s  c h a p t e r  i n t r o d u c e s  t h e  n e c e s s a r y  b i o m e d i c a l  
background for t h i s  t h e s i s .  The b a s ic  anatomy o f  th e  r e s p i r a t o r y  
t r a c t  i s  rev iew ed . The m a t e r i a l  a s b e s to s  i s  in tro d u ced  and i t s  
b io m e d ic a l  e f f e c t s  a re  o u t l in e d .  The th e o ry  o f  the  pa tho logy  o f  
a s b e s t o s i s  i s  d e sc r ib e d  and d ia g n o s t i c  methods a r e  rev iew ed.
2J. In tr o d u c tio n
E v e r  s i n c e  hum an b e i n g s  d e v e l o p e d  t h e  s k i l l  o f  
c o n s t r u c t i n g  and m a n u f a c t u r i n g  t o o l s  from m a t e r i a l s  in  t h e i r  
en v iro n m en t,  they  have encountered  a l a rg e  number o f  m a t e r i a l s  
t h a t  a r e  u s e f u l  a n d ,  p e r h a p s ,  e s s e n t i a l  f o r  s u r v i v a l .  
U n fo r tu n a te ly  some o f  th e se  m a t e r i a l s  may cause d i s e a s e  and one 
such group o f  d i s o r d e r s ,  known as  o c c u p a t io n a l  lung d i s e a s e s , i s  
caused by the  i n h a la t i o n  o f  d u s t s  or fumes or noxious su b s tan ces  
( C r o f to n  and D o u g la s ,  1975). T h i s  g ro u p  o f  d i s o r d e r s  may r a n g e  
from  m in o r  a i l m e n t s ,  s u c h  a s  i r r i t a t i o n  o f  t h e  a i r  p a s s a g e s  by 
am m on ia ,  to  c h r o n i c  d i s a b l i n g  d i s e a s e s  l i k e  a s b e s t o s i s ,  
b a r i t o s i s ,  s i d e r o s i s  and s i l i c o s i s .  Some o f  th e se  d i s e a s e s  a r e  
o b s t r u c t i v e  ( i . e .  a p a r t i a l  b lo c k a g e  o f  some o f  t h e  a i rw a y s )  in  
n a t u r e  w h i l e  o t h e r s  i n c l u d i n g  a s b e s t o s i s  a r e  r e s t r i c t i v e  ( i . e .  
lung  volume i s  reduced b u t  th e re  i s  no a irw ay  o b s t ru c t io n ) .
One o f  th e se  p o t e n t i a l l y  hazardous d u s t s  i s  formed by
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a s b e s t o s  f i b r e s .  As P a u l  K o t in  p u t  i t  in  h i s  f o r e w a r d  f o r  
S e l i k o f f  and Lee’s  book (1978):
" A s b e s t o s ,  a n a t u r a l l y  o c c u r i n g  f i b r o u s  m a t e r i a l ,  i s  a 
s t a r t l i n g  ex am p le  o f  a m a t e r i a l  a t  once  u n i q u e l y  u s e f u l ,  
because  o f  i t s  p h y s ic a l  and chem ica l p r o p e r t i e s ,  and a t  the  
same t im e  p o t e n t i a l l y  h a z a r d o u s  t o  man. E v id e n c e  l i n k i n g  
in h a l a t i o n  o f  a s b e s to s  f ib e r  to  th e  developm ent o f  a group 
o f  d i s e a s e s  i s  g e n e ra t in g  ever growing concern."
The h a z a r d o u s  n a t u r e  o f  a s b e s t o s  h a s  b een  s u s p e c t e d  f o r  many 
y e a rs .  The annual r e p o r t  fo r  1898 in England (Woman In s p e c to r s  
o f  F a c t o r i e s ,  1899) gave the  fo l lo w in g  account:
"The e v i l  e f f e c t s  o f  a s b e s t o s  d u s t  have a l s o  a t t r a c t e d  my 
a t t e n t i o n ,  a m ic ro sco p ic  exam in a t io n  o f  t h i s  m a te r i a l  d u s t  
which was made by HM M edical In s p e c to r  c l e a r l y  rev ea led  the  
s h a rp ,  g l a s s - l i k e ,  jagged n a tu re  o f  the  p a r t i c l e s ,  and where 
th e y  a re  allow ed to  r i s e  and to  rem ain suspended in  th e  a i r  
o f  a room , in  any q u a n t i t y ,  t h e  e f f e c t s  have  b een  found to  
be i n ju r io u s ,  as  m igh t have been expected."
U n fo r tu n a te ly ,  a s  w ith  many o th e r  o c c u p a t io n a l  lung d i s o r d e r s ,  i t  
took more than  30 y e a rs  b e fo re  the  M zard  o f  a sb e s to s  was f i n a l l y  
r e c o g n i z e d  and p r e c a u t i o n a r y  m e a s u r e s  w ere  i n t r o d u c e d  (Cooke, 
1924; Cooke e t  a l ,  1927; M e re w e th e r  and P r i c e ,  1930; Wood and 
G loyne, 1930). From th e r e  onward, numerous r e s e a rc h  p ap ers  and 
e x t e n s i v e  l i t e r a t u r e  have  b een  p u b l i s h e d  c o v e r in g  t h e  a d v e r s e
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e f f e c t s  o f  a s b e s t o s  and r e l a t e d  p r o d u c t s .  I t  h a s  becom e 
in c r e a s in g ly  d i f f i c u l t  to  w r i t e  a f u l l  rev iew  or su rvey  on e i t h e r  
a s b e s t o s  o r  i t s  r e l a t e d  d i s e a s e s .  T h e r e f o r e ,  t h e  a im  o f  t h i s  
c h a p te r  i s  to  p ro v id e  a v e ry  g e n e ra l  background on a s b e s to s  and 
on th e  d i s e a s e  a s b e s t o s i s  and i t s  l i n k  w ith  lung sound r e s e a rc h .  
For th o s e  r e a d e rs  who a re  u n fa m i l i a r  w ith  th e  r e s p i r a t o r y  system , 
a b r i e f  d e s c r i p t i o n  i s  g iv e n  in  th e  n e x t  s e c t i o n .  I t  i s  th e n  
f o l l o w e d ,  in  s e c t i o n  2 .3 ,  by a summary on a s b e s t o s  and i t s  
r e l a t e d  d i s e a s e s .  S e c t i o n  2.4 w i l l  i n t r o d u c e  some common 
te rm in o lo g y  used in  lung  sound a n a ly s i s  and d i s c u s s  th e  v a r io u s  
p o s s i b l e  lung sound g e n e ra t in g  mechanisms. F in a l ly ,  in  s e c t i o n  
2.5, th e  d i s e a s e  a s b e s to s i s  w i l l  be d is c u s se d .
2.2 B a s ic  anatomy o f  th e  r e sp ira to r y  system
The m ain  f u n c t i o n  o f  t h e  r e s p i r a t o r y  s y s te m  i s  to  
p ro v id e  a s u i t a b l e  medium for the exchange o f  oxgyen and carbon 
d i o x i d e  b e tw e e n  t h e  c i r c u l a t o r y  s y s te m  and t h e  e n v i r o n m e n t .  
Roughly, th e  r e s p i r a t o r y  t r a c t  can be d iv id ed  in to  (a) the  upper 
r e s p i r a t o r y  t r a c t  w h ich  c o m p r i s e s  t h e  n o s e ,  th e  p a r a n a s a l  
s in u s e s ,  the  e u s ta c h ia n  tu b e ,  th e  pharynx and th e  la ry n x ,  and (b) 
t h e  lo w e r  r e s p i r a t o r y  t r a c t  w h ich  i n c l u d e s  a l l  t h e  c o n d u c t in g  
a i r w a y s  and th e  r e s p i r a t o r y  a i r  u n i t s  o r  a c i n i  ( C r o f to n  and 
D o u g la s ,  1975; P a r k e s ,  1982). The upper r e s p i r a t o r y  t r a c t ,  
b e s id e  i t s  many o th e r  p h y s io lo g ic a l  fu n c t io n s ,  i s  r e s p o n s ib le  for 
f i l t e r i n g ,  warming and hum id ify ing  the  in s p i re d  a i r ,  and a t  th e  
same t i m e  t o g e t h e r  w i t h  th e  lo w e r  r e s p i r a t o r y  t r a c t  f o r  
conducting  a i r  to  and from th e  a c in i .
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The c o n d u c t in g  a i r w a y s  s t a r t  w i t h  t h e  t r a c h e a  w h ich  
e x t e n d s  from  t h e  l a r y n x  and b i f u r c a t e s  i n t o  t h e  l e f t  and r i g h t  
m a in  b r o n c h i .  The l e f t  m ain  b ro n c h u s  g i v e s  r i s e  t o  2 lo b a r  
b r o n c h i  and t h e  r i g h t  g i v e s  r i s e  t o  3; w h ich  a l s o  a r e  t h e  
n u m b e rs  o f  l o b e s  i n  th e  l e f t  and r i g h t  l u n g s .  Each lo b a r  
bronchus i s  f u r th e r  d iv id e d  i n t o  many g e n e r a t i o n s  o f  s e g m e n ta l  
b r o n c h i  and e ac h  s e g m e n ta l  b ro n c h u s  g i v e s  r i s e  to  a few 
g e n e r a t io n s  o f  b ro n c h io le s .  The b ronch i a re  c h a r a c te r i z e d  by the  
p re s e n c e  o f  v a r i a b l e  amounts o f  c a r t i l a g e  in s id e  t h e i r  m uscular 
w a l l ,  w h ic h  i s  made up o f  b lo o d  v e s s e l s ,  c o n n e c t i v e  t i s s u e s ,  
e p i t h e l i u m ,  l y m p h a t i c  v e s s e l s ,  m u s c l e  t i s s u e s  and o t h e r  
s p e c i a l i z e d  c e l l s ;  w h e r e a s  t h e r e  i s  no c a r t i l a g e  in  t h e  
b r o n c h i o l e s .  The l a s t  g e n e r a t i o n  o f  b r o n c h i o l e s  w i t h o u t  any  
a l v e o l i  a t t a c h i n g  t o  i t s  w a l l  i s  know n a s  t h e  t e r m i n a l  
b ro n c h io le s .  Each te rm in a l  b ro n c h io le  g iv e s  r i s e  to  a v a r i a b l e  
num ber o f  a c i n i  w h ich  b e g i n s  w i t h  one to  t h r e e  g e n e r a t i o n s  o f  
r e s p i r a t o r y  b r o n c h i o l e s  ( t h a t  i s ,  b r o n c h i o l e s  w i t h  a l v e o l i  
a t ta c h e d  to t h e i r  w a l l s ) ,  which are  f u r th e r  subdiv ided  in to  a few 
g e n e r a t io n s  o f  a l v e o la r  d u c ts .  Each a lv e o la r  d u c t  i s  te rm in a te d  
w i t h  tw o  or m ore  a i r  s a c s ,  e a c h  c o n t a i n i n g  a num ber o f  a l v e o l i  
which a r e  in  c lo s e  c o n ta c t  w ith  the  a lv e o la r  c a p i l l a r i e s  so as to  
f a c i l i t a t e  gaseous  exchange. The average number o f  su b d iv iso n s  
from th e  t r a c h e a  to  the  a l v e o l i  i s  about 23 g e n e ra t io n s  in  human 
b e i n g s .  The a c i n i ,  w h ich  c o n s t i t u t e  t h e  lu n g  t i s s u e s  and 
gaseous  exchange t i s s u e s  o f  th e  lung , to g e th e r  w i th  th e  te rm in a l  
b r o n c h i o l e s  a r e  a l t e r n a t i v e l y  r e f e r r e d  a s  t h e  lu n g  p a ren ch y m a 
(C rofton  and Douglas, 1975; P a rk es ,  1982).
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An a l v e o l u s  h a s  an a v e r a g e  d i a m e t e r  o f  a b o u t  0.25 mm, 
and t h e r e  a r e  a b o u t  200 to  600 m i l l i o n  a l v e o l i  in  human b e i n g s ,  
m a k in g  a t o t a l  o f  r o u g h ly  40 to  120 m o f  r e s p i r a t o r y  s u r f a c e .  
The a l v e o l a r  w a l l  i s  made up o f  a num ber o f  s p e c i a l i z e d  c e l l s  
r e s p o n s i b l e  f o r  (a) g a s e o u s  e x c h a n g e ,  (b) d i s p o s a l  o f  in h a l e d  
f o r e ig n  m a t e r i a l ,  and (c) im m unological a c t i v i t y  w i th in  the  lung. 
F i g u r e  2.1 i s  a d i a g r a m m a t i c  v ie w  o f  t h e  i n t e r f a c e  b e tw e e n  an 
a lv e o lu s  and an a lv e o la r  c a p i l l a r y .  The s u r f a c e  o f  th e  a lv e o lu s  
i s  c o v e r e d  m a in ly  by " ty p e  1" c e l l s  i . e .  c e l l s  w h ich  a r e  
e x t r e m e l y  f l a t  and t h i n  to  f a c i l i t a t e  f u n c t i o n  (a);  t h e  r e s t  o f  
th e  s u r f a c e  i s  occupied by one or more " type I I"  c e l l s  i . e .  c e l l s  
w h ic h  a r e  c a p a b l e  o f  r e p l a c i n g  an i n j u r e d  ty p e  I  c e l l  (a ty p e  1 
c e l l  i s  n o t  cap a b le  o f  r e g e n e ra t in g  i t s e l f  when damaged by, say, 
an a s b e s t o s  f i b r e  -  S p e n c e r ,  1985). Both  t h e s e  t y p e s  o f  c e l l s  
a r e  a t t a c h e d  to  an a l v e o l a r  b a s e m e n t  m em brane. I n s i d e  th e  
a l v e o l u s  ( i . e .  in  th e  a l v e o l a r  lumen) a r e  w h i t e  b lo o d  c e l l s  
( l e u c o c y t e s )  o f  a p a r t i c u l a r  k in d  c a l l e d  a l v e o l a r  m a c ro p h a g e s ,  
which p la y  an im p o r ta n t  p a r t  in  fu n c t io n s  (b) and (c).
The c a p i l l a r y  s u r f a c e  i s  made up o f  a la y e r  o f  f l a t  and 
t h i n  c a p i l l a r y  e n d o t h e l i a l  c e l l s  w hich  a r e  a t t a c h e d  to  an 
e n d o t h e l i a l  b a s e m e n t  m em brane. A t c e r t a i n  p l a c e s  b e tw e e n  th e  
c a p i l l a r y  and the  a lv e o lu s ,  th e  basement membranes a r e  in  c lo se  
c o n t a c t  to  p r o v i d e  a minimum b a r r i e r  f o r  g a s e o u s  d i f f u s i o n  
b e t w e e n  t h e  c i r c u l a t i n g  c a p i l l a r y  r e d  b lo o d  c e l l s  (o r  
e r y t h r o c y t e s )  and th e  a l v e o l a r  g a s  c o n t e n t  (P a rk e s ,  1982).  
E lsew here  between the  two basem ent membranes i s  th e  i n t e r s t i t i a l  
a lv e o la r  space (or s e p ta l  sp ace ) ,  which c o n ta in s  d i f f e r e n t  ty p e s
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C a p i l l a r y  E n d o th e l ia l  C e l lType II  C e ll
Type I (E p ith e lia l)  C e ll C a p illa ry  Basanent Membrane
FiQure 2 .1  A d ia g ra m m a tic  view of an a lv e o la r  c a p i l l a r y  u n i t .
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o f  i n t e r s t i t i a l  c e l l s  (such  a s  f i b r o b l a s t s  and a n o t h e r  ty p e  o f  
l e u c o c y t e s  c a l l e d  ly m p h o c y te s ) ,  v a r i o u s  t y p e s  o f  f i b r e s  ( f o r  
e x a m p le  c o l l a g e n  f i b r e s )  and o th e r  su b s ta n c e s  ( l ik e  f i b r o n e c t i n  
and r e t i c u l i n ) .
The w h o le  lo w e r  r e p i r a t o r y  t r a c t ,  e x c e p t  p a r t  o f  t h e  
upper t r a c h e a ,  i s  enc lo sed  w i th in  the  th o r a c ic  c a v i ty  which i s  
t h e  s p a c e  fo rm ed  by  th e  c h e s t  w a l l  (composed o f  t h e  r i b s  and 
o t h e r  t i s s u e s ) ;  w h e re a s  t h e  lu n g  p a ren c h y m a  i s  c o m p l e t e l y  
e n c l o s e d  i n s i d e  tw o  p l e u r a l  c a v i t i e s  w i t h  t h e  l e f t  lu n g  l y i n g  
w i t h i n  t h e  l e f t  p l e u r a l  c a v i t y  and th e  r i g h t  lu n g  i n s i d e  t h e  
r i g h t  c a v i ty .  The w a l l  o f  each p l e u r a l  c a v i ty  i s  composed o f  two 
l a y e r s  o f  co n n ec tiv e  t i s s u e ,  known as th e  v i s c e r a l  p le u ra  and th e  
p a r i e t a l  p l e u r a ,  w h ich  a r e  j o i n e d  t o g e t h e r  (or c o n t in u o u s )  a t  
t h e  r o o t  o f  th e  lu n g  p a re n c h y m a .  The sp a c e  b e tw e e n  th e  tw o 
p l e u r a e  i s  f i l l e d  w i t h  a  t h i n  f i l m  o f  l u b r i c a t i v e  f l u i d  t o  
p ro v id e  a  f r i c t i o n l e s s  s u r f a c e  b e tw e e n  th e  lu n g  p a ren c h y m a  and 
th e  t h o r a c ic  c a v i ty  (Basm ajian , 1982; L a s t ,  1984).
2 3  A sb e s to s
2 .3 .1  In tro d u ctio n
The " u n q u e n c h a b le "  o r  " i n e x t i n g u i s h a b l e "  m a t e r i a l  -  
a s b e s t o s  -  h a s  b een  u s e d ,  w h e th e r  by a c c i d e n t  o r  by c h o i c e ,  f o r  
many y e a r s .  A s b e s to s  was i n c o r p o r a t e d  in  F i n n i s h  p o t t e r y  a s  
e a r l y  a s  2500 B.C. (Noro, 1968).  S p o r a d ic  u se  and m in in g  o f  
a s b e s t o s  h a s  a l s o  b een  r e p o r t e d  in  A f r i c a ,  A s ia  and E urope  lo n g
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b e f o r e  t h e  f i r s t  c o m m e r c i a l  m in in g  in  Quebec (Canada) in  1879 
( S e l i k o f f  and L e e ,  1978).  I t  i s  n o t  s u r p r i s i n g  t h a t ,  i n  t h o s e  
e a r l y  s u p e r s t i t i o u s  days , a s b e s to s  was som etim es m isre co g n ised  a s  
a  k in d  o f  m a g ic a l  m a t e r i a l  from  a m y t h i c a l  c r e a t u r e  c a l l e d  th e  
sa lam an d er ;  i t  s im p ly  canno t be d es tro y e d  by household f i r e .
A s b e s t o s  h a s  many d e s i r a b l e  p r o p e r t i e s ,  s u c h  a s  i t s  
m e c h a n ic a l  s t r e n g t h  and i t s  a b i l i t y  to  r e s i s t  f i r e ,  a c i d  and 
a l k a l i ,  m ak ing  i t  a v a l u a b l e  i n d u s t r i a l  m a t e r i a l  f o r  many 
a p p l i c a t i o n s .  T h e re fo re ,  ever s in ce  the f i r s t  m ining in  Canada, 
th e  w orld  p ro d u c t io n  o f  a s b e s to s  has been s t e a d i l y  r i s i n g  d e s p i t e  
the  f a c t  t h a t  th e  m a t e r i a l  may be harm fu l i f  no t under s u f f i c i e n t  
and e f f e c t i v e  hygiene c o n t r o l .  This  i s  because th e re  i s  s t i l l  no 
s u i t a b l e  s u b s t i t u t e  fo r  some o f  i t s  a p p l i c a t i o n s .  F ig u r e  2.2 
show s t h e  w o r ld  p r o d u c t i o n  o f  a s b e s t o s  from  th e  y e a r  1960 to  
1985. I t  c an  be s een  t h a t  th r o u g h o u t  t h i s  t im e  th e  w o r ld  
p ro d u c t io n  o f  a s b e s to s  has in c re a se d  a l though  th e r e  i s  a tendency 
to  l e v e l  o f f  in  t h e  p a s t  few y e a r s .  In  th e  U n i te d  Kingdom, on 
t h e  o t h e r  h an d ,  t h e r e  h a s  b e e n  a s t e a d y  d ro p  in  i m p o r t s  o f  raw  
a s b e s t o s  o r e  in  th e  p a s t  t e n  y e a r s  ( f i g u r e  2 .3). T h i s  d o e s  n o t  
n e c e s s a r i l y  r e f l e c t  a d e c l in e  in  the  use o f  a s b e s to s .  R a th e r , a s  
C r o f t o n  and D o u g la s  (1975) p u t  i t ,  t h i s  may be due to  o t h e r  
i n d u s t r i a l  u s a g e s  "w h ich  a r e  n o t  d i r e c t l y  s u b j e c t  to  s t a t u t o r y  
r e g u l a t i o n s " .
2 3 .2  Types and A p p lica tio n s
A s b e s t o s  i s  a common name f o r  s i x  d i f f e r e n t  t y p e s  o f
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5 . 5 0
5 . 0 0
I - 41 1
Z  3 . 5 0 :
2
3 . 0 0
2 . 5 0
1975I 9 7 0 1 9 8 0 985
Year
F ig u re  2 .2  World p ro d u c t io n  o f  a s b e s to s  ( a l l  types)  betw een 1960 
and 1985. {Data a r e  k i n d l y  s u p p l i e d  by th e  U n i te d  
S t a t e s  D epartm ent o f  the I n t e r i o r ,  Bureau o f  Mines, 
W a s h in g to n  D.C.)
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F ig u re  2 .3  I m p o r t a t io n  o f  a s b e s to s  in  U nited  Kingdom. (Data a re  
e x t r a c te d  froTi v a r io u s  governm ent r e p o r ts . )
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n a t u r a l l y  o c c u r i n g  m i n e r a l  f i b r e s  o f  s i l i c a t e s .  One o f  t h e s e  
m a t e r i a l s  ( c h r y s o t i l e )  i s  r e f e r r e d  to  as  a s e r p e n t in e  a s b e s to s ,  
and  t h e  o t h e r  f i v e  ( a c t i n o l i t e ,  a m o s i t e ,  a n t h o p h y l l i t e ,  
c r o c i d o l i t e  an d  t r e m o l i t e )  a s  a m p h i b o l e  a s b e s t o s .  The 
d i s t i n c t i o n  between s e r p e n t in e  and am phibole a s b e s to s  depends on 
the  l i g h t  m ic ro s c o p ic  appearance which r e s u l t s  from the  c r y s t a l  
s t r u c t u r e  (M ichaels  and C h is s ic k ,  1979).
C h r y s o t i l e  [3 MgO.2 s i O 2 . 2H2O], a l s o  known a s  w h i t e  
a s b e s t o s  b e c a u s e  i t s  f i b r e s  a r e  u s u a l l y  y e l l o w i s h  o r  g r e e n i s h  
w h i t e  in  c o l o u r ,  i s  m ined  m a in ly  in  Canada and R u s s i a ,  and 
a c c o u n t s  f o r  o v e r  90% o f  th e  w o r ld  p r o d u c t i o n .  I t s  f i b r e  t e n d s  
to  be  l o n g ,  f l e x i b l e ,  s o f t  and v e r y  f i n e .  I t  h a s  good f i r e  and 
a l k a l i  r e s i s t a n c e  b u t  i s  s u s c e p t ib le  to  a t t a c k  by m in e ra l  a c id s .  
I t s  a p p l i c a t i o n s  i n c l u d e  many a s b e s t o s - c e m e n t  p r o d u c t s  f o r  
b u i l d i n g ,  i n s u l a t i o n  and f i r e  p ro o f in g ,  a s b e s t o s - t e x t i l e  p ro d u c ts  
su ch  a s  b r a k e  l i n i n g s ,  c l u t c h  p l a t e s  and f i r e  p r o t e c t i v e  
c l o th in g ,  and o th e r  a s b e s to s -p a p e r  p roduc ts  such as  f i l t e r s  for 
many ty p e s  o f  f l u i d s  (M ichaels and C h is s ic k ,  1979; P a rk es ,  1982; 
S e l i k o f f  and Lee, 1978).
C r o c i d o l i t e  [NaFe(SiC^)2*FeSi02.H20] or b lue  a s b e s to s  
i s  t y p i c a l l y  b lu i s h  in  co lou r  (M ichaels and C h is s ic k ,  1979). I t  
i s  mined m a in ly  in  South A fr ic a .  I t s  f i b r e  te n d s  to  be f in e  and 
s t r a i g h t .  I t s  good ac id  r e s i s t a n t  p ro p e r ty  re n d e r s  i t  ex t re m e ly  
u s e f u l  in  m a n u f a c t u r i n g  a s b e s t o s - c e m e n t  p r e s s u r e  p i p e s  fo r  
c h e m i c a l  p l a n t  and o t h e r  a s b e s t o s - t e x t i l e  p r o d u c t s  w h e re  a c id  
r e s i s t a n c y  i s  r e g u i r e d .  C r o c i d o l i t e  h a s  b een  m o s t  com monly
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i m p l i c a t e d  in  t h e  d e v e lo p m e n t  o f  a s b e s t o s  r e l a t e d  d i s e a s e ,  
p a r t i c u l a r l y  m e s o t h e l i o m a .  For t h i s  rea so n  the  im p o r ta t io n  o f  
raw c r o c i d o l i t e  has t h e r e f o r e  been banned in th e  United Kingdom 
s i n c e  1970. N e v e r t h e l e s s ,  s u b s t a n t i a l  q u a n t i t i e s  o f  t h i s  
m a t e r i a l  s t i l l  rem ain  in some old i n s t a l l a t i o n s  and may r e l e a s e  
f i b r e s  in t o  the  su rround ing  a i r  i f  th ey  a r e  damaged.
A m o s i te  [(FeM g)S i0 2 ] i s  u s u a l l y  p a l e  brow n in  c o l o u r  
and i s  o f t e n  r e f e r r e d  to  as  brown a s b e s to s .  I t  i s  mined on ly  in  
South A f r ic a .  I t s  f i b r e  ten d s  to  be b r i t t l e ,  t h i c k ,  s t r a i g h t  and 
v e r y  lo n g .  I t s  m a in  a p p l i c a t i o n  i s  in  f i r e  r e s i s t a n t  p r o d u c t s .  
A n th o p h y l l i t e  [{MgFe)^.Sig0 2 2 * f i b r e  t e n d s  to  be w h i t e  in  
c o l o u r .  I t  i s  m in e d  m a i n l y  i n  I t a l y .  L i k e  a m o s i t e ,  
a n t h o p h y l l i t e  f i b r e  ten d s  to  be b r i t t l e ,  s t r a i g h t  and long b u t  i s  
much t h i c k e r  th a n  a m o s i t e ,  c h r y s o t i l e  o r  c r o c i d o l i t e .  I t  h a s  
good f i r e  and c h e m ic a l  r e s i s t a n c e .  U n f o r t u n a t e l y  i t s  u s a g e  i s  
l i m i t e d ,  and in  the  United Kingdom i t  i s  m a in ly  used in  f r i c t i o n  
m a t e r i a l s  and in f i l l e r s  and re in fo rc e m e n t  p ro d u c ts  (Health and 
S a fe ty  E x ec u tiv e ,  1979).
The o t h e r  tw o t y p e s  o f  a m p h ib o le  a s b e s t o s ,  n a m e ly  
a c t i n o l i t e  [ C a 0 . 3  ( M g F e  ) 0 .  4 S i  0 2 1 a n d  t r e m o l i t e  
[Ca2MggSig022-(OH)2^ ' a r e  r a r e l y  used. Both f i b r e s  u s u a l ly  occur 
a s  a c o n t a m in a n t  in  o t h e r  a s b e s t o s  f i b r e s  and in  t a l c .  A s m a l l  
amount o f  t r e m o l i t e  i s  mined in  I t a l y  and in  Japan.
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2 3 3  F a te  and m ed ica l e f f e c t s  o f  th e  inhaled  a sb e sto s  fihr#^
Most o f  th e  l a r g e  a i rb o rn e  p a r t i c l e s  w i l l  be d ep o s i te d  
in th e  upper r e s p i r a t o r y  t r a c t  th rough in t e r c e p t i o n  by the  n a s a l  
h a i r s .  S m a lle r  a i rb o rn e  p a r t i c l e s  can be d e p o s i te d  in  the  lower 
r e p i r a t o r y  t r a c t  by t h r e e  mechanisms:
(a) s e d i m e n t a t i o n ,  w h e re  a p a r t i c l e  i s  d e p o s i t e d  un d er  th e
in f lu e n c e  o f  g r a v i t y ,
(b) i n e r t i a l  im p a c t io n ,  where a p a r t i c l e  i s  d e p o s i te d  near the
j u n c t i o n  o f  a b i f u r c a t i o n  in  t h e  a i r w a y s  b e c a u s e  o f  i t s
h igh  momentum, and
(c) d i f f u s i o n ,  w h e re  a p a r t i c l e  i s  d e p o s i t e d  u n d e r  th e
in f lu e n c e  o f  Brownian m oticn .
B oth  m e c h a n is m s  (a) and (b) depend on th e  d i a m e t e r  and th e  
d e n s i t y  o f  th e  p a r t i c l e s  (Morgan and S e a to n ,  1984). O th e r  
f a c t o r s  t h a t  w i l l  g e n e r a l l y  a f f e c t  th e  d e p o s i t i o n  o f  a s b e s t o s  
f i b r e s  in c lu d e  (i) the  p o s s i b l e  c o - e x i s t e n c e  o f  o t h e r  d i s e a s e s ,  
su c h  a s  c h r o n i c  b r o n c h i t i s  and ( i i )  m inor  v a r i a t i o n s  o f  lu n g  
ph y s io lo g y  d æ  to  d i f f e r e n t  e th n ic a l  o r ig i n ,  sex , age , h e ig h t  and 
even w e ig h t .  P a r t i c l e s  d e p o s i te d  in  the  conducting  a irw ays  w i l l  
be removed by m u c o c i l i a ry  c le a ra n c e  (Morgan and Seaton , 1984), a 
p ro c e s s  known as  the  " c i l i a r y  e s c a l a to r "  (Parkes, 1982), in  which 
a l a y e r  o f  m ucus ( s e c r e t e d  by  " g o b l e t  c e l l s " ,  in  t h e  c o n d u c t in g  
a irw ays)  i s  p ro p e l le d  s lo w ly  tow ards  the  la ry n x  by th e  c i l i a t e d  
e p i t h e l i a l  c e l l s  a l so  in th e  conducting a irw ays .
The l i k e l ih o o d  t h a t  an a i rb o rn e  f i b r e  w i l l  d e p o s i t  in  
th e  conduc ting  a irw ay s  and subsequen t be removed by th e  " c i l i a r y
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e s c a l a t o r "  depends e n t i r e l y  on i t s  d ia m e te r .  I t  has  been shown 
( T i m b e l l ,  1965) t h a t  f i b r e s  w i t h  a d i a m e t e r  l e s s  t h a n  3 jrm a r e  
u n l i k e l y  t o  d e p o s i t  i n  t h e  c o n d u c t i n g  a i r w a y s  e i t h e r  by 
s e d im e n ta t io n  or by i n e r t i a l  im p a c t i m ,  and hence have a h ig h e r  
p r o b a b i l i t y  o f  d e p o s i t in g  in an a c in u s ,  where c le a ra n c e  depends 
on c e l l u l a r  m e c h a n ism s  ( s e e  below ) and n o t  on t h e  " c i l i a r y  
e s c a l a t o r "  which te rm in a t e s  a t  the  b ro n c h io la r  l e v e l .
A sbestos  f i b r e s  which p e n e t r a te  in to  an a c in u s  and a re  
d e p o s i t e d  th e r e  can be removed by
(a) a n o n ab so rp t iv e  p ro c e ss  which in v o lv e s  p h ag o cy to s is  o f  the
f i b r e s  by  t h e  a l v e o l a r  m a c r o p h a g e s  and  l a t e r  t h e  
m ig ra t io n  o f  th e se  le u c o c y te s  in to  the  conducting  a irw ays  
so t h a t  su b se q u en tly  they  can be removed by th e  " c i l i a r y  
e s c a l a to r " ,  and
(b) an a b s o rp t iv e  p ro c e s s  which in v o lv e s  s e l e c t i v e  m ig ra t io n
o f  th e  a s b e s to s  f i b r e s  through the  a lv e o la r  w a l l  e i t h e r
( i)  v i a  th e  c a p i l l a r y  w a l l  i n t o  th e  b lo o d s t r e a m  from
which they  a re  removed by o th e r  le u c o c y te s  in th e
c i r c u l a t o r y  sy s tem , or
( i i )  th e  a l v e o l a r  i n t e r s t i t i a l  s p a c e ,  from  w hich  th e y
a r e  l a t e r  rem oved by t h e  ly m p h o c y te s  v i a  th e  
lym phatic  v e s s e l s .
The amount o f  d u s t  t h a t  each o f  th e se  two c le a ra n c e  p ro c e s s e s  can 
remove has a c e r t a i n  th re s h o ld .  Above t h i s  th r e s h o ld ,  th e  excess
f i b r e s  s im p l y  l i e  f r e e l y  i n  th e  a l v e o l i .  A ls o ,  b o th  th e
a b s o r p t i v e  and th e  n o n a b s o r p t i v e  p r o c e s s  a r e  r e s t r i c t e d  by th e  
le n g th  and d ia m e te r  o f  the  f i b r e s  d e p o s i te d .  In s e c t io n  2.5.1,
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i t  w i l l  be made c l e a r  t h a t  a s b e s t o s i s  i s  a r e s u l t  o f  e x c e s s i v e  
im m u n o lo g ic a l  r e s p o n s e  in  th e  a c i n u s .  (O the r  p a r t s  o f  th e  
r e s p i r a t o r y  t r a c t  can a l s o  be damaged by th e se  in h a led  a s b e s to s  
f i b r e s .  H ere a l s o ,  n a t u r a l  im m u n o lo g ic a l  r e s p o n s e s  w i l l  be 
t r i g g e r e d  to  r e p a i r  th e  damaged t i s s u e . )
Two r e c e n t  g o v e r n m e n t  r e p o r t s  (H e a l th  and S a f e t y  
E x e c u t i v e ,  1979; D o l l  and P e to ,  1985) have e s t a b l i s h e d  t h a t  
p ro longed  exposure to  a h igh  "dose" o f  a s b e s to s  f i b r e s  may cause
(a) a  number o f  b e n ig n  c o n d i t i o n s  o f  th e  p l e u r a  s u c h  a s  p l e u r a l  
e f f u s i o n s ,  d i f f u s e  p l e u r a l  t h i c k e n i n g  and /o r  the  fo rm a t io n  o f  
p l e u r a l  p la q u es ;  a n d /o r  (b) a number o f  p o s s ib ly  f a t a l  d i s e a s e s  
s u c h  a s  a s b e s t o s i s ,  lu n g  c a n c e r ,  m eso the liom a and /o r  l a ry n g e a l  
c a n c e r .  O th e r  t y p e s  o f  c a n c e r  ( l i k e  g a s t r o - i n t e s t i n a l  c a n c e r ,  
o v a r ia n  cancer and re n a l  cancer) had been re p o r te d  (S e l ik o f f  and 
Lee , 1978). H ow ever, D o l l  and P e to  (1985) w ere  u n c e r t a i n  a b o u t  
t h e  e v i d e n c e  r e p o r t e d  so f a r  and c la im e d  t h a t  some o f  th e  
p u b l i sh e d  m edica l c a s e s  may be due to  m isd iag n o s is .  The r e p o r t s  
a l s o  p o i n t e d  o u t  t h a t  s m o k in g  w i l l  a g g r a v a t e  f i b r o g e n i c  
d i s o r d e r s ,  l i k e  a s b e s t o s i s ,  b u t  n o t  n e c e s s a r i l y  c a r c i n o g e n i c  
d i s e a s e s .  I t  h a s  a l s o  e s t a b l i s h e d  t h a t  a m p h ib o le  a s b e s t o s  i s  
m ore  c a r c i n o g e n i c  and f i b r o g e n i c  th a n  s e r p e n t i n e  a s b e s t o s .  
C r o c i d o l i t e  f i b r e  h a s  b een  s i n g l e  o u t  a s  b o th  c a r c i n o g e n i c  and 
f ib ro g e n ic  even under a r e l a t i v e l y  s h o r t  and low dose exposure; 
t h i s  i s  p a r t l y  due to  i t s  p h y s ic a l  appearance; long and s t r a i g h t  
w i th  a sm a l l  d ia m e te r .  However th e  d o se -re sp o n se  r e l a t i o n s h i p ,  
w h ic h  i s  a m e a su re  o f  th e  l i k e l i h o o d  o f  o c c u r e n c e  o f  a c e r t a i n  
d i s e a s e  w ith  r e s p e c t  to  th e  amount and /o r  d u r a t io n  o f  exposure to
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f i b r e s ,  i s  s t i l l  n o t  c o m p le te ly  c l a r i f i e d  fo r  d i f f e r e n t  ty p es  o f  
a s b e s t o s  f i b r e s .  D o l l  and P e to  (1985) a l s o  a rg u e d  t h a t  th e  
c u r r e n t  hygiene s ta n d a rd  o f  0.5 f i b r e  per ml should be reduced to
0.25 f i b r e  p e r  ml to  lo w e r  t h e  e x p e c te d  r i s k  o f  any  a i l m e n t s  
caused by th e  exposure  to  a s b e s to s  f i b r e s ,  e s p e c i a l l y  c h r y s o t i l e  
f i b r e s  which account for over 80% o f  th e  im ported  a s b e s to s .
2 3 .4  Remarks: D i f f i c u l t i e s  in  a s se s s in g  q u a n tita t iv e  e f f e c t s  o f  
a sb e sto s  and D ose-response r e la t io n sh ip s
T he d i f f i c u l t i e s ,  and  s o m e t im e s  i n a b i l i t i e s ,  in  
a s s e s s in g  q u a n t i t a t i v e l y  th e  b io m ed ica l e f f e c t s  due to  exposure 
to  a s b e s to s  f i b r e s ,  a s  w e l l  as  th e  d o se -re sp o n se  r e l a t i o n s h i p s  o f  
a s b e s to s ,  stem fro n  t i e  fo l lo w in g  reasons :
(a) t h e r e  e x i s t  m ore  th a n  one ty p e  o f  a s b e s t o s  f i b r e ,  e a c h
w i t h  d i f f e r e n t  p h y s i c a l  and c h e m ic a l  p r o p e r t i e s ,  and 
hence d i f f e r e n t  b iom ed ica l  re sponses  a r e  to  be expected ;
(b) th e  p r o p o r t i o n  o f  a s b e s t o s  f i b r e s  h a v in g  a s p e c i f i c
c o n f i g u r a t i o n  w i l l  v a r y  w i th  th e  e n v i r o n m e n t  ( fo r  
example, in  m ines  or in  m i l l s )  in which th e  m a te r i a l  i s  
being handled;
(c) the  amount o f  a s b e s to s  con ta ined  v a r i e s  w ith  the  type o f
end p ro d u c t  and th e  a s b e s to s  may be con tam ina ted  by o th e r  
t y p e s  o f  a s b e s t o s  f i b r e  w h ich  a r e  m ore f i b r o g e n i c  and 
c a r c i n o g e n i c  ( f o r  exam ple  c o m m e r ic a l  c h r y s o t i l e  i s  
u s u a l ly  con tam ina ted  by t r e m o l i t e ) ;
(d) th e  d i f f e r e n t  methods and equipm ent t h a t  have been used by
d i f f e r e n t  c o u n t r i e s  fo r  e s t im a t in g  the  amount o f  f i b r e s
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p r e s e n t  in  a g i v e n  e n v i r o n m e n t  r e n d e r  some p u b l i s h e d  
r e s u l t s  d i f f i c u l t  to  i n t e r p r e t ;  and
(e) a s b e s t o s - r e l a t e d  d i s o r d e r s  may be c o m p l i c a t e d  by o t h e r  
m ore  f a t a l  d i s o r d e r s ,  s u c h  a s  c i r c u l a t o r y  o r  r e n a l  
d i s o r d e r s .
2,4 Lung Sound
Ever s in c e  Laennec inven ted  the  s te th o sc o p e  in  1816 fo r  
m e d i a t e  a u s c u l t a t i o n  ( K l i g f i e l d ,  1 9 8 1 ) ,  t h e  d i f f e r e n t  t y p e s  o f  
lu n g  sound h e a rd  from  th e  c h e s t  h av e  b een  used  a s  a d i a g n o s t i c  
to o l  fo r  many r e s p i r a t o r y  and c i r c u l a t o r y  d i s o r d e r s .  One o f  the  
main drawbacks o f  t h i s  l i s t e n i n g  approach i s  t h a t  the  d ia g n o s i s  
i s  r a t h e r  s u b j e c t i v e  and r e q u i r e s  a l o t  o f  e x p e r i e n c e  to  
d i f f e r e n t i a t e  the  d i f f e r e n t  ty p e s  o f  sound. In o c c u p a t io n a l  lung 
d i s o r d e r s ,  i t s  im portance  i s  now g e n e r a l ly  rep la ced  by ra d io lo g y  
and pulm onary fu n c t io n  t e s t s .  N e v e r th e le s s ,  change in  lung sound 
i s  s t i l l  an i m p o r t a n t  c l i n i c a l  s ig n  fo r  some r e s p i r a t o r y  
d i s o r d e r s  (Murphy and Hoi f o r d ,  1980). I n d e e d ,  w i t h  th e  h e l p  o f  
modem e l e c t r o n i c s  and computing f a c i l i t i e s ,  lung sound may once 
aga in  be u s e fu l  in m ed ica l r e s e a rc h  and in d ia g n o s i s  (Anderson e t  
a l ,  1986; Murphy e t  a l ,  1977; U r q u h a r t ,  e t  a l ,  1981).  More 
im p o r ta n t ,  s in c e  t h i s  r e s e a r c h  p r o j e c t  c o n c e n t ra te s  on using lung 
sound a s  the  in p u t s ig n a l  fo r  the  proposed system  fo r  exam inât ing 
p a t i e n t s  e x p o sed  to  a s b e s t o s  d u s t s ,  a b r i e f  r e v i e w  o f  th e  
d i f f e r e n t  t y p e s  o f  sound t h a t  c a n  be h e a rd  o v e r  t h e  c h e s t  i s  
n e c e s s a ry .
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Lung sound heard over the  c h e s t  i s  u s u a l l y  d iv id e d  in to  
b r e a t h  sound w h ich  i s  a lw a y s  p r e s e n t  d u r i n g  b r e a t h i n g  and 
a d v e n t i t i o u s  (or added) so u n d s  w h ich  a r e  n o t  n o r m a l l y  p r e s e n t .  
B r e a t h  sound i s  g e n e r a l l y  c l a s s i f i e d  i n t o  n o rm a l  o r  v e s i c u l a r  
b r e a th  sound and abnormal b ro n c h ia l  b re a th  sounds (Forgacs e t  a l ,  
1971).  The fo rm e r  sound i s  lo u d e r  in  i n s p i r a t i o n  th a n  in  
e x p i r a t i o n ;  w h e r e a s  th e  l a t e r  so u n d s  a r e  a s s o c i a t e d  w i th  th e  
c o n s o l i d a t i o n  o f  t h e  lu n g  t i s s u e  (so t h a t  t h e  t i s s u e  becom es 
a i r l e s s  betw een the  c h e s t  w a ll  and the  conducting  a i rw a y s ) , the 
t r a n s m i t t e d  sound being  much a t t e n u a t e d  and f i l t e r e d .  F o rg a c s  
(1978) s u g g e s t e d  t h a t  b r e a t h  sound i s  c a u s e d  by a c e n t r a l  
t u r b u l e n c e  in  t h e  c o n d u c t in g  a i r w a y s  a rd  h a s  a f l a t  f r e q u e n c y  
d i s t r i b u t i o n  between 200 and 2000 Hz.
A d v e n t i t i o u s  s o u n d s ,  on th e  o t h e r  h a n d ,  a r e  ab n o rm a l  
lung sounds t h a t  u s u a l ly  occur in a number o f  lu r q  d i s o r d e r s  such 
a s  a s b e s t o s i s .  They a r e  g e n e r a l l y  d i v i d e d  i n t o  c r a c k l e s  (or 
r a l e s  o r  c r e p i t a t i o n s )  w h ich  a r e  s h o r t  e x p l o s i v e  so u n d s  and 
w h e e z e s  (or r h o n c h i )  w h ich  a r e  c o n t in u o u s  s o u n d s  w i th  w e l l  
d e f i n e d  f r e q u e n c y  c h a r a c t e r i s t i c s  (Bunin and Loudon, 1979; 
Murphy, 1981). Forgacs (1978) suggested  t h a t  c r a c k le s  m ight be 
c a u s e d  by a b r u p t  o p e n in g  o f  s m a l l  a i r w a y s  in  t h e  l u n g ;  w h i l e  
wheezes a r e  caused by a mechanism s im i l a r  to  t h a t  o f  "a reed in a 
c h i l d ' s  toy  trum pet" . Wheezes and e a r l y  i n s p i r a to r y  c r a c k le s  a re  
u s u a l l y  a s s o c i a t e d  w i t h  o b s t r u c t i v e  d i s o r d e r s  w h i l e  l a t e  
i n s p i r a t o r y  c r a c k l e s  a r e  u s u a l l y  a s s o c i a t e d  w i t h  r e s t r i c t i v e  
d i s e a s e s  such a s  a s b e s t o s i s  (Nath and C apel,  1974).
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2J5 A s b e s t o s is  
2J5A Theory o f  the pathology o f  a s b e s to s is
A s b e s t o s i s  i s  a c h r o n i c  f i b r o s i n g  d i s o r d e r  c a u s e d  by 
i n h a l a t i o n  o f  a s b e s t o s  f i b r e s .  I t  b e l o n g s  t o  a g ro u p  o f  lu n g  
d i s o r d e r s  known a s  d i f f u s e  i n t e r s t i t i a l  c o l l a g e n o u s  f i b r o s i s ,
i . e .  t h e  e x c e s s i v e  p r o d u c t i o n  o f  c o l l a g e n  f i b r e s .  I t s  
developm ent i s  r e l a t e d  to  both  d u r a t i o n  and q u a n t i ty  o f  exposure 
to  t h e  f i b r e s .  The d i s e a s e  u s u a l l y  t a k e s  20 or m ore y e a r s  to  
dev e lo p  a f t e r  the  i n i t i a l  exposure (Parkes, 1982).
I t  i s  now g e n e r a l l y  b e l i e v e d  t h a t  t h e  i n i t i a l  
p a th o lo g ic a l  change o f  a s b e s t o s i s ,  w h ich  i s  t h e  d e ra n g e m e n t  o f  
t h e  a l v e o l a r  s t r u c t u r e ,  i s  t h e  r e s u l t  o f  an a l v e o l i t i s  r a t h e r  
th a n  an i n t e r s t i t i a l  f i b r o s i s  (W agner, 1965). A l v e o l i t i s  i s  a 
d i s o r d e r  c h a r a c t e r i s e d  by (a) a m arked  i n c r e a s e  in  th e  t o t a l  
num ber o f  in f l a m m a to r y  and immune e f f e c t o r  c e l l s  (such  a s  
a l v e o l a r  m a c ro p h a g e s  and ly m p h o c y te s )  w i t h i n  th e  a l v e o l a r  
s t r u c t u r e s ;  (b) a change  in  t h e  r e l a t i v e  p r o p o r t i o n  o f  one or 
m ore  e f f e c t o r  c e l l  p o p u l a t i o n s ;  and (c) an a c t i v a t i o n  o f  one or 
m ore e f f e c t o r  c e l l  t y p e s ,  su ch  a s  th e  p r e s e n c e  o f  n e u t r o p h i l s  
(ano ther  type o f  leucocy te )  in  the  a lv e o la r  s t r u c t u r e  (Keogh and 
C r y s t a l ,  1982),
The accum ula tion  and the  a c t i v a t i o n  o f  th e se  e f f e c t o r  
c e l l s  w i l l  a l t e r  (or d e ra n g e )  t h e  n a t u r a l  c o m p o s i t i o n  o f  t h e  
a lv e o la r  s t r u c t u r e s  and hence may a f f e c t  the  lung fu n c t io n  by the
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l o s s  o f  t h e s e  f u n c t i o n a l  a l v e o l a r - c a p i l l a r y  u n i t s .  To q u o te  
Keogh and C r y s ta l  (1982), " the  s p e c i f i c  e f f e c t s  o f  such p h y s ic a l  
d e f o r m a t i o n s  on lu n g  f u n c t i o n  i s  unknown, b u t  t h e y  p r o b a b ly  
i n f l u e n c e  c r i t i c a l  m e c h a n i c a l  p r o c e s s e s  in v o lv e d  in  th e  
r e s p i r a t o r y  c y c l e " .  (In  c h a p t e r  7 , t h i s  may p a r t l y  e x p l a i n  why 
p a t i e n t s  who have been exposed to  a s b e s to s  bu t in  whom a s b e s to s i s  
h a s  n o t  d e v e lo p e d  form a s e p a r a t e  g ro u p  from  p a t i e n t s  w i th  
a s b e s t o s i s  and from n o rm a l  p a t i e n t s  w i t h o u t  any  e x p o s u r e  to  
a s b e s t o s . )
I t  h a s  b een  shown ( C r y s t a l  e t  a l ,  1981; Gadek e t  a l ,  
1981) t h a t  t h e  a l v e o l i t i s  in  a s b e s t o s i s  i s  c h a r a c t e r i s e d  by an 
in c r e a s e  in  the  number o f  a lv e o la r  macrojliages and a l a r g e  number 
o f  n e u t r o p h i l s .  T hese  n e u t r o p h i l s  a r e  e x t r e m e l y  d a n g e ro u s  
b e c a u s e  t h e y  w i l l  r e l e a s e  a number o f  i n f l a m m a t o r y  m e d i a t o r s  
(such a s  o x id a n ts  and connec tive  t i s s u e  s p e c i f i c  p r o t e a ses) t h a t  
can  i n j u r e  th e  p a re n c h y m a l  t i s s u e s  ( fo r  e x a m p le ,  b o th  ty p e  I 
c e l l s  and th e  basem ent membranes in th e  a lveo lus)  and d i s o rg a n i s e  
th e  c o n t e n t  o f  t h e  s e p t a l  s p a c e s .  Gadek e t  a l  (1980) have  
o b t a i n e d  e v id e n c e  t h a t  t h e  a s b e s t o s  f i b r e  s t i m u l a t e s  t h e  
a l v e o l a r  m a c ro p h a g e  to  r e l e a s e  a c h e m o t a c t i c  f a c t o r  w h ich  
a t t r a c t s  t h e s e  n e u t r o p h i l s  from th e  c i r c u l a t o r y  s y s te m .  The 
f u tu r e  developm ent o f  the  d i s e a s e  (and hence the  p r o b a b i l i t y  t h a t  
a p a t i e n t  who h a s  b een  exposed  to  a s b e s t o s  w i l l  s u b s e q u e n t l y  
d e v e l o p  a s b e s t o s i s )  d e p e n d s  on th e  i n t e n s i t y  o f  th e  a l v e o l i t i s .
F u rtherm ore ,  th e  i n t e r a c t i o n  between th e  a s b e s to s  f i b r e  
and t h e  a l v e o l a r  m a c ro p h a g e s  a l s o  r e s u l t s  in  th e  r e l e a s e  o f  a
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f ib r o g e n ic  f a c to r  which causes  p r o l i f e r a t i o n  o f  f i b r o b l a s t s  and, 
h e n c e ,  an i n c r e a s e  in  th e  s y n t h e s i s  o f  c o l l a g e n  f i b r e s .  T hese  
c o l l a g e n  f i b r e s  w i l l  form a f i n e  n e tw o rk  a ro u n d  t h e  dam aged 
a lv e o lu s .  I f  th e  d i s e a s e  i s  su b se q u en tly  deve loped ,  th e  c o l la g e n  
f i b r e s  w i l l  c o n t i n u e  to  expand i n t o  t h e  a l v e o l a r  d u c t s  and th e  
su r ro u n d in g  t i s s u e s ,  and e v e n tu a l ly  l i n k  some o f  th e se  s e p a ra te  
in f lam m ato ry  u n i t s  to g e th e r  (deShazo, 1982).
2 3 3  D ia g n o stic  methods
P erhaps  some o f  the  most im p o r ta n t  c lu e s  fo r  d e t e c t i n g  
a s b e s t o s i s  come from t h e  o c c u p a t i o n a l  h i s t o r y  o f  a p a t i e n t .  
H av ing  n o te d  t h a t  a p a t i e n t  h a s  been  ex p o sed  to  a s b e s t o s ,  a 
m e d i c a l  p r a c t i t i o n e r  can  th e n  lo o k  fo r  th e  f o l l o w i n g  sym ptom s 
( P a r k e s ,  1982):
(a) a b n o rm a l  p h y s i c a l  s i g n s .  The m o s t  i m p o r t a n t  s i g n  i s
p e r s i s t e n t ,  b i l a t e r a l ,  b a s a l  l a t e - i n s p i r a t o r y  c r a c k l e s .  
C lu b b in g  o f  f i n g e r s  and t o e s ,  b r e a t h l e s s n e s s ,  and 
c y a n o s is  may occur in  some p a t i e n t s  b u t  a re  g e n e r a l ly  n o t  
r e l i a b l e  s ig n s ;
(b) a b n o r m a l i t i e s  in  p u lm o n a ry  f u n c t i o n  t e s t s  w h ich  show a
r e s t r i c t i v e  lu n g  d e f e c t  w i t h  re d u c e d  g a s  t r a n s f e r ,  f o r  
e x a m p l e ,  a d e c r e a s e  i n  c a r b o n  m o n o x id e  d i f f u s i n g  
c a p a c i ty ;  and
(c) r a d i o g r a p h i c  a b n o r m a l i t i e s .  T h is  u s u a l l y  in v o lv e s  f in e
r e t i c u l a r  shadowing a t  th e  low er lo b e s  o f  th e  lung in  the  
c h e s t  X-ray. However, t h e r e  i s  u s u a l ly  some d isag ree m en t  
in th e  v i s u a l  i n t e r p r e t a t i o n  o f  the  X -ray f i lm .
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Lung b i o p s y ,  b r o n c h i o a l v e o l a r  l a v a g e ,  g a l l i u m - 6 7  s c a n n in g  and 
o th e r  ccm pu te r ized  tomography, and blood serum t e s t s  can a l l  be 
added  f o r  e s p e c i a l l y  d i f f i c u l t  c a s e s  o r  a s  e x t r a  c o n f i r m a t o r y  
ev id e n c e s .
I t  i s  i m p o r t a n t  to  n o te  t h a t  none o f  t h e s e  c l i n i c a l  
s i g n s  by i t s e l f  i s  s u f f i c i e n t  to  i n d i c a t e  th e  e x i s t e n c e  o f  
a s b e s t o s i s .  The u se  o f  lu n g  sound may t h e r e f o r e  be a v a l u a b l e  
a d d i t i c n  to  th e  range o f  te ch n iq u es  a v a i la b le  fo r  exam ina t ion  o f  
p a t i e n t s  exposed to  a s b e s to s  d u s t s .
2 3 3  Remarks; p ro g n o sis  and prevention
The p ro g re s s io n  o f  a s b e s to s i s  deperxls v e ry  much on the 
in d iv id u a l .  G e n e ra l ly ,  the  p ro g re s s io n  w i l l  be slow and in  some 
c a s e s  t h e  p a t i e n t ' s  c o n d i t i o n  may c e a s e  to  d e t e r i o r a t e .  
However, th e  co rrespond ing  r i s k  o f  developing c o m p lic a t io n s  such 
a s  lung cance rs  and o th e r  pulmonary d i s o r d e r s  a l s o  in c re a s e s  for 
t h e s e  p a t i e n t s  ( P a r k e s ,  1982). F o r t u n a t e l y ,  now adays v e r y  few 
p e o p l e  who have  b een  e x p o sed  to  a s b e s t o s  d u s t s  w i l l  d e v e lo p  
a s b e s t o s i s  because th e  b e t t e r  hygiene s tan d a rd s  imposed in  t h i s  
c o u n t ry  w i l l  reduce the  q u a n t i ty  o f  f i b r e s  in h a led .
S ince th e r e  i s  no known drug th a t  can a r r e s t  or r e t a r d  
t h e  p r o g r e s s  o f  a s b e s t o s i s ,  p r e v e n t i o n  i s  th e  o n l y  a n sw e r  fo r  
e m p lo y e e s  who a r e  w o rk in g  w i t h  a s b e s t o s  or a s b e s t o s - r e l a t e d  
p ro d u c ts .  The r e p o r t s  by th e  H ealth  and S a fe ty  E xecu tive  (1979) 
l i s t  a number o f  r e c o m m e n d a t io n s  fo r  s t o r a g e  and d i s p o s a l  o f
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a s b e s t o s ,  c o n d i t i o n s  o f  a f a c t o r y  u s in g  a s b e s t o s  and i t s  
p ro d u c ts ,  l e v e l  o f  a i rb o rn e  d u s t  w i th in  a f a c to ry ,  and in d iv id u a l  
s a f e t y  m e a s u r e s ,  w h ic h  i f  s a t i s f a c t o r y  c o m p l ie d  w i t h ,  s h o u ld  
p ro v id e  adequa te  p r o t e c t i c n  fo r  each in d iv id u a l  employee.
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Chapter 3: P reprocessing  
Sumnary
In  t h i s  c h a p t e r ,  t h e  d e v e lo p m e n t  o f  t h e  F o u r i e r  
t r a n s f o r m  from  i t s  c o n t i n u o u s  fo rm s  to  t h e  d i s c r e t e  form  i s  
b r i e f l y  m entioned . The two main p rob lem s, th o se  o f  a l i a s i n g  and 
le a k a g e ,  w ith  th e  d i s c r e t e  F o u r ie r  t ran s fo rm  a re  d isc u sse d .  One 
o f  th e  a p p l i c a t i o n s  o f  the  F o u r ie r  t ran s fo rm  i s  in  e s t im a t in g  a 
s p e c t r u m .  T h i s  a p p l i c a t i o n  i s  r e v i e w e d  and  t h e  p r o b l e m  
a s s o c ia t e d  w ith  th e  v a r ia n c e  o f  th e  e s t i m a t io n  i s  o u t l in e d .  This 
le a d s  to  th e  developm ent o f  w eighted  overlapped  segment averag ing  
a lg o r i th m s  which reduce both  th e  leakage  and th e  v a r ia n c e  o f  the  
e s t im a te .  Three o f  th e se  a lg o r i th m s ,  th o se  o f  Welch, o f  C a r te r  
and Nut t a l l  and o f  Yuen, a r e  b r i e f l y  d e s c r ib e d .
3.1 In tr o d u c tio n
In  some v e ry  s im p le  te m p la te  m atching a p p l i c a t io n s ,  a l l  
i n p u t  m e a s u re m e n ts  (or s i g n a l s )  can  i m m e d i a t e l y  be u sed  f o r  
i d e n t i f i c a t i o n  purposes .  However, in  most p r a c t i c a l  s i t u a t i o n s ,  
some s o r t  o f  p r e p r o c e s s i n g  o r  c o n d i t i o n i n g  w i l l  be r e q u i r e d  to  
e n a b le  th e  in p u t  measurements to  be u sab le  by o th e r  o p e ra t io n s .  
T h is  i s  n e c e ssa ry  because th e  in p u t  m easurem ents may be co rru p te d  
by n o i s e ,  d i s t o r t e d  by th e  in p u t t r a n s d u c e r ,  and /o r  a f f e c te d  by 
in t e r f e r e n c e  frcm o th e r  e x te rn a l  sources .  In  o th e r  s i t u a t i o n s ,  
th e  number o f  in p u t measurements may n o t  be c o n s ta n t ;  an example 
a r i s e s  (assuming c o n s ta n t  sampling ra te )  from the  f a c t  t h a t  th e
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d u r a t i o n  o f  a b r e a t h  c y c l e  w i l l  v a r y  from  i n d i v i d u a l  to  
in d iv id u a l  or ev m  from b re a th  to  b r e a th  for one in d iv id u a l .  In  
com m unica tions  e n g in e e r in g ,  some o f  th e se  co n ta m in a t io n s  can be 
r e d u c e d  by i n c r e a s i n g  th e  pow er o f  th e  s o u r c e  o f  t h e  i n p u t  
m e a s u r e m e n t s  o r  t h r o u g h  t h e  use  o f  d i f f e r e n t  m o d u l a t i o n  and 
f i l t e r i n g  t e c h n i q u e s .  U n f o r t u n a t e l y ,  in  lu n g  sound a n a l y s i s ,  
t h e r e  i s  n o t  much one can  do : one c a n n o t  a sk  th e  p a t i e n t  to  
b r e a t h  h a r d e r  and h a r d e r .  B e s i d e s ,  i f  th e  p a t i e n t  b r e a t h e s  to o  
h a r d ,  a d d i t i o n a l  a d v e n t i t i o u s  s o u n d s  w i l l  be g e n e r a t e d  and 
superiiTiposed on th e  n a t u r a l  l u i ^  sound (Forgacs, 1978). Thus, i t  
i s  c l e a r  t h a t  a l o t  o f  work has  to  be done a t  the  " rece iv in g "  end 
in  lu n g  sound a n a l y s i s .  To a c h ie v e  t h i s ,  i d e a l l y  t h e  c o u p l in g  
b e tw e e n  th e  c h e s t  w a l l  and th e  i n p u t  t r a n s d u c e r  s h o u ld  be 
m a tc h e d .  Then, t h e  i n p u t  m e a s u re m e n ts  have to  be f i l t e r e d  to  
rem ove  th e  h ig h  f r e q u e n c y  n o i s e  ( s e c t i o n  3 .2 .4 ) .  A f t e r w a r d s ,  
s i g n a l  a n a l y s i s  t e c h n i q u e s  can  be a p p l i e d  to  d e t e c t  p o s s i b l e  
p e r i o d i c i t i e s  i n  t h e  i n p u t  m e a s u r e m e n t s .  Some o f  t h e s e  
te c h n iq u e s  can o p e ra te  d i r e c t l y  on the  in p u t measurements in th e  
t i m e  dom a in  and a r e  p o t e n t i a l l y  u s e f u l ,  b u t  in  t i m e  dom ain  
a n a l y s i s  i t  i s  o f t e n  d i f f i c u l t  to  form s u i t a b l e  f e a t u r e s  f o r  
f u r t h e r  a n a l y s i s .  T h i s  s t u d y  t h e r e f o r e  c o n c e n t r a t e s  on 
f r e q u e n c y  dom ain  a n a l y s i s .  S p e c tru m  e s t i m a t i o n  b ased  on t h e  
d i s c r e t e  Fou rie r  t ra n s fo rm  (DFT) i s  one o f  the  most commonly used 
methods o f  frequency  domain a n a ly s i s .  Other spectrum  e s t im a t io n  
te c h n iq u e s ,  such a s  th e  maximum en tro p y  method, a r e  d e sc r ib e d  in 
a rev iew  paper by Kay and Marple (1981).
In  th e  n e x t  s e c t i o n ,  t h e  F o u r i e r  t r a n s f o r m  and i t s
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d i s c r e t e  v e r s i o n  w i l l  be r e v ie w e d  b r i e f l y .  The tw o  m a jo r  
p ro b lem s, nam ely leakage  and a l i a s i n g ,  a s s o c ia te d  w ith  th e  DFT 
w i l l  a l s o  be i n t r o d u c e d .  In  s e c t i o n  3 .3 , s p e c t r u m  e s t i m a t i o n  
b a s e d  on th e  d i s c r e t e  F o u r i e r  t r a n s f o r m  w i l l  be d i s c u s s e d  in  
g r e a t e r  d e t a i l  and t h e  m e thod  known a s  w e ig h te d  o v e r la p p e d  
segm ent av e ra g in g  (WCEA) w i l l  be d e sc r ib e d .
3.2 F ourier Transform (FT)
3 .2 .1  In tr o d u c tio n
A bout a h u n d re d  and e i g h t y  y e a r s  a g o ,  J e a n  B a p t i s t e  
J o s e p h  de F o u r i e r  p ro p o s e d  h i s  famous F o u r i e r  a n a l y s i s  on any 
a r b i t r a r i l y  s h a p e d  f u n c t i o n .  E s s e n t i a l l y ,  h i s  th e o re m  can  be 
r e s t a t e d  as :  any a r b i t r a r y  p e r io d ic  fu n c t io n  x(t) w ith  a p e r io d
e q u a l  to  T can  be a p p r o x im a te d  by th e  F o u r i e r  s e r i e s  (Lynn, 
1973).
I f  x ( t )  i s  a n o n - p e r i o d i c  (or a p e r i o d i c )  f u n c t i o n ,  i t  
can  be e x p r e s s e d  in  t e r m s  o f  th e  F o u r i e r  t r a n s f o r m  X (w ) .  The 
r e l e v a n t  e q u a t io n  p a i r  i s
x ( t )  = ( 1 / 2 TT) X (w ) e x p ( j w t )  d c J  (1)
J-CO
where
X (w ) = x ( t )  e x p ( - j w t )  d t .  (2)
J-oo
The F o u r i e r  t r a n s f o r m  X(W ) i s  so m e t im e s  known a s  a f r e q u e n c y  
d e n s i t y  fu n c t io n .  In a d d i t io n ,  eq u a t io n s  (1) and (2) i l l u s t r a t e
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t h e  d u a l i s m  b e tw e e n  t h e  t i m e  dom a in  and th e  f r e q u e n c y  d o m a in .  
E q u a t i o n  (1) show s t h a t  a t i m e  v a r i n g  f u n c t i o n  x ( t )  i s  com posed  
o f  an  i n f i n i t e  o r t h o g o n a l  e x p o n e n t i a l  s e r i e s  d e f i n e d  in  t h e  
f requency  domain. The r e v e r s e  i s  denoted in  e q u a t io n  (2).
W ith  t h e  r a p i d  a d v a n c e m e n t  in  d i g i t a l  c o m p u t in g  
f a c i l i t i e s  in  th e  p a s t  few decades , in p u t  measurements a re  now 
u s u a l l y  s t o r e d  and p r o c e s s e d  d i g i t a l l y .  T h is  l e d  t o  th e  
d e v e lo p m e n t  o f  t h e  d i s c r e t e  F o u r i e r  t r a n s f o r m  (DFT) w h ich  i s  
s u i t a b l e  fo r  sampled d a ta  or measurements.
3.2 .2  D isc r e te  Fourier Transform gffT)
Assume t h a t  o u ts id e  the  reg io n  (-T/2, T/2) the  fu n c t io n  
X ( t)  i s  z e r o  and t h a t  x ( t )  i s  sam p led  n t i m e s  w i t h i n  t h e  r e g i o n  
[ - T / 2 ,  T /2 ]  a t  e q u a l  s a m p l in g  i n t e r v a l s .  L e t  Xq , x^ ,  . . . ,  x^_^ 
be t h e  n s a m p le d  m e a su re m e n ts .  The d i s c r e t e  v e r s i o n  o f  t h e  
F o u r ie r  t r a n s fo rm  (equations  1 and 2) can be d e f in e d  as
n - 1
_  m - -
m=0
±
Xj^  = ( T / n ) ^ ^  exp(j2TTmk/n)
and
n- 1
(4)
"m " .................
m=0
ri—J .
Xj  ^ x ^  e x p ( - j 2 ’ÎTmk/n)
w h e r e  Xj^  i s  t h e  k - t h  F o u r i e r  c o e f f i c i e n t  o f  x ( t )  and k = 0,
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1, (n “ 1). Eadi o f  th e se  Xj^  r e p r e s e n t s  a c e r t a i n  component 
( in  t h e  f r e q u e n c y  dom ain) o f  t h e  o r i g i n a l  sampled measurements 
( in  th e  t im e  domain). E quation  (3) i s  u s u a l ly  r e f e r r e d  as  th e  n -  
p o i n t  EFT and e q u a t io n  (4) i s  th e  co rrespond ing  n - p o in t  in v e rse  
d i s c r e t e  F o u r i e r  t r a n s f o r m  (IDFT). Yuen and F r a s e r  (1979) h ave  
show n t h a t  g iv e n  an n - p o i n t  DFT o f  a f u n c t i o n ,  a F o u r i e r  s e r i e s  
c a n  a lw a y s  be r e c o n s t r u c t e d  such  t h a t  t h e  f u n c t i o n  i s  e x a c t l y  
reco v e re d  a t  the  n sam pling  i n s t a n t s .
Sampling frequency  i s  im p o r tan t  when th e  DFT i s  used.
From th e  sam pling  theorem , the  "sam pling in t e r v a l "  / ^ t  between
a n y  tw o  s a m p le d  m e a s u re m e n ts  s h o u ld  be s m a l l e r  th a n  l / 2 f ^ ^ ^ ,  
w h e re  f i s  t h e  h i g h e s t  f r e q u e n c y  o f  i n t e r e s t  in  a g iv e n
prob lem . Thus, th e  fo l lo w in g  r e l a t i o n s h ip s  can be w r i t t e n
A t  = T /n  < or n > 2 T. (5)
E q u a t io n  (4 ) ,  i f  u sed  d i r e c t l y  to  com p u te  an n - p o i n t  
DFT, r e q u i r e s  n m uti p l i c a t i o n s ,  i .e .  n m u t ip l i c a t i o n s  per Xj^ . A 
c a r e f u l  in s p e c t io n  o f  th e  ex p o n en tia l  te rm s  w i l l  r e v e a l  t h a t  the  
same p ro d u c t  x ^ e x p ( - ] 2 'n'mk/n) i s  formed many t im e s  fo r  d i f f e r e n t  
c o m b i n a t i o n  o f  m and k. T h is  f a c t  was n o t i c e d  by C oo ley  and 
Tukey (1965) who p ro p o s e d  th e  f a s t  F o u r i e r  t r a n s f o r m  (FFT) 
a lg o r i th m ,  which reduces  such r e p e t i t i v e  c a l c u l a t i o n  o f  p roduc ts  
f ro m  n^ to  n l o g 2n. The id e a  i s  to  d i v i d e  and r e s h u f f l e  t h e  
in p u t  m easurem ents in to  a number o f  s m a l le r  subgroups, t ra n s fo rm  
e a c h  s u b g ro u p  i n d i v i d u a l l y ,  and com bine  t h e  r e s u l t s  t o  p ro d u c e  
th e  DFT fo r  the  n sampled measurements. A number o f  v e r i f i e d  FFT
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i m p l e m e n t a t i o n s  h av e  b een  p u b l i s h e d  in  a sym posium  e n t i t l e d  
"Program s f o r  d i g i t a l  s ig n a l  p ro cess in g "  which was e d i te d  by the  
d i g i t a l  s i g n a l  p ro c e s s in g  com m ittee  (1979).
3 .2 .3  L eakage
L ea k ag e  i s  an i n h e r e n t  p ro b le m  w i th  t h e  d i s c r e t e  
F o u r ie r  t r a n s fo rm .  The f i n i t e  number o f  sampled measurements in  
t h e  DFT m eans t h a t  t h e  f u n c t i o n  x ( t )  i s  t r u n c a t e d  a b r u p t l y  a t  
some p o i n t  in  t h e  t i m e  dom ain . T h i s  c a u s e s  th e  k - t h  F o u r i e r  
c o e f f i c i e n t  (k = 0 , 1 , 2 , . . . ,  n -  1 ) in  th e  f r e q u e n c y  dom a in  to  
o s c i l l a t e ,  i . e .  t h e  v a l u e s  o f  a l l  X^, w here  p €  ( -o o ,  oo) and 
p  /  k, a r e  in  g e n e r a l  a f f e c t e d .  Hence Xj^  " l e a k s  o u t"  i n t o  t h e  
n e ig h b o u rin g  F o u r ie r  c o e f f i c i e n t s  (Yuen and F ra s e r ,  1979). Thus 
i f  th e r e  i s  a peak a t  th e  k - th  F ou rie r  c o e f f i c i e n t  th en ,  in s te a d  
o f  o n ly  one p e a k ,  a s e r i e s  o f  p e a k s  o f  v a r y in g  s i z e s  w i l l  be 
observed  because  o f  th e  leakage . I t  fo l lo w s  t h a t  two v e ry  c lo se  
p e a k s  in  t h e  f r e q u e n c y  dom a in  may be m asked by t h i s  l e a k a g e  
e f f e c t .  U n fo r tu n a te ly ,  leakage  cannot be p reven ted ;  i t  can o n ly  
be r e d u c e d .  T e c h n iq u e s  to  a c h ie v e  t h i s  a r e  known a s  w indow ing  
t e c h n i q u e s .  E s s e n t i a l l y  w in d o w in g  r e d u c e s  t h e  o r d e r  o f  
d i s c o n t i n u i t y  a t  th e  two e n d s  (or b o u n d a r ie s )  o f  t h e  t r u n c a t e d  
t i m e  f u n c t i o n .  H a r r i s  (1978) r e v ie w s  v a r i o u s  w indow s f o r  th e  
DFT, such as th e  minimum 4-sam ple  (or term) B lackm an-H arris  and 
4 -sam ple  K a is e r -B e s s e l  windows. (See a l s o  th e  paper by N u t t a l l ,  
1981.)
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3 .2 .4  A l ia s in g
A n o th e r  i m p o r t a n t  p ro b le m  a s s o c i a t e d  w i t h  DFT i s  
a l i a s i n g .  T h is  i s  due to  i n a b i l i t y  to  d i s t i i ^ u i s h  t im e  fu n c t io n s  
having h ig h  frequency  components g r e a t e r  than f ^ ^ .  In e f f e c t ,  
s a m p l in g  c a u s e s  t h e s e  h ig h  f r e q u e n c y  co m p o n en ts  t o  " f o l d  back" 
in to  (or o v e r la p  with) the  low frequency  components w i th in  the  
range [0, f^^^] (Lynn, 1973). T here fo re  the  in p u t s ig n a l  has to  
be f i l t e r e d  by a low p a ss  f i l t e r  to  remove th e se  h igh  frequency  
cCTnponents (o f te n  due to th e  u n d e s ir a b le  c o n tam in a t io n s  mentioned 
in  s e c t i o n  3 .1 ) ,  and th e n  sam p led  a t  a f r e q u e n c y  w h ich  m u s t  be 
h igher than  2 f ^ ^  so t h a t  the  tim e fu n c t io n  can be re c o n s t ru c te d  
( s e c t i o n  3 .2 .2 ) .
U n f o r t u n a t e l y ,  a s  m e n t io n e d  in  s e c t i o n  3 .2 .3 ,  l e a k a g e  
cannot be p reven ted . Thus, even i f  i t  i s  p o s s ib le  to  f i l t e r  away 
a l l  th e  h ig h e r  f r e q u e n c y  c o m p o n en ts  a c t u a l l y  p r e s e n t  in  x ( t ) ,  
t h e r e  a r e  s t i l l  some h ig h  f r e q u e n c y  com p o n en ts  due to  l e a k a g e  
( w h ic h  c a n  p r o d u c e  b o t h  t h e  lo w  and t h e  h i g h  f r e q u e n c y  
components). T h e re fo re ,  a good window i s  n ecessa ry  to  reduce the  
l e a k a g e  and h en ce  r e d u c e  t h i s  com bined  e f f e c t  o f  l e a k a g e  and 
a l i a s in g .  Leakage i s  th u s  one reason  why in p r a t i c e  the  sam pling 
f r e q u e n c y  m u s t  u s u a l l y  b e  c o n s i d e r a b l y  g r e a t e r  th a n  th e  
t h e o r e t i c a l  minimum o f  2 f ^ ^  (Yuen and F ra s e r ,  1979).
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3.3 Spectrum E stim a tio n  
3 3 J . I n tr o d u c t io n
One o f  th e  many a p p l i c a t io n s  o f  th e  F o u r ie r  tran s fo rm  
i s  in  s p e c t r u m  e s t i m a t i o n  ( i . e .  e s t i m a t i o n  o f  th e  pow er a t  
p a r t i c u l a r  f r e q u e n c ie s ) .  S p ec tra  a re  o f  g r e a t  im portance  in many 
f i e l d s  in c lu d in g  quantum m echanics ard the  s tudy  o f  the  i n t e r n a l  
s t r u c t u r e s  o f  d i f f e r e n t  e lem en ts  as  w e ll  as p a t t e r n  re c o g n i t io n .  
T h e i r  u s e f u l n e s s  in  p a t t e r n  r e c o g n i t i o n ,  s te m s  from  th e  e a s e  
w i th  which f e a t u r e s  can be g enera ted  from a spectrum  and has led  
t o  t h e i r  u s e  in  a n u m b e r  o f  a p p l i c a t i o n s  s u c h  a s  s p e e c h  
r e c o g n i t io n  (Fu, 1982). Robinson (1983) in  h i s  book (appendix 9, 
pages 345-407) has g i v m  an e x c e l l e n t  h i s t o r i c a l  p e r s p e c t iv e  o f  
p i o n e e r i n g  w ork in  s p e c t ru m  e s t i m a t i o n  and r e l a t e d  to p ic s .  As 
m e n t io n e d  in  s e c t i o n  3 .1 , o n ly  s p e c t ru m  e s t i m a t i o n  t e c h n i q u e s  
t h a t  a r e  based on the  d i s c r e t e  Fourier  t ran s fo rm  w i l l  be reviewed 
h e re .
I t  must however be mentioned t h a t  F o u r ie r  a n a ly s i s  i s  
o n ly  one o f  s e v e r a l  m e th o d s  o f  s p e c t ru m  e s t i m a t i o n  (Kay and 
M arple, 1981). One o th e r  v e ry  commonly used spectrum  e s t im a t io n  
te ch n iq u e  i s  the  maximum en tropy  method (MEM), in troduced  by John 
Burg in  1967 (Robinson, 1983), which i s  based on e x t r a p o la t in g  a 
segment o f  a known a u to c o r r e la t io n  fu n c t io n  ( s e c t io n  3.3.2.1) so 
t h a t  t h e  e n t r o p y  in  th e  t i m e  dom ain  i s  m a x im iz e d .  I n t e r e s t e d  
r e a d e r s  can  r e f e r  to  a book e d i t e d  by S m ith  and G randy (1985) 
w h ich  g i v e s  a c o l l e c t i o n  o f  v e r y  u s e f u l  p a p e r s  on t h i s  s u b j e c t
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and i t s  a p p l i c a t i o n s .  The MEM te c h n iq u e  was i n v e s t i g a t e d  by 
U r q u h a r t  (1983) in  r e l a t i o n  to  lu n g  so u n d s .  However h i s  
p r e l i m i n a r y  s tudy  in d ic a te d  t h a t  i t  i s  ve ry  d i f f i c u l t  to  s e l e c t  
t h e  r i g h t  m ode l o r d e r ,  a s  i s  e s s e n t i a l  in  MEM (Kay and M a rp le ,  
1981) .
3 .3 .2  Spectrum e s t im a tio n  based on th e  Fourier transform  
3 3 .2 J. The c o n t in u o u s  c a s e
The t o t a l  e n e rg y  o f  an a p e r i o d i c  f u n c t i o n  x ( t )  i s  
r e l a t e d  to  i t s  F o u r i e r  transfo rm ^  X(co) by P a r s e v a l ' s  e n e rg y  
theorem  which s t a t e s  t h a t
• 00 .00
I X ( t ) |  ^ d t  = I I X ( W ) I  ^d w  (6 )
>00 J-oO
w here  | X (w  )| ^ = S ( W) i s  som ie tim es r e f e r r e d  to  a s  t h e  e n e rg y  
s p e c t r a l  d e n s i t y  and j . | i s  t h e  a b s o l u t e  o p e r a t o r .  E q u a t io n  (6 ) 
s t a t e s  t h a t  t t e  t o t a l  energy o f  the  t im e  domain s ig n a l  i s  equa l  
t o  th e  t o t a l  e n e r g y  in  t h e  f r e q u e n c y  dom ain  (Kay and M a rp le ,  
1981) .
For a p e r i o d i c  f u n c t i o n  x ( t )  w i t h  a p e r i o d  e q u a l  to  T, 
t h e  (p o w e r )  s p e c t r u m  P ( w ) ( s o m e t i m e s  r e f e r r e d  a s  t h e  
per iodogram) o f  x(t)  can be found by
P(U>) = lim  E  { ( lA )  S(W) }. (7)
OO
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A n o th e r  i n d i r e c t  way o f  f i n d i n g  th e  s p e c t r u m  o f  x ( t ) ,  r e l a t e d  
w i th  th e  a u t o c o r r e l a t i o n  fu n c t io n  = { x ( t  + ^  )x*(t) }
(w h e re  * i s  t h e  c o n j u g a t e  o p e r a t o r ) ,  i s  g iv e n  by th e  W ie n e r -  
K hinch in  r e l a t i o n s
X X•oo
P(CJ) =J r ^ ^ ( T )  e x p ( - j  w t  ) d% (8)
and
- r^  P( W) e x p ( j  W T )  d T  . (9)
3 .3 .2 .2  The d i s c r e t e  c a s e
U n t i l  C o o le y  and Tukey (1965) p ro p o s e d  t h e i r  f a s t
F o u r i e r  t r a n s f o r m  a l g o r i t h m ,  t h e  e s t i m a t e d  s p e c t r u m  P(u>) was
u s u a l l y  fo u n d  by  u s in g  th e  d i s c r e t e  v e r s i o n  o f  th e  W ie n e r -
2
Kh in ch  in  r e l a t i o n s  because o f  th e  in h e re n t  n p ro d u c t com putation  
in  t h e  DFT. A g a in ,  x ( t )  i s  assum ed to  be d e f i n e d  o v er  [ - T /2 ,  
T/2] ( s e c t io n  3.2.2). The d i s c r e t e  v e r s io n  i s  sometime known as 
th e  Blackman-Tukey a lg o r i th m  and can be w r i t t e n  as
P-1 ^
P|^ = ( 1 / T ) ^ 2  r ^ ^  (m) exp(-j27Tmk/n) (10)
m=0
w here p < n- 1  and th e  a u to c o r r e l a t i o n  fu n c t io n  r(m) i s  e s t im a te d  
as
r w n ^
r  (in) = (1 /n )  ^  ^q+m^'q 
q=0
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w h ere  (k -  0 , 1 , n - 1 ) i s  t h e  sam p led  m e a su rm e n t  a s
d e f i n e d  in  s e c t i o n  3 .2 .2 .
S ince  Cooley and Tukey in troduced  the  FFT, s p e c t r a  have 
u s u a l l y  b een  e s t i m a t e d  u s in g  t h e  d i r e c t  m ethod w h ich  c a n  be 
w r i t t e n  as
p. = ( l/T )  Ix, I  ^ = (1/T) l l x j l  ^ (14)
where | | . II i s  th e  m o d u lu s  o p e r a t o r .
Qie o f  the  main problem a s s o c ia te d  w ith  th e  above two 
e s t i m a t io n  methods i s  th e  v a r ia n c e  o f  the  e s t im a te d  spectrum . I t  
h a s  b een  shown (Yuen and F r a s e r ,  1979, p a g e s  72-73) t h a t  th e  
v a r ia n c e  can be a s  much as  P(W) i t s e l f .  One way o f  reducing  the  
v a r i a n c e  i s  to  w indow t h e  sam p led  m e a s u re m e n ts  b e f o r e  th e  
e s t i m a t i a i .  Another method o f  reducing the  v a r ia n c e  i s  known as  
w eigh ted  overlapped  segment averag ing  which i s  more s u i t a b l e  when 
t h e r e  i s  a l a r g e  number o f  sam p led  m e a s u re m e n ts  and w i l l  be 
in t ro d u ced  in  the  n ex t  s e c t io n .
3 3 3  W eighted Overlapped Segment Averaging S p ectra l EstimatiCTi
T h i s  m ethod  c a n  be v ie w ed  a s  a d e v e lo p m e n t  o f  an id e a  
due t o  W elch (1967) ,  who p ro p o s e d  a s p e c t ru m  e s t i m a t i o n  m ethod 
w h ich  r e d u c e s  t h e  v a r i a n c e  o f  th e  e s t i m a t e d  s p e c t ru m  and i s  
e x t re m e ly  u s e f u l  fo r  l a rg e  numbers o f  in p u t m easurem ents. His 
id e a  i s  to  d i v i d e  t h e  n sam p led  m e a su re m e n ts  i n t o  p s e g m e n ts ,
51
window each segm ent by a l i n e a r  window (such a s  th e  minimum 4 -  
sample B lackm an-H arris  window m e n t io n e d  in  s e c t i o n  3 .2 .3 ) ,  and 
f i n a l l y  average  th e  m a g n itu d e -sq u a re  o f  the  p  segm ents to  produce 
an a v e r a g e d  s p e c t r u m .  B o th  s p e c t r a l  l e a k a g e  and v a r i a n c e  a r e  
t h e r e b y  r e d u c e d  b e c a u s e  o f  th e  w indow ing  o p e r a t i o n  and th e  
ave rag in g  o p e r a t io n  r e s p e c t iv e l y .
W e lc h 's  i d e a  was c o n s i d e r a b l e  e x te n d e d  by C a r t e r ,  
N u t t a l l  and Yuen in  a s e r i e s  o f  p a p e r s  (Yuen, 1977; Yuen, 1978; 
Yuen, 1979; N u t t a l l  and C a r t e r ,  1980; C a r t e r  and N u t t a l l ,  1980; 
Yuei, 1983). The e s s e n t i a l  d i f f e r e n c e  between the  a lg o r i th m s  o f  
C a r t e r  and N u t t a l l  and o f  Yuen i s  in  whether the  segments should 
be overlapped  and windowed p r io r  to  b e irg  transfo rm ed  in to  the  
f requency  domain by th e  FFT method. L ater in ch ap te r  7, i t  w i l l  
be shown e x p e r i m e n t a l l y  t h a t  fo r  th e  lu n g  sound d a t a ,  b o th  
methods produced v e ry  s i m i l a r  r e s u l t s .  S ince both methods w i l l  
be d e p lo y e d  in  c h a p t e r  7, a b r i e f  o u t l i n e  o f  b o th  m e th o d s  i s  
g iv en  in  the  fo l lo w in g  two p a ra g ra j t i s .
Y uen 's  a l g o r i t h m  (1983) i s  v e r y  s i m i l a r  to  W e lc h 's .  
E s s e n t i a l l y  h i s  method i s  to  d iv id e  th e  n sampled measurements 
in to  p non-over lap p in g  segm ents , F ourier  tran s fo rm  each segm ent, 
average the  squared  m agn itudes  o f  the p transform ed  segm ents , and 
f i n a l l y  a p p l y  a q u a d r a t i c  (or la g )  window to  th e  a v e ra g e d  
spectrum .
The a lg o r i th m  proposed by C a r te r  and N u t t a l l  (1980) i s  
m ore  c o m p l i c a t e d  b u t  i s  c l a im e d  by th e  a u t h o r s  to  p ro d u c e
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s l i g h t l y  b e t t e r  r e s u l t s  th a n  Y uen 's  m ethod (Yuen, 1983) f o r  
p ro c e s s e s  w i th  " la rg e  dynamic range" s p e c t r a .  T he ir  idea  i s  to  
d i v i d e  th e  n s a m p le d  m e a s u re m e n t s  i n t o  q o v e r l a p p e d  s e g m e n t s ,  
w indow  e a c h  o v e r l a p p e d  seg m en t  u s in g  a l i n e a r  (or t a p e r i n g )  
w indow  (su ch  a s  t h e  minimum 4 - s a m p le  E lackm an-H arris  window), 
F o u r ie r  t ra n s fo rm  each windowed segment and average the  squared 
m ag n itu d es  o f  th e  q t ran s fo rm e d  segm ents. T h is  averaged spectrum  
i s  then  t ran s fo rm e d  back in to  a 1 ^  domain v ia  the  FFT' (equa t ion  
1 3 ) ,  m u l t i p l i e d  by a l a g  window and th e n  r e t u r n e d  to  th e  
f requency  domain by ano ther  FFT o p e r a t i o n  ( e q u a t io n  14). (Note 
t h a t  t h e  l a s t  t h r e e  s t e p s  a r e  e s s e n t i a l l y  th e  B lackm an-T ukey  
method o f  c a l c u l a t i n g  the  spectrum ).
3.4 Remarks
One t h i n g  w o r th  m e n t io n in g  a t  t h i s  s t a g e  i s  t h a t  th e  
w eigh ted  overlapped  segment averag ing  (WOSA) te ch n iq u es  en ab le  a 
l a r g e  number o f  in p u t  m easurem ents, say  n ' ,  in  th e  t im e  domain to  
be compressed in to  a r e l a t i v e l y  s m a l le r  num.ber o f  m easurem ents, 
say n ,  in  the  frequency  domain. This  d a ta  com pression  techn ique  
i s  v e r y  u s e f u l  in  th e  lu n g  sound s i g n a l  a n a l y s i s  d e s c r i b e d  in  
c h a p t e r  7 .
Other advantages o f  using the  WOSA te c h n iq u e s  when the  
number o f  in p u t  measurements n i s  l a rg e  a re  (a) the  p o s s i b i l i t y  
o f  reduc ing  com puta tion  t im e  and (b) the  amount o f  main s to r a g e ,  
p rov ided  th e  number o f  segments p  i s  l e s s  than the  s q u a re - ro o t  o f  
n (W elch ,  1967).  F u r th e r m o r e ,  W elch (1967) h a s  shown t h a t  a
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s m a l l  r e d u c t io n  in  v a r ia n c e  can be achieved when o v er lap p in g  i s  
u sed  in  th e  WOSA m e th o d s .  I t  h a s  a l s o  b een  shown ( N u t t a l l  and 
C a r t e r ,  1980; N u t t a l l ,  1981) t h a t  t h e  am ount o f  o v e r l a p p i n g  i s  
d e p e n d e n t  on th e  p a r t i c u l a r  window em ployed  in  th e  WOSA 
a lg o r i th m s .  F in a l ly ,  the  q u e s t io n  o f  w hether l i n e a r  or q u a d r a t ic  
w in d o w in g  s h o u ld  be used  i s  l a r g e l y  a c a d e m ic .  N e v e r t h e l e s s ,  
Mathews and Youn (1984) have shown t h a t  both l i n e a r  and q u a d ra t ic  
w in d o w in g  in  th e  WOSA m e th o d s  p r o v id e  a s y m p t o t i c a l l y  t h e  same 
l e a k a g e  s u p p r e s s i o n ,  u n d e r  t h e  a s s u m p t i o n  t h a t  s e g m e n t s  
r e l a t i v e l y  f a r  a p a r t  a r e  u n c o r re la te d .
54
R eferences
[01] C o o le y ,  J,W. and T ukey , J.W. (1965).  "An a l g o r i t h m  f o r  th e
m a c h i n e  c a l c u l a t i o n  o f  c o m p le x  F o u r i e r  s e r i e s " .  
M athem atics o f  Com putation, 19, 297-301.
[02] C a r t e r ,  G.C. and N u t t a l l ,  A.H. (1980). "On th e  w e ig h te d
o v e r l a p p e d  s e g m e n t  a v e r a g in g  m ethod fo r  pow er s p e c t r a l  
e s t im a t io n " .  P r o c e e d in g s  o f  th e  IEEE, 6 8 , 1352-1354.
[03] D i g i t a l  S i g n a l  P r o c e s s i n g  C o m m it t e e ,  E d i t o r s  (1979).
P rogram s fo r  D i g i t a l  S ig n a l  P r o c e s s in g . IEEE P r e s s ,  New 
York.
[04] F o rg acs ,  P. (1978). Lung Sounds. B a i l l i e r e  T in d a l l ,  London.
[05] F u ,  K.S. ( 1 9 8 2 ) ,  E d i t e d .  A p p l i c a t i o n s  o f  P a t t e r n
R e c o g n it io n , CRC P re s s ,  Inc.,  F lo r id a .
[06] H a r r i s ,  F .J .  (1978).  "On t h e  u se  o f  w indow s fo r  h a rm o n ic
a n a l y s i s  w ith  th e  d i s c r e t e  F ourier  t ransfo rm " .  P r o c e e d in g s  
o f  th e  IEEE, 6 6 , 5 1 -8 3 .
[07] Kay, S.M. and M a rp le ,  S.L. (1981). "S p ec tru m  a n a l y s i s ;  a
modern p e r s p e c t i v e " .  P r o c e e d in g s  o f  th e  IEEE, 6 9 , 1380- 
1419.
[08] L ynn , P.A. (1973).  An I n tr o d u c t io n  to  th e  A n a ly s is  and
P rocessin g  o f  S ig n a ls . M acmillan, Londcn.
[09] M a th ew s ,  V.J. and Youn, D.H. (1984). " S p e c t r a l  l e a k a g e
su p p re s s io n  p r o p e r t i e s  o f  l i n e a r  and q u a d ra t ic  windowing". 
IEEE T ra n s, on  A c o u s t i c s ,  S p eech , aix3 S ig n a l  P r o c e s s in g , 
A SSP-32, 1092-1095,
55
[10] N u t t a l l ,  A.H. (1981). "Some windows w ith  v e ry  good s id e l c ^ e
b e h a v i o u r " .  IEEE T ran s, on A c o u s t ic s ,  S p ^ c h ,  and S ig n a l  
P r o c e ss in g , ASSP-29, 84-91.
[11] N u t t a l l ,  A.H. and C a r t e r ,  G.C. (1980). "A g e n e r a l i z e d
framework for power s p e c t r a l  e s t im a t io n " .  IEEE T ran s, on 
A c o u stic s , Speech, and S ig n a l P ro cessin g , ASSP-28, 334-335.
[12] R o b in s o n ,  E.A. (1983). M u ltich a n n e l Tim e S e r i e s  A n a ly s is
w ith  D i g i t a l  Computer Program s (Second E d i t i o n ) .  Goose 
Pond P re s s ,  Houston.
[13] S m i t h ,  C.R. and G randy , W.T., E d i te d  (1985). M aximum -
E n trop y  and B a y e s ia n  M ethods in  In v e r s e  P rob lem s. D. 
R e id e l  P u b lish in g  Company, D ordrecht.
[14] U r q u h a r t ,  R.B. (1983). "Some new t e c h n i q u e s  fo r  p a t t e r n
r e c o g n i t i o n  r e s e a r c h  and lung  sound s i g n a l  a n a l y s i s " .  
Ph.D. T h e s is ,  U n iv e r s i ty  o f  Glasgow.
[15] W e lch ,  P.D. (1967). "The u se  o f  f a s t  F o u r i e r  t r a n s f o r m  fo r
t h e  e s t i m a t i o n  o f  pow er s p e c t r a :  a m ethod based on t im e  
ave rag in g  over s h o r t ,  m odified  periodograms". IEEE T rans. 
on Audio and E le c tr o a c o u s t ic s , AD-15, 70-73.
[16] Y uen, C.K. (1977). "A c o m p a r is o n  o f  f i v e  m e th o d s  fo r
computing t i e  power spectrum o f  a randort p rocess  using d a t a  
segm en ta tion" .  P r o c e e d i n g s  o f  t h e  IEEE, 6 5 , 984-986.
[17] Yuen, C.K. (1978). " Q u a d r a t ic  w indow ing in  th e  seg m en t
a v e r a g i n g  m e th o d  f o r  p o w e r  s p e c t r u m  c o m p u t a t i o n " .  
T echnom etrics, 20, 195-200.
[18] Yuen, C.K. (1979). "Comments on modern methods fo r  spectrum
e s t im a t io n " ,  tree Trans, on A co u stic s , Speech, and S ig n a l 
P ro c essin g , ASSP-27, 298-299.
56
[19] Yuen, C.K. (1983).  "Comments on s p e c t r a l  e s t i m a t i o n  u s in g
combined t im e  and lag  w eigh ting" .  P r o c e e d in g s  o f  th e  IEEE, 
7 1 , 535-536.
[20] Y u e n ,  C.K. an d  F r a s e r ,  D. ( 1 9 7 9 ) .  D i g i t a l  S p e c t r a l
A n a l y s i s . CSIRD-Pitman, Londcn.
57
T his  work was s u f ç o r te a  by the  Croucher Foundation, Hong Kong.
Chapter 4: Mapping 
Summary
M a p p in g  t e c h n i q u e s  a r e  b r i e f l y  su rv e y e d  in  t h i s  
c h a p t e r . In  p a r t i c u l a r ,  fo u r  commonly used  l i n e a r  m apping  
a lg o r i th m s ,  those  o f  Karhunen-Loeve, o f  K it  t ie r -Y o u n g , o f  F isher  
and o f  F u k u n ag a -M an to c k  a r e  in t r o d u c e d .  M o d i f i c a t i o n s  to  t h e  
Fukunaga-Mantock t r a n s fo rm a t io n  a re  d e sc r ib e d .  The d i f f i c u l t i e s  
in  choosing  th e  b e s t  l i n e a r  t r a n s fo rm a t io n  i s  a l so  o u t l in e d .
4 .1  In tro d u ctio n
In  ch ap te r  3, i t  has been shown t h a t  a datum com prising  
a v a r i a b l e  number n" o f  in p u t measurements ( in  the  t im e  domain) 
can  be  p r e p r o c e s s e d  (e .g . u s in g  th e  WOSA te c h n iq u e  d e s c r i b e d  in  
s e c t i o n  3 . 3 .3 ) to  form a datum  w i t h  a f ix e d  number n ’ o f  
t r a n s f o r m e d  m e a s u re m e n ts  ( in  th e  f r e q u e n c y  d o m a in ) . In  some 
a p p l i c a t i o n s ,  th e se  n' t r a n s f o r m e d  m e a s u re m e n ts  can  r e a d i l y  be 
in  t e r  p r ê t a  ted  and be used as  f e a tu r e s  f o r ,  say , a d is c r im .in a t io n  
(or c l a s s i f i c a t i o n )  task . However, in some problem s ( inc lud ing  
the  one in v e s t ig a te d  in t h i s  t h e s i s ) ,  a lthough  th e se  transfo rm ed  
m easurem ents  a re  m ean ing fu l,  the  d im e n s io n a l i ty  n' o f  th e  datum 
i s  s t i l l  too  la rg e  fo r  p r a c t i c a l  p a t t e r n  r e c o g n i t io n .  T h e re fo re ,  
i t  i s  s e n s ib le  to  somehow compress or reduce th e  d im e n s io n a l i ty  
o f  t h e  d a t a  from an n ' - s p a c e  to  an n - d i m e n s i o n a l  (sub) sp a c e  
(w h ere  n < n') w i t h o u t  l o s i n g  to o  much i n f o r m a t i o n .  I t  i s  
c e r t a i n l y  v e ry  u s e f u l  i f  the  d im e n s io n a l i ty  n o f  the  compressed
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d a t a  i s  l e s s  th a n  o r  e q u a l  t o  3 so t h a t  t h e  o r i g i n a l  s e t  o f  N n ' -  
d im e n s io n a l  d a ta  could  be d isp la y e d  in  some co n v en t io n a l  d e v ic e ,  
su ch  a s  a v i s u a l  d i s p l a y  u n i t  o r  a p l o t t e r ,  f o r  s u b s e q u e n t  
i n t e r p r e t a t i o n  such as  a n a ly s i s  or c l a s s i f i c a t i o n  o f  th e  s e t  o f  
d a t a .
Two p r i n c i p a l  f a m i l i e s  o f  m e th o d s ,  n a m e ly  f e a t u r e  
s e l e c t i m  ard f e a t u r e  e x t r a c t i o n ,  a re  a v a i la b le  fo r  reducing  th e  
d im e n s io n a l i ty  o f  d a ta .  In f e a tu r e  s e l e c t io n  a su b se t  com pris ing  
n o f  th e  o r i g i n a l  n' measurements i s  s e le c te d  in such a way t h a t  
th e  r e d u n d a n t  o r  l e s s  u s e f u l  m e a su re m e n ts  can  be d i s c a r d e d  
w i t h o u t  a s i g n i f i c a n t  l o s s  in  t h e  o r i g i n a l  i n f o r m a t i o n .  V ery  
o f t e n  f e a t u r e  s e l e c t i o n  i s  a c h ie v e d  by o p t i m i s i n g  a c r i t e r i o n  
fu n c t io n  t h a t  i s  r e l a t e d  to  c l a s s i f i c a t i o n  e r ro r .  Such c r i t e r i o n  
f u n c t i o n s  can  be b a s e d  on p r o b a b i l i s t i c  d i s t a n c e  m e a s u r e s  ( fo r  
example M ahalanobis d i s t a n c e ) ,  dependence m easures or E uclidean  
d i s t a n c e .  G lo b a l  o p t i m i s a t i o n  by  e x h a u s t i v e  s e a r c h  i s  r a r e l y  
f e a s i b l e  i f  n' i s  l a rg e ,  because th e  c r i t e r i o n  fu n c t io n  has to  be 
e v a l u a t e d  (jj') t i m e s .  For t h i s  r e a s o n ,  many s u b o p t im a l  " to p  
down" and "bottom up" approaches have been proposed which invo lve  
much l e s s  c o m p u ta t i o n .  D e v i jv e r  and K i t t l e r  (1982) g i v e  an 
in te n s iv e  t r e a tm e n t  on t h i s  s u b je c t  and i t  w i l l  no t be d is c u s s e d  
f u r th e r  in  t h i s  c h a p te r .
In  f e a t u r e  e x t r a c t i o n ,  on th e  o t h e r  h an d ,  a l l  t h e  n' 
m easurem ents  a re  u t i l i z e d  and a new transform ed  space i s  formed 
th rough  th e  use o f  some t r a n s fo rm a t io n  o p e ra t io n s .  A s u b s e t  o f  n 
v a r i a b l e s  in  th e  t r a n s f o r m e d  sp a c e  i s  th e n  e x t r a c t e d  o r  c h o s e n
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( K i t t l e r ,  1 9 7 5 ;  U r q u h a r t ,  1 9 8 3 ) .  L e t  x be  a r a n d o m  n ' -  
d i m e n s i o n a l  f e a t u r e  v e c t o r  (h e re  i t  i s  a ssum ed  t h a t  a l l  t h e  n ' 
m e a s u r e m e n t s  a r e  t a k e n  a s  f e a t u r e s ) .  A f e a t u r e  e x t r a c t i o n  
a lg o r i th m  th en  c o n s i s t s  o f  a mapping or a t r a n s fo rm a t io n  F, where
y  = F(x) (1 )
such t h a t  th e  r e s u l t i n g  transfo rm ed  random f e a tu r e  v e c to r  y w i l l  
be o f  low er d im e n s io n a l i ty  than  x. There a re  a number o f  mapping 
t e c h n i q u e s  w h ich  can  a c h ie v e  t h i s  g o a l .  M apping i s  u s u a l l y  
dependen t on the  o p t im iz a t io n  o f  a c e r t a i n  c r i t e r i o n  fu n c t io n  H 
su ch  a s  t h e  e n t r o p y  o f  a sy s te m .  Some m apping  t e c h n i q u e s  a r e  
l i n e a r  w h i le  o th e r s  a r e  n o n l in e a r :  w i th in  each c a te g o ry ,  some o f  
t h e  a l g o r i t h m s  a r e  i t e r a t i v e  w h i l e  o t h e r s  a r e  n o n - i t e r a t i v e .  
I t e r a t i v e  a l g o r i t h m s  i n v o l v e  i t e r a t i v e  o p t i m i z a t i o n  o f  a 
c r i t e r i o n  f u n c t i o n  w hich  co m p ares  h ig h  and low d im e n s io n a l  
r e p r e s e n t a t i o n s  o f  th e  d a t a .  In  n o n - i t e r a t i v e  m ap p in g ,  on th e  
o th e r  hand, t i e  form o f  F can u s u a l ly  be c a lc u la te d  d i r e c t l y  and 
w i l l  t h e r e f o r e  be unique. See the  review  by U rquhart (1983).
N o n - i t e r a t i v e  n o n l i n e a r  m ap p in g s  may have a r a t h e r  
c o m p lic a te d  form for the  mapping fu n c t io n  F and, in  some c a se s ,  
may r e q u i r e  a ccm plete  knowledge o f  the underly ing  d i s t r i b u t i o n s  
o f  e a c h  m e a s u re m e n t  (Young and C a l v e r t ,  1974, p a g e s  2 5 5 -2 5 8 ) .  
These mappings are  th e r e f o r e  r a r e l y  used in any a p p l ic a t io n .  On 
th e  o t h e r  h a n d ,  th e  form o f  F in  some i t e r a t i v e  n o n l i n e a r  
mappings may n o t  be p o s s ib le  to  d e te rm ine  e x p l i c i t y .  One example 
i s  Sammon's n o n l i n e a r  mapping a l g o r i t h m  (1969). T h e re  a r e  a
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number o f  v a r i a n t s  o f  t h i s  m ethod  ( C a l v e r t  and Young, 1969; 
K ruska l,  1971; U rq u h a r t ,  1983; Wang, 1983). U n fo r tu n a te ly ,  th e se  
methods depend on th e  cho ice  o f  the  i n i t i a l  c o n f ig u ra t io n  o f  the  
s u b s p a c e ,  and i t  i s  n e c e s s a r y  to  p e r fo rm  th e  w hole  m apping 
p r o c e d u r e  from  t h e  b e g in n in g  e v e ry  t im e  a new f e a t u r e  v e c t o r  
becom es a v a i l a b l e .  C o n s e q u e n t ly ,  t h e s e  m e th o d s  w i l l  n o t  be o f  
p a r t i c u l a r  use fo r  th e  proposed system. They w i l l  however remain 
a s  a u s e f u l  r e s e a r c h  t o o l  f o r  a n a l y s i n g  th e  s t r u c t u r e  o f  a d a t a  
s e t .
For n o n - i t e r a t i v e  l i n e a r  mapping a lg o r i th m s ,  eq u a t io n  
(1 ) may be r e w r i t t e n  a s
y  = u'^x (2)
w here T i s  t h e  t r a n s p o s e  o p e r a t o r .  The m apping  m a t r i x  U can  
u s u a l l y  be e v a l u a t e d ,  and i t s  e v a l u a t i o n  i s  u s u a l l y  l e s s  
c o m p u ta t io n a l ly  demanding than any o f  the  above mentioned d a ta  
r e d u c t i o n  m e th o d s .  T h e r e f o r e ,  t h e s e  a l g o r i t h m s  a r e  o f t e n  
em ployed  in  many d i f f e r e n t  a p p l i c a t i o n s  (Fukunaga and K oon tz ,  
1970; K u l i k o w s k i ,  1970; Sammon, 1970). B ecause  o f  t h e i r  
im p o rtan ce ,  a b r i e f  rev iew  i s  p re sen te d  in s e c t io n  4.2.
4.2 L inear Mapping 
4.2J. I n tr o d u c t io n
L i n e a r  m app ing  h a s  been  th e  s u b j e c t  o f  r e s e a r c h  and
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a p p l i c a t io n  fo r  a number o f  decades in  v a r io u s  d i s c i p l i n e s ,  such
as  s t a t i s t i c s ,  com m unica tion  theory  and p a t t e r n  r e c o g n i t io n .  In
e s s e n c e ,  i t  i s  an e x p a n s io n  o f  t h e  random v e c t o r  x in  t e r m s  o f
the e i g e n v e c t o r s  o f  a m a tr ix  R, t h a t  i s  the  t r a n s fo rm a t io n  m a tr ix
Ü i s  fo rm ed  from  n e i g e n v e c t o r s  ( j  = 1 , 2 , . . . ,  n ) , e a c h  o f
d i m e n s i o n a l i t y  n ' ,  o f  R ( u s u a l l y  a s s o c i a t e d  w i th  th e  n l a r g e s t
e i g e n v a l u e s  A j ) .  Each o f  th e  n e i g e n v e c t o r s  i s  u s u a l l y
n o r m a l i z e d  so t h a t  i t s  m a g n i tu d e  i s  u n i t y ,  i . e .  I I  u ^  I I  = 1 , and
T Tthe e ig e n v e c to r s  a r e  made u n c o r re la te d ,  i .e .  u u = 1 and u, u . =] ] k ]
0 w h e re  k /  j  ( i . e .  t h e  n e i g e n v e c t o r s  a r e  o r th o n o r m a l  to  each  
o t h e r ) .  T h i s  m a t r i x  R c a n  be a b e tw e e n  c l a s s  s c a t t e r  m a t r i x  (or 
c l a s s  c o n d i t i o n a l  b e tw e e n  c l a s s  m a t r ix )  Sg o r  a w i t h i n  c l a s s  
s c a t t e r  m a t r ix  (or c l a s s - c o n d i t i o n a l  covariance  m a tr ix )  or a 
t o t a l  s c a t t e r  ( i . e .  c o v a r i a n c e )  m a t r i x  o r  a c o m b in a t i o n  o f  
them. L e t  x^  be a p r o t o t y p e  sam p le  (w here i  = 1, 2, . . . ,  N and N 
= number o f  p r o t o t y p e  s a m p le s  a v a i l a b l e )  and l e t  x ^  be a 
p r o t o t y p e  s a m p le  from  c l a s s  w ^  (w here p = 1 , 2 , . . . ,  N^, q = 1 , 
2 , . . . ,  c ,  Nq = num ber o f  p r o t o t y p e  s a m p le s  in  c l a s s  and c = 
number o f  c l a s s e s )  b o th  o f  d i m e m s i o n a l i t y  n '.  Then th e  t h r e e  
s c a t t e r  m a t r i c e s  can be e s t im a te d  as :
B W 
1 N
^  {Xj, -  m}{x^ -  m}
(3a)
(3b)
N -  1 i= l
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cS g  = ^ P ( ^ O q ) { n i g  -  m } { m ^  -  m } ' ^
q=l
c P(Wq) Nq
q= l Ng -  1 p=l
m = e s t im a te d  t o t a l  mean 
1 N
- I
N i= l
= e s t im a te d  mean fo r  c l a s s  ùJ^ _
1 «q
x9
(4)
Ng P=1
P( Wq) = e s t im a te d  a p r i o r i  p r o b a b i l i t y  o f  c l a s s  Wq 
= N /  N.
The f o l l o w i n g  s u b s e c t i o n s  w i l l  i n t r o d u c e  some commonly used  
l i n e a r  m a p p in g  a l g o r i t h m s ,  (The d e r i v a t i o n  o f  th e  f o l l o w i n g  
t r a n s fo rm a t io n  w i l l  n o t  be shown bu t can be found in  D evijver  and 
K i t t l e r ,  1982, c h a p te r  9 , or in th e  o r ig i n a l  papers) .
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4,2,2 Karhunen-toeve (K-L) transformation
T h i s  i s  p e r h a p s  one o f  t h e  m o s t  commonly used  l i n e a r  
mapping a l g o r i t h m s  and i s  a l s o  r e f e r r e d  a s  th e  p r i n c i p a l  
components t r a n s f o r m a t io n .  In th e  g e n e ra l is e d  v e r s io n  o f  Chien 
and Fu (1968) th e  a l g o r i t h m  assu m es  t h a t  th e  p r o t o t y p e  s a m p le s  
have been n o rm alize d  so t h a t  the e s t im a ted  t o t a l  mean i s  a zero 
v e c t o r ,  i . e .  m = 0. The t r a n s f o r m a t i o n  m a t r i x  U i s  th e n  
c o n s t r u c t e d  u s in g  t h e  n u n c o r r e l a t e d  e i g e n v e c t o r s  o f  R = 
a s s o c ia te d  w i th  th e  n l a r g e s t  e igenva lues  o f  S^, i .e .
TU = [u^, u^, ... ,  u^] (6 )
where i s  a s s o c i a t e d  w i th  the  j - t h  l a r g e s t  e ig en v a lu e s  o f  S^. 
I t  h as  been  shown (Gower, 1966) t h a t  th e s e  u n c o r r e l a t e d  (or 
o r th o n o r m a l )  e i g e n v e c t o r s  d e f i n e  a c o o r d i n a t e  s y s te m  t h a t  i s  
o p t im a l  in  t h e  l e a s t  s q u a r e  s e n s e .  I t  i s  o f  i n t e r e s t  to  n o te  
th a t  th e  c o o rd in a te  axes  w ith  the  l a r g e s t  v a r ia n c e s  a re  s e le c te d  
by the K-L t r a n s f o r m a t io n ,  which thus a lso  maximizes th e  amount 
of in fo rm a t io n  r e t a in e d  in  the  lower d im ensional space (Devijver 
and K i t t l e r ,  1 9 8 2 ) .  A n u m b e r  o f  v a r i a t i o n s  o f  t h e  K-L 
t r a n s fo rm a t io n  a r e  p o s s i b l e ,  fo r  in s ta n c e ,  in s te a d  o f  using S^, 
th e  n u n c o r r e l a t e d  e i g e n v e c t o r s  can  be d e r iv e d  from th e  m a t r i x
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4.2.3 Kittler-Young (K-Y) transformation
K i t t l e r  an d  Young (1973) n o t i c e d  t h a t  t h e  m o s t  
s i g n i f i c a n t  i n f o r m a t i o n  f o r  c l a s s i f i c a t i o n  purposes  i s  u s u a l ly  
c o n t a in e d  in  t h e  m a t r i x  Sg r a t h e r  th a n  o r  S^. They p ro p o s e d  
an a l g o r i t h m  w h ic h  w i l l  o p t i m a l l y  co m p re ss  th e  c l a s s  mean 
in fo rm a tio n .  TO ach ieve  t h i s ,  both the  b e tw ee n -c la s s  ard w i th  in -  
c l a s s  s c a t t e r  m a t r i c e s  a r e  p rew hitened  by a p rew h iten ing  m a tr ix  B 
such t h a t
and
b \ b  = I = S^ , (7)
^  (8 )
where I  i s  th e  i d e n t i t y  m a tr ix  and ^  and ^  a re  r e s p e c t iv e ly  the  
b e t w e e n - c l a s s  a n d  w i t h i n - c l a s s  s c a t t e r  m a t r i x  a f t e r  th e  
p r e w h i t e n i n g  o p e r a t i o n .  In  t h i s  p r e w h i t e n in g  s p a c e ,  i s  
u n c o r r e l a t e d  and w i t h  u n i t  v a r i a n c e .  I t  w i l l  t h e r e f o r e  be 
in v a r ia n t  under any o rthono rm al t ran s fo rm a tio n .  The a u th o rs  have 
shown t h a t  th e  p r e w h i t e n i n g  m a t r i x  i s  o b t a in e d  from th e  n' 
u n c o r r e l a t e d  e i g e n v e c t o r s  (a = 1 r 2 , . . . ,  n ')  and t h e  
e ig en v a lu e s  o f  and i s  g iven  by
B = u ' (9)
where
U' = [u[,  u^,
and
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A'
The t r a n s f o r m a t i o n  m a t r i x  U i s  th e n  form ed from B and th e  
u n c o r r e l a t e d  e i g e n v e c t o r s  g^ (j = l ,  2, n and n = c -  1) o f  
( e q u a t i o n  8 ) .  N o te  t h a t  o n ly  (c -  1) n o n -z e ro  e i g e n v a l u e s  
e x i s t  b e c a u s e  o f  t h e  s i n g u l a r i t y  o f  th e  m a t r i x  Sg. T hus , U i s  
given by
Ü = BG = U'jY' (10)
where
G [ 9 i  r • • • r  9 (C  -  1) ].
Thus, t h i s  a l g o r i t h m  c o m p re s s e s  th e  mean i n f o r m a t i o n  i n t o  a 
f e a t u r e  s p a c e  o f  d i m e n s i o n a l i t y  (c -  1 ).  ( I t  i s  w o r th  n o t in g  
t h a t  Babu (1972) o b t a i n e d  th e  same e q u a t io n  as  in  e q u a t i o n  10 
when a p p l y i n g  a  p r o b a b i l i s t i c  d i s t a n c e  m e asu re  on f e a t u r e  
s e l e c t io n . )
4.2.4 F i s h e r  (F-S) t r a n s f o r m a t io n
F i s h e r  (1936) p ro p o se d  an a l g o r i t h m  to  c o n s t r u c t  th e  
t r a n s f o r m a t i o n  m a t r i x  U by u s in g  th e  (c -  1) u n c o r r e l a t e d  
e i g e n v e c t o r s  ( j  = 1, 2, . . . ,  c -  1) a s s o c i a t e d  w i th  th e  (c -  
1) n o n -z e ro  e i g e n v a l u e s  o f  R = S^^Sg . (A gain , o n ly  c -  1 non-
66
z e ro  e ig e n v a lu e s  e x i s t  because o f  th e  s i n g u l a r i t y  o f  Sg.)
When t h e r e  a r e  o n ly  two c l a s s e s  (c = 2 ) ,  o n ly  one non­
z e ro  e ig e n v a lu e  e x i s t s ,  and hence on ly  can be o b ta in ed  by the  
F -S  t r a n s f o r m a t i o n .  Sammon (1970) p ro p o s e d  f i n d i n g  a seco n d  
v e c t o r  ( s a y  u 2 t o  s i m p l i f y  t h e  n o t a t i o n )  f r o m  t h e  f i r s t  
d e r i v a t i v e  o f  R ( w i th  r e s p e c t  to  u^) such  t h a t  i t  i s  o r th o g o n a l  
to  u^. and U2 a r e  g iven  by th e  fo l lo w in g  eq u a t io n s
ui=oc^s-^A ( l ia )
“ 2 = 0^2 ’w (lib )
w h e re  -  m2 ] and and OC2 a r e  n o r m a l i z a t i o n  c o n s t a n t
such t h a t  bo th  u^ and U2 a re  u n i t  v ec to r .  The Sammon's proposed 
method would d e f in e  an "op tim al d i s c r im in a n t  p lane" . Note t h a t  
i t  i s  n o t  n e c e s s a r y  to  c a l c u l a t e  th e  b e t w e e n - c l a s s  s c a t t e r  
m a t r i x .  Sammon's a l g o r i t h m  was e x te n d e d  by F o le y  and Sammon 
(1975), who have used a  s im i l a r  approach as Sammon to  r e c u r s iv e ly  
d e r i v e  n o r t h o g o n a l  e i g e n v e c t o r s ,  w hich  th e y  r e f e r  a s  " o p t im a l  
d i s c r i m i n a n t  v e c to rs " .  However, Long s t a f f  (1985) has p o in ted  o u t  
t h a t  i f  th e  d e c i s io n  s u r fa c e  a t  the  h igher  d im ens iona l  space o f  
th e  d a t a  i s  a  c u rv e d  h y p e r p l a n e ,  th e  d a t a  w i l l  n o t  p r o j e c t  
u n i q u e l y  on th e  F i s h e r  a x i s .  He p ro p o s e d  to  f i n d  th e  second  
" r ^ i u s "  v e c to r  by t ra n s fo rm in g  the  d a ta  to  a s p h e r i c a l  symmetry 
in  th e  subspace norm al to  F is h e r 's  f i r s t  a x i s .
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4,2,5 Fukunaga-Mantock (F-M) transformation
The s i n g u l a r i t y  p ro b le m  o f  th e  b e tw e e n -c la s s  s c a t t e r  
m a t r i x  Sg i s  o v e rc o m e  by Fukunaga and M antock (1983), who have  
c o n s t ru c te d  a n o n p a ra m e tr ic  form Sg^ o f  Sg which i s  guaran teed  to  
be o f  f u l l  rank. The two c l a s s  case  can be w r i t t e n  as
«1
P=1
N
+ (l/l^)J^Wp(x2 -  n,J(x2»(x2 -  m 2 ( x 2 ) ) T  U3)
p=N^+l
where mf (x^) i s  th e  mean v e c to r  o f  the  k n e a r e s t  neighbours  o f  x^ k p  P
t h a t  b e lo n g  to  c l a s s  (a = 1 ,2 ,  q =1,2  and a /  q ) ,  and w^ i s  a 
w eigh ting  fu n c t io n .  The d e f i n i t i o n  used by Funkunaga and Mantock 
for the  w e ig h t in g  f u n c t i m  i s
min { d^(x9  -  z ^ ) , d^fx^  -  z^) }
w = --------------------------------------- — -------------- (14)
d h (x 9  -  + d%(x9 -  z2)
where d^(x^  -  zf) i s  th e  d i s t a n c e  between x^ and i t s  k - th  n e a r e s t  
a p  k P
neighbour z^ from c l a s s  u)^ in  the Minkowski m e tr ic  o f  o rder  h.
The a u th o r  now proposes  a m o d if ic a t io n  to  e q u a t io n  (14) 
because the  w e ig h t in g  fu n c t io n  suggested by Fukunaga and Mantock
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(1983) i s  in te n d e d  to  deem phasize p ro to ty p e  sam ples f a r  away from 
th e  c l a s s i f i c a t i o n  boundary. Suppose belongs to  c l a s s  in  
f i g u r e  4,1 and i s  c lo s e  to  the  k n e a re s t  neighbour mean v e c to r  o f  
c l a s s  t h e n  in  e q u a t i o n  (14) d ^ (x 9  -  z j )  w i l l  be s m a l l .  I f
e q u a t io n  (14) i s  used as the  w eighting  fu n c t io n ,  (x^ -  m^(x^)) in  
e q u a t i o n  (13) w i l l  be s m a l l  and d e e m p h a s iz e d  b e c a u s e  o f  t h e  
minimum o p e r a to r  in  e q u a t io n  (14).
Now s u p p o s e  Xp i s  an " o u t l i e r "  f a r  away f rom  b o th
c l a s s e s .  In  t h i s  c a s e ,  both the  d is ta n c e s  d^(x^ -  z j )  and d^(x^  -  
2
Zj^) w i l l  h a v e  s i m i l a r l y  l a r g e  v a l u e s  and th e  s a m p le  w i l l  be 
em phasized  by th e  w eig h t in g  fu n c t io n  in  eq u a t io n  (14). Moreover 
(x ^  -  m ^ (x ^ ) )  w i l l  be l a r g e  f o r  b o th  c l a s s e s  in  e q u a t i o n  (13).p K p
The r e s u l t i n g  m a t r i x  may t h e r e f o r e  be d o m in a te d  by t h e s e  
o u t l i e r s ,  p a r t i c u l a r l y  i f  th e  number o f  p r o t o t y p e  s a m p le s  i s  
s m a l l ,  and h e n c e  a s u b s p a c e  w i th  poor c l a s s  s e p a r a t i o n  may be 
found. From t h i s  s im p le  example, i t  i s  c l e a r  t h a t  e q u a t io n  (14) 
d o e s  n o t  a c h i e v e  t h e  g o a l  s e t  o u t  by Fukunaga and M antock. To 
han d le  t h i s  u n d e s i r a b le  p ro p e r ty  o f  equa t ion  (14), one way i s  to  
use a maximum o p e ra to r  in  eq u a t io n  (14).
The au th o r  a l so  proposes  t h a t  the  d i s ta n c e  from sample 
Xp to  t h e  mean o f  t h e  k - n e a r e s t  n e ig h b o u rs  b e lo n g in g  to  c l a s s  
COg, ™k(Xp) (a /  q) f r a t h e r  th a n  th e  d i s t a n c e  t o  j u s t  one p o i n t  
namely th e  k - th  n e a r e s t  neighbour z^ as in  eq u a t io n  (14), should  
be used in  th e  w e ig h t in g  fu n c t io n .  This i s  d e s i r a b l e  because
(a) e q u a t io n  (13) i s  p r im a r i ly  concerned w ith  th e  s e p a r a b i l i t y  
b e tw e e n  x ^  and th e  l o c a l  mean v e c t o r s  o f  th e  o t h e r
q
y
F ig u re  4 .1  A v i s u a l  i n t e r p r e t a t i o n  o f  th e  w e ig h t in g  f u n c t i o n
s u g g e s t e d  in  e q u a t i o n  (15) in  th e  t e x t ,  i s  t h e
p  th  e l e m e n t  in  c l a s s  to  be c o n s i d e r e d ,  
a rc  m^(Xp) a re  the  l o c a l  mean v e c to r s  o f  c l a s s e s  
and r e s p e c t i v e l y .  In  th e  above d ia g ra m ,  k i s  
e q u a l  to  3. i s  th e  f - t h  n e a r e s t  n e ig h b o u r  o f  x^  
in  c l a s s  w  .
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c l a s s e s  ( c . f .  s e c t i o n s  4 .2 .3  and 4 .2 .4 ) ,  and
(b) S h o r t  and F ukunaga  (1981) have  shown t h a t  in f (x ^ )  i s  an
K p
i m p o r t a n t  p a r a m e t e r  o f  th e  w e ig h t in g  f u n c t i o n  in  t h e  
o p t i m a l  l o c a l  d i s t a n c e  m e a su re  fo r  n e a r e s t  n e ig h b o u r  
c l a s s i f i c a t i o n  in  a f i n i t e  sample s e t .
T h e re fo re ,  th e  new w eigh ting  fun c tio n  can be w r i t t e n  as
max { d^(x9 -  m j(x^)) ,  d^(x^ -  m2(x^)) }
«P = f  • ------------------------------------------- — ------------------------ + (15)
+ dz'Xp -
w here  ^  and > a r e  tw o r e a l  c o n s t a n t s .  When 6 =  1.0 and H = 
0.0, t h e  w e i g h t i n g  f u n c t i o n  v/ h a s  a ra n g e  b e tw e e n  0.5 t o  1.0. 
(The r a n g e  c a n  be a l t e r e d  by u s in g  th e  two c o n s t a n t s .  For 
exam ple  when J> = 1.0 and = -0 .5 ,  w^ has  a ran g e  s i m i l a r  to  
equa t ion  14.) Near the  d e c i s io n  boundary i t  has v a lu es  c lo se  to  
0.5. As we move f u r th e r  away from the  boundary and approach the  
v i c i n i t y  o f  t h e  c e n t r e s  o f  th e  two c l u s t e r s  ( a s su m in g ,  f o r  
s i m p l i c i t y ,  u n im o d a l  d i s t r i b u t i o n s  fo r  th e  two c l a s s e s ) ,  v/ 
i n c r e a s e s  t o w a r d s  1.0 t h e n  d e c r e a s e s  s lo w ly  a f t e r  th e  c l u s t e r  
c e n t r e  i s  p a s s e d ,  t e n d in g  to w a rd s  0.5 a g a in  a t  a l l  o u t l y i n g  
p o i n t s .  I s o m e t r i c  p l o t s  o f  w^ and v/ a r e  shown in  f i g u r e s  4.2 
and 4.3 fo r  a d a t a  s e t  c o m p r i s in g  two s u b s e t s  ( c l a s s e s )  in  tw o 
d im ensions , each  s u b s e t  being u n ifo rm ly  d i s t r i b u t e d  in  a square 
reg icn , one on e i t h e r  s id e  o f  th e  d e c i s io n  boundary (by symmetry, 
o n ly  h a l f  o f  t h e  d e c i s i o n  r e g i o n  o f  one o f  th e  s u b s e t s  need be 
shown). The n o i s i n e s s  o f  w^ com pared  w i th  w^ may be due to  t h e
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0 .4 7 6 - 0.476
0 .2 7 6 . -0 .276
F ig u re  4 .2  I s o m e t r i c  p l o t  o f  the  o r i g i n a l  w e igh ting  fu n c t io n  w^ 
(equa t ion  14) due to  Fukunaga and Mantock (1983) fo r  
a  s e t  c o m p r i s i n g  tw o  s u b s e t s  ( c l a s s e s )  i n  2 
d im ensions .  Each su b se t  i s  un ifo rm ly  d i s t r i b u t e d  in  
a  square  reg ion .  The two squares  l i e  s y m m e tr ic a l ly  
one on eac h  s i d e  o f  th e  d e c i s i o n  b o u n d a ry  and t h e  
d i s t r i b u t i o n  i s  r o u g h ly  s y m m e t r i c a l  a b o u t  a l i n e  
j o i n i n g  th e  c e n t r e s  o f  th e  s q u a r e s :  h en ce  o n ly  h a l f  
o f  th e  reg io n  on one s id e  o f  th e  d e c i s io n  boundary i s  
r e p r e s e n t e d .  The s q u a r e  c o n t a i n i n g  t h i s  s u b s e t  i s  
bounded by th e  l i n e s  = 0 .5 , = 1.5 and x^ =
+ 0 .5 .
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0 9 -
F igure 4 .3  I s o m e t r ic  p lo t  o f  th e  proposed  w e ig h ted  fu n c t io n
(equation 15) for the same data s e t  a s  in  f ig u r e  4.2.
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use o f  a l o n e  in  e q u a t i o n  (14) r a t h e r  th a n  th e  mean m®(x‘3) a s
k p
in  e q u a t i o n  (15).
From th e  above  d e s c r i p t i o n  and as  i l l u s t r a t e d  in  
f ig u re s  4.2 and 4.3, th e  new w eigh ting  fu n c tio n  w^  w i l l  n o t  on ly  
deem phasize sam ples  near to  the  d e c i s io n  boundary bu t w i l l  a l so  
d e e m p h a s iz e  a l l  o u t l i e r s .  I t  w i l l  t h e r e f o r e  r e d u c e  t h e  d a n g e r  
th a t  o u t l i e r s  may dom inate  the  m a tr ix .
F i g u r e s  4.4 and 4.5 a r e  d i s p l a y s  o b ta in e d  by th e  F-M 
t r a n s f o r m a t io n  using  r e s p e c t iv e l y  w^ and on a th re e  c l a s s ,  9- 
d im en s io n a l  r e a l  d a ta  s e t  (w ith  50 samples per c la ss )  e x t r a c te d  
from ed d y  c u r r e n t  s i g n a l s  from f la w s  in  h e a t - e x c h a n g e r  tu b in g  
(M acleod ,  1982; M a c f a r l a n e ,  1987). I t  can  be seen  t h a t  th e  
w e ig h t in g  f u n c t i o n  in  e q u a t i o n  (15) h a s  g iv e n  a b e t t e r  o u t p u t  
d is p la y  and few er m i s c l a s s i f i c a t i o n .  M acfarlane has found th a t  
t h i s  subspace  a c h ie v e s  b e t t e r  c l a s s  s e p a ra t io n  than the  K-L and 
K-Y t r a n s f o r m a t i o n s .  See a l s o  c h a p t e r  7 fo r  an a p p l i c a t i o n  o f  
t h i s  w e ig h t in g  fu n c t io n  to  r e s u l t s  from the lung sound d a ta .
4 .2 .6  Remarks
The above  fo u r  s e c t i o n s  have i n t r o d u c e d  fo u r  o f  th e  
roost commonly used l i n e a r  mapping a lg o ri th m s.  Many v a r i a t i o n s  o f  
these  a l g o r i th m s  e x i s t  (U rquhart, 1983). Ihe r e a l  problem i s  to  
s e l e c t  w h ic h  a l g o r i t h m  to  use . U n f o r t u n a t e l y ,  none o f  t h e  
a l g o r i t h m s  i s  u n i v e r s a l l y  a p p l i c a b l e  to  a l l  d a t a  s e t s .  A 
c l a s s i c a l  example i s  t t e  transform ed  subspace ob ta ined  by K-L and
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F igure 4 .4  Output subspace o f  norparam etric d iscr im in an t a n a ly s is  
using the w e i^ t in g  function  o f  equation  (14) on 3 
c la s s e s  o f  9-dim ensional data , each w ith 50 sam ples. 
P lo t  sy m b o ls  A , and ^ d e n o t e  c l a s s e s  1 , 2 and 3 
r e s p e c t iv e ly .
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F igure 4 .5  Output subspaoe o f  nonpar am etric d iscr im in a n t a n a ly s is  
u s in g  th e  w e ig h t in g  fu n c t io n  ^  o f  e q u a t io n  (15) on 
th e  same d a ta  s e t  a s  in  f ig u r e  4 .4 .
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K-Y t r a n s f o r m a t i o n  on tw o  p a r a l l e l  e l l i p s e s  a s  in  f i g u r e  4.6. 
The K-L t r a n s f o r m a t i o n  w i l l  s e l e c t  a s  th e  b e s t  a x i s  f o r  
mapping because  the  v a r ia n c e  along i s  the  g r e a t e s t .  However, 
t h i s  a x i s  canno t d i s c r i m i n a t e  between the two c l a s s e s  a t  a l l .  On 
th e  o t h e r  h a n d ,  th e  K-Y t r a n s f o r m a t i o n  w i l l  s e l e c t  f o r  
m app ing ,  w h ich  in  t h i s  exam ple  i s  th e  a x i s  t h a t  w i l l  p r o v id e  
maximum d i s c r i m i n a t i o n .  T hus ,  i t  i s  c l e a r  t h a t  e ac h  o f  t h e s e  
m apping a l g o r i t h m s  w i l l  o n ly  be s u i t a b l e  fo r  c e r t a i n  t y p e s  (or 
s t r u c tu r e s )  o f  d a ta .  W ithout a p r i o r i  knowledge o f  a g iven  d a ta  
s e t ,  t h e  b e s t  s t r a t e g y  i s  to  e x p e r im e n t  w i th  d i f f e r e n t  m apping 
a l g o r i t h m s  and s e l e c t  th e  one t h a t  p r o v id e s  th e  b e s t  o u tp u t  
d i s p l a y  ( i . e .  t h e  s u b s p a c e  w i th  th e  b e s t  s e p a r a b i l i t y  or 
d i s c r i m in a t io n  betw een d i f f e r e n t  c l a s s e s ) .  A good example can be 
found in  c h a p te r  7 whoi the  h igh  d im ensional lung sound d a ta  i s  
m apped, by d i f f e r e n t  l i n e a r  mapping a l g o r i t h m s ,  o n to  a lo w er  
d im ens iona l space.
Another problem a s s o c ia te d  w ith  mapping in g en e ra l  i s  
t h e  v a r i a b i l i t y  o f  t h e  t r a n s f o r m a t i o n  m a t r i x .  As t h e  
t r a n s f o r m a t i o n  m a t r i x  i s  d e r i v e d  from th e  e s t i m a t e d  s c a t t e r  
m a t r i x  ( s e c t i o n  4 .2 .1 ) ,  i t  f o l l o w s  t h a t  th e  v a r i a n c e  o f  th e  
t r a n s fo rm a t io n  m a tr ix  i s  p ro p o r t io n a l  to  th a t  o f  the  e s t im a te d  
s c a t t e r  m a t r i x .  By d e r i v i n g  a p r e d i c t i o n  c r i t e r i o n  Q from an 
e s t i m a t e d  s c a t t e r  m a t r i x  w i th  a g a u s s ia n  d i s t r i b u t e d  d a ta  s e t ,  
Kalayeh and Landgrebe (1983) have shown th a t
var(Q) = 2n' /  (N -  1)
77
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F ig u re  4 .6 A c l a s s i c a l  ex am ple  to  show th e  d e f i c e n c y  o f  th e  K-L 
t r a n s f o r m a t i o n .  The two e l l i p s e s  e a c h  r e p r e s e n t  a 
c l a s s  o f  s a m p le s  and th e  d a t a  s e t  i s  a d e q u a t e l y  
r e p r e s e n te d  in a two d im ensiona l space w ith  a x i s  x^ 
ard  The transform ed  space i s  rep resen ted -  by the
n e w  c o o r d i n a t e  a x e s  u  ^ a n d  u 2 - T h e  K-L 
t r a n s f o r m a t i o n  w i l l  s e l e c t  u. a s  t h e  b e s t  a x i s  
w hereas  th e  K-Y t ra n s fo rm a t io n  w i l l  s e l e c t
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where var( .)  i s  th e  v a r ia n c e  o p e ra to r .  Thus, th e  v a r ia n c e  o f  th e  
e s t i m a t e d  s c a t t e r  m a t r i x  i s  r e l a t e d  to  th e  d i m e n s i o n a l i t y  n ' 
p r i o r  to  t r a n s f o r m a t i o n  and th e  number N o f  ( t r a i n i n g )  s a m p le s  
used to  e s t i m a t e  i t .  F ig u r e  4.7 i s  a p l o t  o f  var(Q ) v e r s u s  N a t  
th ree  d i f f e r e n t  v a lu e s  o f  n'. Thus, a la rg e  number o f  sam ples i s  
r eq u ire d  fo r  a sm a l l  va lue  o f  var(Q). For a d im e n s io n a l i ty  o f  20 
(as in our lung  sound a n a ly s i s ) ,  f ig u re  4.7 in d ic a te s  t h a t  i t  may 
r e q u i r e  b e t w e e n  100 to  200 s a m p le s  (per c l a s s )  to  e s t i m a t e  th e  
s c a t t e r  m a t r ix .
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Figure 4 .7  A graph  o f  th e  v a r ia n c e  o f  C, va r(Q ), v e r s u s  th e  
number o f  sa m p les  N a t  th r e e  d i f f e r e n t  v a lu e s  o f  
d im e n s io n a lity  n’ o f  an estim ated  sc a tte r  matriac w ith  
8 gau ssian  d is tr ib u te d  data s e t .
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N earest Neighbour C la ssifir^ i-in n
This work was sup p o r ted  by the  Croucher Foundation, Hong Kong.
Ch^?ter 5: N earest Neighbour C la ss if ic a to n  
Snimary
T h i s  c h a p t e r  p r e s e n t s  a s u rv e y  on th e  v a r i o u s  n e a r e s t  
n e ig h b o u r  c l a s s i f i c a t i o n  a l g o r i t h m s .  Some o f  th e  i n t e r e s t i n g  
p r o p e r t i e s  o f  NN c l a s s i f i c a t i o n  a re  a lso  b r i e f l y  d iscu ssed .
5 J . I n tr o d u c t io n
In  c h a p t e r  4, l i n e a r  mapping t e c h n iq u e s  have been  
b r i e f l y  rev iew ed . These v a r io u s  a lg o ri th m s  prov ide  t i e  u s e rs  a 
pow erful to o l  to  v i s u a l i z e  a h igher d im ensional d a ta  s e t  (such as 
the 2 0 -d im en s io n a l  lung sound d a ta ) .  The in t e r p r e t a t i o n  o f  the  
lower d im e n s io n a l  d a ta  can then be achieved (a) by the  u se rs  own 
s u b je c t iv e  judgem ent or (b) by o th e r  o b je c t iv e  means. In  c e r t a i n  
a p p l i c a t io n s ,  s u b je c t i v e  judgem ents by the u se rs  a re  o f te n  more 
d e s i r a b l e ,  e .g .  a p h y s i c i a n  w i l l  a lw ay s  p r e f e r  to  b a se  h i s / h e r  
d e c i s i o n ( s )  upon h i s / h e r  own e x p e r i e n c e .  N e v e r t h e l e s s ,  i f  
o b j e c t i v e  c r i t e r i a  a r e  a v a i l a b l e ,  t h e s e  may a s s i s t  h i s / h e r  
d e c is io n .  One o f  th e s e  o b je c t iv e  means i s  n e a re s t  neighbour (NN) 
c l a s s i f i c a t i o n  (Cover and H art,  1967). The b as ic  idea behind t h i s  
t e c h n iq u e  i s  t h a t  d a t a  w h ich  f a l l  c l o s e  t o g e t h e r  in  a s p a c e  o f  
any d im e n s io n a l i ty  a re  l i k e l y  to  belong to the same c la s s .
T h i s  c h a p t e r  a t t e m p t s  to  p r o v id e  a s u rv e y  o f  v a r i o u s  
n e a r e s t  n e ig h b o u r  c l a s s i f i c a t i o n  a l g o r i t h m s .  A more in - d e p t h  
survey o f  th e  a lg o r i th m s  i s  g iven  than i s  p o s s ib le  in most o f  the
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tex tbooks  in  p a t t e r n  r e c o g n i t io n .  However, emphasis w i l l  be on 
the a l g o r i th m s  th e m se lv e s  r a th e r  than on the t h e o r e t i c a l  a sp e c ts  
(such as  th e  convergence) o f  the  a lgo ri thm s. This  does no t imply 
th a t  th e  t h e o r e t i c a l  a s p e c t s  a re  o f  l e s s e r  im portance. In f a c t ,  
an a lg o r i th m  w i th o u t  a c a r e fu l  th e o r e t i c a l  a n a ly s i s  w i l l  always 
be prone to  d i f f e r e n t  unexpected e r r o r s .  N ev e r th e le s s ,  i t  i s  no t 
th e  i n t e n t i o n  o f  t h i s  r e v i e w  t o  go t h r o u g h  a l l  t h e  
m a t h e m a t i c a l / s t a t i s t i c a l  a n a ly s i s  o f  each o f  the  a lg o r i th m s .  A 
b r i e f  summary o f  some o f  the  in t e r e s t in g  th e o r e t i c a l  p r o p e r t i e s  
o f  NN c l a s s i f i c a t i o n  w i l l  be g iv e n  a t  th e  end o f  th e  r e v ie w .  
I n te r e s t e d  r e a d e r s  a re  recommended to r e f e r  back to th e  o r ig i n a l  
papers  and s ta n d a rd  tex tbooks  on p a t t e r n  re c o g n i t io n  fo r  the f u l l  
a n a ly s i s .
The n e a r e s t  n e ig h b o u r  a l g o r i t h m s  a r e  su rv e y e d  in  th e  
n e x t  s e c t i o n .  Some o f  t h e  i n t e r e s t i n g  p r o p e r t i e s  o f  NN 
c l a s s i f i c a t i o n  a r e  b r i e f l y  d iscu ssed  in s e c t io n  5.3.
5.2. A rev iew  o f  n e a r e s t  neighbour c la s s i f ic a t io n
5.2 .1  In tr o d u c tio n
N e a r e s t  N e i g h b o u r  (NN) c l a s s i f i c a t i o n  was f i r s t  
proposed and developed  by Fix and Hodges (1951,1952) and l a t e r  by 
Cover and H a r t  (1967) .  The p o p u l a r i t y  o f  NN c l a s s i f i e r s  w i t h i n  
the com m unit ies  o f  p a t t e r n  re c o g n i t ic n  and in d u s t ry  stem s from 
the  f a c t  t h a t  ( in  c o m p a r i s o n  w i th ,  f o r  e x a m p le ,  i t e r a t i v e l y -  
t ra in ed  c l a s s i f i e r s )  they  a re  very  sim ple in both  im plem en ta tion
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and use and (in  com parison  w ith  p a ra m e tr ic  c l a s s i f i e r s )  they  do 
not r e q u i r e  p r i o r  knowledge o f  th e  u n d e r ly in g  d i s t r i b u t i o n s  o f  
the  d a t a .  F u r t h e r m o r e ,  i t  i s  i n t u i t i v e l y  a p p e a l in g  b e c a u se  a 
r e a s o n a b l e  a s s u m p t i o n  i s  t h a t  s a m p le s  v e ry  c l o s e  t o g e t h e r  in  
f e a tu re  space  a re  l i k e l y  to  belong to  the same c l a s s  (or ca teg o ry  
or group) (N ilsson ,  1965; Cover and H art, 1967). U n fo r tu n a te ly ,  
the  d i s a d v a n t a g e  o f  t h i s  m ethod i s  t h a t  i t  d o es  r e q u i r e  a l a r g e  
number o f  c l a s s i f i e d  or l a b e l l e d  (and h o p e f u l l y  c o r r e c t  and 
in d e p e n d e n t  i d e n t i c a l l y  d i s t r i b u t e d )  p r o to t y p e  (or t r a i n i n g )  
s a m p le s  (or p r o t o t y p e s )  to  be a v a i l a b l e  a t  th e  a c t u a l  t im e  o f  
c l a s s i f i c a t i o n .  T h is  im p l ie s  t h a t  a s u b s t a n t i a l  amount o f  memory 
is  r e q u ire d  to  s to r e  th e  p ro to ty p e s  and imposes a heavy p e n a l ty  
in  t h e  c o m p u t a t i o n  o f  t h e  s e t  o f  n e a r e s t  n e i g h b o u r s .  
Furtherm ore , th e  p r o b a b i l i t y  o f  e r ro r  for the NN r u le s  i s  always 
g r e a te r  than  or equal to  the  Bayesian (minimum) e r ro r  (Devijver 
and K i t t l e r ,  1982).
B e f o r e  p r e s e n t i n g  t h e  v a r i o u s  NN c l a s s i f i c a t i o n  
a l g o r i t h m s ,  some n o t a t i o n s  a r e  i n t r o d u c e d .  Each s a m p le  i s  
r ep resen ted  as  a v e c t o r  x in an n-d im ensional  f e a t u r e  space.  Let
®1>' (* 2 '  ®2> be th e  s e t  o f  N c l a s s i f i e d
p r o t o t y p e s ,  w h e re  9^  ( i= l , 2 , . . . ,N )  i s  a r e f e r e n c e  o r  " t r u e "  
c la s s  l a b e l  a s s ig n e d  by th e  d es ig n er  to the p ro to type  sample Xj .^ 
Each l a b e l  can  be a s s i g n e d  to  any o f  th e  c c l a s s e s  ^ 2 '  "  '
A lso  i t  i s  a s su m ed  t h a t  i s  d e f in e d  over a s u i t a b l e  
measurement space ,  such as  the  Euclidean space. W ithin the s e t  
l e t  N^, N^f . . . ,  N^ be t h e  number o f  p r o t o t y p e s  b e lo n g in g  to  
c l a s s e s  u)^, ..., r e s p e c t iv e ly ,  w ith
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E p-
P=1
Let S(k) = { ( x ( l ) ,  6 ( 1 ) ) ,  ( x ( 2 ) , G ( 2 ) ) ,  (x (k ) ,  8 (k ))}  be the
s e t  o f  k (k >_ 1) n e a r e s t  n e ig h b o u r s  (from S^) o f  a t e s t  (or 
unknown) s a m p le  x su ch  t h a t  x ( j )  (j = l , 2 , . . . , k )  i s  th e  j - t h  
n e a r e s t  n e ig h b o u r  t o  x ,  w here  © (j)  i s  th e  c l a s s  l a b e l  o f  x ( j ) .  
The c l a s s  m em bersh ip  o f  th e  t e s t  sam p le  x i s  d e n o te d  a s  0 . 
F in a l ly ,  l e t  r ^  (q = l ,2 , . . . ,c )  be the  number o f  n e a r e s t  neighbours 
from c l a s s  w i th in  th e  s e t  S(k), w ith
- E v
q=l
In  t h e  n e x t  s e c t i o n ,  a number o f  NN c l a s s i f i c a t i o n  
a l g o r i t h m s  w i l l  be i n t r o d u c e d .  When th e  s i z e  o f  i s  l a r g e ,  
c o n s i d e r a b l e  t i m e  i s  need ed  to  com pute th e  s e t  o f  n e a r e s t  
neighbour S(k). Two approaches  have b em  proposed to  reduce t h i s  
com putation . One o f  them i s  to  reduce the number o f  p ro to ty p es  
by s e l e c t i n g  a r e p r e s e n t a t i v e  s u b s e t  f ro m  The o t h e r
a l t e r n a t i v e  i s  t o  s h o r t e n  th e  s e a r c h in g  t im e  fo r  each  n e a r e s t  
neighbour in th e  s e t  S (k), which u su a l ly  involves some re o rd e r in g  
of the  s e t  S^. A more com prehensive review  o f  the two approaches 
has been p re s e n te d  in  an i n t e r n a l  r e p o r t  by Luk (1987).
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5.2.2 N ea rest neighbour c la s s i f i c a t io n  algorithm s 
5.2.2J. I n tr o d u c t io n
The n e a r e s t  n e ig h b o u r  (NN) c l a s s i f i c a t i o n  a lg o r ith m s  
p ro p o sed  t h r o u g h o u t  t h e  p a s t  t h r e e  d e c a d e s  can  be g rou p ed  i n t o  
th ree  c a t e g o r i e s ,  nam ely:
(a) t h o s e  NN r u l e s  w h ich  use  a v o t i n g  sy s tem  fo r  m aking a
d e c i s i o n ;
(b) those  NN r u l e s  which employ a d i s t a n c e - r e l a t e d  measurement
to  make a d e c i s io n ;  and
(c) t h o s e  NN r u l e s  w h ich  a r e  based  on th e  n o n - p a r a m e t r i c
e s t i m a t i o n  o f  th e  c l a s s  co n d i t io n a l  p r o b a b i l i t y  d e n s i ty  
fu n c t io n s  in  th e  Bayesian c l a s s i f i c a t i o n  ru le  (Devijver 
and K i t t l e r ,  1982).
In th e  f o l l o w i n g  s u b s e c t i o n s ,  t h e s e  t h r e e  c a t e g o r i e s  o f  NN 
a l g o r i t h m s  w i l l  be i n t r o d u c e d  and some o f  t h e i r  r e l a t i o n s h i p s  
w ith  o t h e r  NN a l g o r i t h m s  w i l l  be d e s c r i b e d .  ( I t  m ust be 
emphasised t h a t  th e  t h i r d  c a te g o ry  i s  descr ibed  only  for the  sake 
of co m ple teness  in  t h i s  survey.)
S.2.2.2 A lg o r i th m s  t h a t  u se  a  v o t in g  system
5 .2 .2 .2 .1  k - n e a r e s t  neighbour c la s s i f ic a t io n  ru le
The ( t r a d i t i o n a l  or c l a s s i c a l )  k-NN c l a s s i f i c a t i o n  r u l e  
(Fix and H odges , 1 9 5 1 ,1 9 5 2 ; Cover and H a r t ,  1967) (w here k ^ 1) 
a s s i g n s  a t e s t  s a m p le  x to  t h a t  c l a s s  (say) w hich  r e c e i v e s
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th e  m a j o r i t y  o f  v o t e s  from  i t s  k n e a r e s t  n e i g h b o u r s .  I f  
i n d e c i s i o n  h a s  o c c u r e d  ( f o r  exam ple  due to  t i e s  b e tw e e n  tw o o r  
more c l a s s e s ) ,  i t  can be re so lv ed  a r b i t r a r i l y  or by o th e r  means. 
Formally  t h i s  r u l e  can  be d e f in e d  by
Wi i f  r^  = max r^ 
j= l
W(k) = ^
re s o lv e d  a r b i t r a r i l y  or by o the r  
means i f  in d e c is io n  has occur ed
(1 )
where W(k) i n d i c a t e s  t h a t  the  d e c is io n  depends on the va lue  o f  
k. Many i n t e r e s t i n g  p r o p e r t i e s  o f  t h i s  a l g o r i t h m  have been  
examined by v a r io u s  r e s e a r c h e r s .  However, th e se  w i l l  be d e fe r re d  
to  l a t e r  s e c t i o n s  so t h a t  t h e  r e a d e r  can have a b e t t e r  o v e rv ie w  
of a l l  tlie o th e r  proposed  a lg o r i th m s .
5.2.2.2.2 (k ,f l .) -neares t  n e ig h b o u r  c l a s s i f i c a t i o n  r u l e
H eilman (1970) and Tomek (1976) independently  suggested  
th e  "k-NN r u l e  w i t h  a r e j e c t  o p t io n "  ( i . e .  th e  (k,fl,)-NN r u l e )  f o r  
a two c l a s s  prob lem . G en era l ised  to  the m u l t i c l a s s  problem, the 
ru le  may be s t a t e d  th u s :  a t e s t  sample x i s  ass igned  to  c l a s s  
p ro v id e d  w r e c e i v e s  a t  l e a s t  i l  v o t e s  (w here JL 2. f k / c l ) .  
O th e r w is e ,  x i s  p l a c e d  in  t h e  " r e j e c t e d "  c l a s s  T hus , th e
p a r a m e te r  i  s e r v e s  a s  a r e j e c t i o n  in d ex .  T ie s  can  a g a in  be 
r e s o lv e d  a r b i t r a r i l y  o r  by o t h e r  m eans, or s am p le s  w i th  t i e d
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votes  can be p la c e d  in  the  r e j e c t  c l a s s .  Form ally , th e  d e c i s io n  
ru le  can be d e f in e d  by
ü)(k)
i f  r ^  2  5- 3rd r^  = max r^
j= l
o th e rw ise .
( 2 )
I f  i l  = f k / c l ,  e q u a t i o n s  (2) becom es th e  k-NN r u l e  ( s e c t  
5 . 2 .2 . 2 .1 ) .
ion
5 .2 .2 .2 .3  (k, i l - n e a r e s t  neighbour c la s s i f i c a t io n  ru le
T h i s  r u l e  was p ro p o s e d  by D e v i jv e r  (1977) and i s  a 
g e n e r a l i z a t i o n  o f  t h e  (k ,l)-N N  r u l e  ( s e c t i o n  5 .2 .2 .2 .2 ) .  I t  
a s s i g n s  a t e s t  s a m p le  x to  c l a s s  Wj^  i f  th e  number o f  m a j o r i t y  
v o te s  from  t h a t  c l a s s  i s  a t  l e a s t  il^ (w here 2  ) .  The
p a r a m e t e r s  {Si^, i  = l , 2 , . . . c )  a r e  s p e c i f i e d  by  t h e  u s e r .  
O th e r w is e ,  x i s  p l a c e d  in  th e  " r e j e c t "  c l a s s  W^. (T ie s  can be 
d e a l t  w i t h  a s  m e n t io n e d  in  s e c t i o n  5 .2 .2 .2 .1 .)  F o r m a l ly ,  t h i s  
ru le  can be d e f in e d  by
w
W(k) = <
i f  r^  2 ^ i  ^ i  ^ [ j
j= l
o th e rw ise .
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(3)
I t  i s  c l e a r  t h a t  i f  Ü , ^  ( i  l f 2 , , . . , c ) ,  e q u a t i o n s  (3) a r e  
i d e n t i c a l  to  e q u a t i o n s  (2 ) .  A ls o ,  com p arin g  e q u a t i o n s  (2) and
(3) w i th  e q u a t i o n s  (1) i n d i c a t e s  th e  p h i lo s o p h y  b eh in d  u s in g  a 
r e j e c t  c l a s s :  a r e j e c t i o n  may in  some way re d u c e  th e  c o s t  o f  a 
wrong d e c i s io n .  I t  i s  a l s o  c l e a r  from eq u a t io n s  (2) and (3) t h a t  
one m ethod o f  r e s o l v i n g  i n d e c i s i o n  i s  s im p ly  n o t  to  make any 
d ec is io n ,  i . e .  to  p la c e  the  t e s t  sample in to  c la s s  Wg.
5 .2 .23  A lg o r i th m s  t h a t  u se  d i s t a n c e - r e l a t e d  measurement 
5 3 3 3 J L  k - t h  n e a r e s t  ne ighbour c l a s s i f i c a t i o n  r u l e
T h i s  a l g o r i t h m  was p ro p o s e d  by G o ld s t e i n  (1972) f o r  a 
two c l a s s  p ro b le m .  L e t  d^(k) be th e  d i s t a n c e  b e tw een  th e  t e s t  
sam ple x and i t s  k - t h  n e a r e s t  n e ig h b o u r  from c l a s s  In  a
form g e n e ra l iz e d  to  th e  m u l t i c l a s s  problem, the  a lgo ri thm  can be 
s ta ted  as  fo l lo w s  :
i f  d^(k) = min dj(k)
j= l
W(k) = <
re so lv e d  a r b i t r a r i l y  or by o ther  
means i f  in d e c is io n  has occured
(4)
t h a t  i s ,  t h e  t e s t  s a m p le  x i s  a s s ig n e d  by e q u a t io n s  (4) to  th e  
c lass  having th e  s m a l l e s t  d i s ta n c e  between x and i t s  k - th  NN 
from c l a s s  w  -. N o te  t h a t  in  e q u a t i o n s  (4) (and th e  s u b s e q u e n t
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NN a l g o r i t h m s )  i n d e c i s i o n  co u ld  o n ly  o c c u r  i f  th e  m e a su re  m ent 
space i s  d i s c r e t e  or a c e r t a i n  maximum l i m i t  has been imposed on 
dU(k) (o r  o t h e r  d i s t a n c e - r e l a t e d  m e a s u re m e n ts ) .  I t  h a s  been  
show n ( P a t r i c k  and F i s c h e r ,  1970; G o l d s t e i n ,  1972) t h a t  i f  t h e  
m easurem ent space  i s  con tinuous , equa t ions  (4) a re  e q u iv a le n t  to  
a v-NN r u l e  (where v=ck) provided the  v-NN r u le  produces no t i e s .
5.2.2.3.2 k-m eans n e a r e s t  neighbour c l a s s i f i c a t i o n  r u l e
The k -m e a n s  NN r u l e  was p ro p o se d  by R a b in e r  e t  a l  
(1 9 7 9 ) .  L e t  d \ ( k )  be th e  a v e ra g e d  d i s t a n c e  o f  th e  k n e a r e s t  
n e ig h b o u rs  from c l a s s  of a t e s t  sample x , i .e .
k
d .(k )  = (1 /k )  ' ^ d ^ ( q )  
q=l
The r u l e  th e n  a s s ig n s  x to  the  c l a s s  w ith  the  s m a l le s t  averaged 
d i s t a n c e .  F o rm a l ly ,  i t  i s  def ined  as
U (k) = <
i f  d^(k) = min dj(k)
j= l
re so lv e d  a r b i t r a r i l y  or by o th e r  
means i f  in d e c is io n  has occured.
(5)
S .2 .2 .3 .3  D istan ce-w eictfited  W  c la s s i f i c a t io n  ru le
D u d an i (1976) h as  s u g g e s te d  t h a t  n e a r e s t  n e ig h b o u r s
9 2
c lo s e s t  to  th e  t e s t  sam ple  x should t e  weighted most h e a v i ly .  He 
has proposed th e  use o f  a w e ig h t  which d ecreases  w ith  in c re a s in g  
s am p le - to -n e ig h b o u r  d i s t a n c e ,  l e t  d ( j )  be the d i s ta n c e  between x 
and i t s  j - t h  NN x ( j ) .  D u d an i d e f i n e s  th e  w e ig h t  w (j)  f o r  t h e  j -
th NN as
d(k) -  d ( j )
d (k) -  d ( l )
w(j) =<
d ( j ) 7^d(l)
(6 )
d ( j ) = d ( l ) .
The d i s ta n c e -w e ig h te d  k-NN c l a s s i f i c a t i o n  ru le  then a s s ig n s  x to 
c la ss  w i th  th e  l a r g e s t  t o t a l  w eigh t i .e . ,
w. i f  = max 
q=l
W(k) = <
re s o lv e d  a r b i t r a r i l y  or by o the r  
means i f  i n d e c i s i o i  has occured
(7)
where
'^ i  w ( j ) * I {  © ( j ) , U ) .}
j= l
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1 if 0( j )=a) .
^ 0 i f  ©(j) ¥ w .
(the fu n c t io n  I{ 0 (j),CO^} i s  known as the in d ic a to r  fu n c tio n ) .
B e f o r e  c o n t i n u i n g  to  th e  n e x t  d i s t a n c e - r e l a t e d  NN 
c l a s s i f i c a t i o n  a l g o r i t h m s ,  i t  i s  w o r th  n o t in g  t h a t  th e  w e ig h t  
d e f in e d  in  e q u a t i o n s  (6 ) w i l l  n o t  im prove th e  p e r fo rm a n c e  o f  
e q u a t io n s  (7) ( i n  t e r m s  o f  a v e ra g e d  p r o b a b i l i t y  o f  e r r o r s  f o r  a 
f i n i t e  s e t  o f  p r o t o t y p e  s a m p le s )  when com pared w i th  th e  k-NN 
c l a s s i f i c a t i o n  r u l e  d e f i n e d  in  e q u a t i o n s  (1) (B a i le y  and J a i n ,  
1978; M orin  and P a e s i d e ,  1981; M acleod e t a l ,  1987). M oreover ,  
B a i le y  and J a i n  (1978) have  a l s o  shown t h a t  th e  a s y m p t o t i c  
perform ance ( i .e . ,  th e  perfo rm ance  when the number o f  p ro to ty p e s  
approaches i n f i n i t y )  o f  the  k-NN c l a s s i f i c a t i o n  ru le  i s  a t  l e a s t  
as good a s  t h a t  o f  an y  w e ig h te d  r u l e .  The t o p i c s  in  t h i s  
p a ra g ra p h  a r e  d i s c u s s e d  f u r t h e r  in  s e c t i o n  6 . 2 , w here some new 
r e s u l t s  a r e  p r e s e n te d .
5 .2 .2 .3 .4  D a sa ra th y * s  NN c la s s i f i c a t io n  ru le
V ery  o f t e n ,  i n f o r m a t i o n  i n i t i a l l y  a v a i l a b l e  to  th e  
d e s ig n e r  o f  a p a t t e r n  r e c o g n i t i o n  sy s tem  i s  i n s u f f i c i e n t  to  
acco u n t f o r  t h e  f u t u r e  e n v i ro n m e n t .  In  a m e d ic a l  p ro b le m ,  fo r  
exam ple ,  a new lu n g  d i s o r d e r  ca u se d  by an id e o p a th i c  a g e n t  may 
s r i s e .  i n  o r d e r  to  i d e n t i f y  th e  p o s s i b l e  e x i s t e n c e  o f  one or 
More su ch  u n d e f in e d  c l a s s e s ,  D a s a ra th y  (1976) has  p ro p o sed  th e
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i n c l u s i o n  o f  a " n e a r  enough" p a r a m e te r  A .  in  th e  n e a r e s t  
neighbour c l a s s i f i c a t i o n  r u l e .  This  param eter can be d e f in ed  as 
the maximum n e a r e s t  neighbour d i s t a n c e  determ ined  over the  s e t  o f
a l l  p r o to ty p e s  b e lo n g in g  to  c l a s s  i .e .
= m a x  { min d . ( x . , x  )  }
X . €  a > i  X p C  w .  ^ ^
where d ^ (X j,X p )  d e n o t e s  th e  d i s t a n c e  b e tw ee n  two c l a s s  CO^  
p ro to ty p es  x^ and x^. On inc lud ing  t h i s  "near enough" pa ram e te r ,  
t h e  k - t h  n e a r e s t  n e i g h b o u r  c l a s s i f i c a t i o n  r u l e  ( s e c t i o n  
5.2.2.3.1) c a n  be r e w r i t t e n  a s
c
CJ. i f  d .(k) = min d.(k) < A .
1 1 J — 1
j= l
W(k) = < (8 )
CJg O therw ise.
Any t e s t  s a m p le s  t h a t  f a i l s  th e  "n ea r  enough" c r i t e r i a  in  
e q u a t i o n s  (8 ) w i l l  be d i s c a r d e d  i n t o  a " r e j e c t e d "  c l a s s  cJg (as 
in s e c t i o n  5 .2 .2 .2 .2 ) .  T h i s  s e t  o f  d i s c a r d e d  t e s t  s a m p le s  can  
then be s u b je c te d  to  fu r th e r  a n a ly s i s  by o th e r  techn iques  (such 
as those  mapping a lg o r i th m s  th a t  have a lready  been d iscu ssed  in 
c h a p te r  4 , o r  th e  g r a p h - t h e o r i c a l  a l g o r i t h m s  d e v e lo p e d  by 
U rq u h a r t ,  1983).  T h i s  p e r m i t s  e v o l u t i o n  o f  new c l a s s e s  a s  and 
when d e e m e d  n e c e s s a r y  by  t h e  d e s i g n e r  (s) o f  t h e  p a t t e r n  
rec o g n i t io n  system .
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5.2.2.4 M gorith m s th a t are based on nonpararoetric e s tim a tio n
5 3 3 . 4 .1  I n tr o d u c t io n
The above mentioned ISN a lg o r i th m s  a re  c o n s tru c te d  using
some r a t h e r  ad hoc c r i t e r i a  (or what D asarathy and S heela ,  1977,
r e f e r  t o  a s  " a b s t r a c t i o n s " ) , such as  th e  d i f f e r e n t  v o t i n g  
mechanisms employed in  s u b s e c t io n  5 .2 3 .2 .  These a l g o r i t h m s  a r e  
ad hoc  b e c a u s e  t h e i r  d e r i v a t i o n s  a r e  n o t  b ased  on any  r i g o r o u s  
s t a t i s t i c a l / m a t h e m a t i c a l  th e o re m s .  In  t h i s  s u b s e c t i o n ,  th e  
d e r i v a t i o n s  o f  th e  a lg o r i th m s  are  based on the Bayesian d e c i s io n
r u l e  (D evijver  and K i t t l e r ,  1982), and hence the  a lg o r i th m s  have
a b e t t e r  s t a t i s t i c a l / m a t h e m a t i c a l  foundation . One d isad v an tag e  
o f  th e  fo l lo w in g  a lg o r i th m s  (c o n tra s t  s e c t io n  5.2.1) i s  t h a t  th e  
a p r i o r i  p r o b a b i l i t y  t h a t  a t e s t  sample x comes from c l a s s  ax  
( w h e r e  i  = l , 2 , . . . c )  i s  a s s u m e d  t o  be known and  t h e  c l a s s  
c o n d i t i o n a l  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  p (x  jo)^) a t  th e  t e s t  
s a m p le s  x i s  a ssu m ed  f i x e d  and c o n t in u o u s  b u t  o f  unknown fo rm . 
(N o te  t h a t  i s  a l s o  a s s u m e d  t o  be a v a i l a b l e  i n  o t h e r  
c l a s s i f i c a t i o n  a lg o r i th m s .)  Let Lj^j be a lo s s  (or cost)  fu n c t io n  
( th a t  i s  th e  c o s t  o f  making a wrong d e c is io n  when the  t e s t  sample 
X i s  a s s i g n e d  to  c l a s s  when i t  i s  a c t u a l l y  d raw n  from  c l a s s  
W j ) .  I f  p (x  I Wj )^ i s  known, th e  B ay es ian  d e c i s i o n  r u l e  w i l l  
a s s ig n  x to  c l a s s  O)  ^ i f
c c
2 2  ^ i j P (x j ^j ) P j  = 
j = l  K q<c j= l
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T h e r e f o r e ,  t h e  a im  o f  th e  f o l l o w i n g  a l g o r i t h m s  i s  to  f i n d  an 
e s t i m a t e  p(x  |u>^) which i s  n o n p a ra m e t r i c  and d i s t r i b u t i o n - f r e e  
( i .e .  independen t o f  th e  underly ing  p r o b a b i l i t y  d e n s i ty  func tion )  
and w h ich  i s  b a s e d  on th e  n e a r e s t —n e ig h b o u r  c o n c e p t ,  o f  t h e  
c l a s s  c o n d i t i o n a l  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  p { x |c o ^ ) .  The 
e s t i m a t e  i s  to  be c o n s i s t e n t  i . e .  p (x  |Wj^) i s  to  a p p ro a c h  
p (x  |Wj^) w ith  p r o b a b i l i t y  1 .
5 .2 .2 .4 .2  L o f t s g a a r d e n  and Quesenberry*s c l a s s i f i c a t i o n  r u l e
L o f t s g a a r d e n  and Q u e se n b e rry  (1965) have  p ro p o s e d  a 
n o n - p a r a m e t r i c  m ethod  o f  e s t i m a t i n g  th e  c l a s s  c o n d i t i o n a l  
p r o b a b i l i t y  d e n s i t y  f u n c t i o n  w h i c h  c a n  b e  u s e d  f o r  
c l a s s i f i c a t i o n .  As in  G o ld s te in 's  (1972) k - th  n e a r e s t  neighbour 
c l a s s i f i c a t i o n  r u l e ,  th e  d is ta n c e  dj^(k) between the  t e s t  sample x 
and th e  k - th  n e a r e s t  neighbour from c la s s  i s  c a lc u la te d .  The 
volume o f the  hyper sphere  w ith  ra d iu s  d^^(k) and c e n t r e  x i s  then  
g iv e n  by
2 lT ^ /^ { d .(k )} ^  
(k) "  " ^
n j  I n / 2 )
(w here  i s  t h e  gamma f u n c t i o n  w i th  p a r a m e te r  n / 2 ) .  These 
a u th o r s '  e s t i m a t o r  can then be w r i t t e n  as
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k -  1 1
p ( x |w . )  = ------------ {   ). (1 0 )
,(k )
R op lsc ing  th e  c l a s s  c o n d i t io n a l  p r o b a b i l i t y  d e n s i ty  fu n c t io n  in 
e q u a t i o n  (9) by t h e  e s t i m a t e d  f u n c t i o n  g iv e n  in  e q u a t i o n  (10) 
y i e l d s  th e  r e q u i r e d  c l a s s i f i c a t i o n  ru le .
5 3 3 .4 .2  G eneralized  k -n earest neighbour c l a s s i f i c a t i o n  r u le
P a t r i c k  and F i s c h e r  (1970) g e n e r a l i z e d  th e  r e s u l t  o f  
L o f tsg a a rd e n  and Q uesenberry  (1965) by in troduc ing  th e  concept o f  
a d i s t r i b u t i o n - f r e e  t o l e r a n c e  r e g io n  i n t o  e q u a t io n  (10). (For 
d i f f e r e n t  m e th o d s  o f  c o n s t r u c t i n g  a t o l e r a n c e  r e g i o n , r e f e r  to  
t h e  p a p e r s  by  W i lk s  (1941),  Tukey (1947), Kemperman (1956), and 
F ra s e r  and Guttman (1956).) E s s e n t i a l ly ,  the  p ro to ty p e s  from 
c l a s s  w a r e  p r o c e s s e d  to  form  t o l e r a n c e  r e g io n s  (say  u s in g  
Tukey’s  c o n s t r u c t io n  technique) which p a r t i t i o n  t h e  m e a su re m e n t  
s p a c e .  To e a c h  o f  t h e s e  t o l e r a n c e  r e g i o n s ,  an in d e x  w i l l  be 
a ss ig n ed .  L et be th e  index of the to le ra n c e  reg ion  fo r  c l a s s  
w h ic h  c o n t a i n s  t h e  t e s t  sam p le  x. I f  x h appens  to  be on th e  
b o u n d a ry  b e tw e e n  t o l e r a n c e  r e g i o n s ,  th e  s m a l l e r  in d e x  w i l l  be 
chosen . The c l a s s  c o n d i t io n a l  p r o b a b i l i t y  d e n s i ty  fu n c t io n  can 
then  be e s t im a te d  as
h i
p (x =
+ 1
98
}. (1 1 )
where i s  th e  number o f  p ro to ty p es  involved in  c o n s t ru c t in g
a to l e r a n c e  re g io n  and i s  th e  volume o f  t h a t  to le r a n c e
r e g i o n .  A g a in ,  t h e  d e c i s i o n  r u l e  i s  o b t a in e d  by r e p l a c i n g  
p ( x |o ) ^ )  in  e q u a t i o n  (9) by e q u a t io n  (1 1 ).
I t  i s  e asy  to  observe (P a tr ick  and F isc h e r ,  1970) t h a t  
i f  a  s p h e r i c a l  t o l e r a n c e  r e g io n  i s  used  in  th e  above e s t i m a t e  
( i . e . ,  a  s e t  o f  a l l  p o i n t s  i n s i d e  th e  hyper  s p h e re  c e n t e r e d  a t  x ,  
which c o n ta in s  k -  1 c l a s s  p ro to ty p es  in s id e ,  one p ro to ty p e  
sam ple on th e  s u r f a c e  (which i s  not in the  to le ra n c e  re g io n ) ,  and 
th e  r e s t  o f  th e  Nj^  -  k p ro to ty p es  o u ts id e ) ,  eq u a t io n  (1 1 ) becomes 
th e  e s t im a te d  c l a s s  c o n d i t io n a l  p r o b a b i l i t y  d e n s i ty  fu n c t io n  used 
by L o f tsg a a rd e n  and Quesenberry (1965).
On th e  o t h e r  hand ,  i t  h a s  been shown ( P a t r i c k  and 
F i s c h e r ,  1970) f o r  a t w o - c l a s s  p ro b le m ,  th e  d e c i s i o n  r u l e  w i th  
p (x  I Wj )^ g iven  in  eq u a t io n  (11) is  e q u iv a le n t  to  both the  k-th-NN 
and k-NN c l a s s i f i c a t i o n  ru le  i f  the  fo llow ing  c o n d i t io n s  a re  met. 
They a re
(a) a  s p h e r i c a l  to le r a n c e  reg ion  i s  used in equa t ion  (1 1 ),
(b) = k in  e q u a t io n  (1 1 ) ,
(c) a 0-1 lo s s  fu n c t io n  i s  used in  equa tion  (9), and
(d) P . / P ^  = (N^ + 1 ) / (N 2 + 1) in  e q u a t io n  (9).
5.2 .2 .5 . Rpmarks: cfaoice o f  NN algorithm
W ith  t h e  p o s s i b l e  e x c e p t io n  o f  th e  t h i r d  c a t e g o r y  
( s e c t io n  5 . 2 . 2 . 4 ) ,  a l l  th e  above a lg o r i th m s  a re  easy  to  implement
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and to  use. The cho ice  o f  a lg o ri th m  i s  p rob lem /da ta  dependent. 
In  c e r t a i n  p ro b lem s ,  th e  s im ple  k-NN c l a s s i f i c a t i o n  r u le  may be 
b e t t e r  th an  th e  r e s t  o f  th e  a lg o ri th m s. On the  o th e r  hand, some 
p r o b le m s  w ou ld  p r e f e r  a r e j e c t i o n  to  a wrong d e c i s i o n ,  and in  
t h e s e  c i r c u m s t a n c e s  t h e  (k ,l)-N N  o r  (k , l . ) -N N  r u l e  may be 
p r e f e r a b l e .  P a r t i c u l a r  r u l e s  may be s u i t a b l e  f o r  p a r t i c u l a r  
p r o b le m s :  R a b in e r  e t  a l  (1979), f o r  e x a m p le ,  c l a im  t h a t  t h e i r  
r u l e  i s  b e s t  s u i t e d  fo r  the  speech re c o g n i t io n  problem they  were 
t a c k l i n g .  H ow ever,  i f  th e  d e s ig n e r  i s  u n c e r t a i n  a b o u t  t h e  
s u f f i c i e n c y  o f  h i s  i n i t i a l  i n f o r m a t i o n ,  D a s a r a t h y ' s  NN 
c l a s s i f i c a t i o n  r u l e  may l o o k  m ore  a t t r a c t i v e .  When m o re  
i n f o r m a t i o n  a b o u t  t h e  d a t a  i s  a v a i l a b l e ,  such  as  th e  a p r i o r i  
p r o b a b i l i t y ,  th e  a p p l i c a t io n  of  P a tr ic k  and F is c h e r 's  a lg o ri th m  
may be more a p p r o p r ia t e .  On the  whole,, the  b e s t  s t r a t e g y  seems 
to  be to  e x p e r im en t  w i th  each a lgo ri thm  and to  f in d  th e  one t h a t  
b e s t  s u i t s  th e  problem  as w e ll  as i t s  a s s o c ia te d  environm ent.
5 3  P r o p e r tie s  o f  n ea rest  neiqhbcxir c la s s i f i c a t io n  ru les
5 .3 .1  In tr o d u c tio n
T h re e  f a c t o r s  have  to  be c o n s id e r e d  in  s e l e c t i n g  and 
e v a lu a t in g  a  c l a s s i f i c a t i o n  r u l e  (Penrod, 1976). They a re
(a) th e  c o s t  o f  im plem en ta t ion  (development) and use ,
(b) f i n i t e  sample perfo rm ance , and
(c) i n f i n i t e  sam ple perform ance.
F a c t o r  (a) h a s  been  a d d r e s s e d  th ro u g h o u t  th e  p r e v io u s
1
s e c t i o n s  and  w i l l  n o t  be c o n s id e r e d  f u r t h e r .  In  s h o r t ,  t h i s  
f a c t o r  d e p e n d s  on t h e  a c t u a l  p ro b lem . The f i n i t e  s a m p le  
p e r f o r m a n c e ,  f a c t o r  ( b ) , o f  a r u l e  w i th  a p a r t i c u l a r  d a t a  s e t  
which i s  c u r r e n t l y  a v a i l a b l e  i s  even more im portan t .  W ithout th e  
knowledge o f  th e  u nderly ing  p r o b a b i l i t y  d e n s i ty  fu n c t io n s  ( c la s s  
c o n d i t i o n a l  o r  u n c o n d i t io n a l)  of the p ro to type  samples and /or  the  
a  p r i o r  p r o b a b i l i t i e s ,  the  s m a l le s t  p o s s ib le  p r o b a b i l i t y  o f  e r r o r  
o r  m in im a l  r i s k ,  i . e .  th e  Bayes r i s k  E*, i s  unknown to  a 
d e s ig n e r .  Thus, even i f  the  d a ta  s e t  i s  q u i t e  l a rg e ,  th e re  i s  no 
way t o  know how w e l l  th e  s e l e c t e d  r u l e  w i l l  p e r fo rm .  In  f a c t ,  
even  th o u g h  t h e  r u l e  s h o u ld  do r e a s o n a b ly  w e l l  in  t h e  l a r g e  
sam ple c a s e ,  i t s  perform ance w ith  the d a ta  s e t  a v a i la b le  may be 
u n a c c e p t a b l y  bad i f  e i t h e r  th e  i n h e r e n t  r i s k  o f  t h e  d a t a  s e t  i s  
h ig h  o r  s i m p l y  th e  d a t a  s e t  i s  n o t  l a r g e  enough. S in c e  t h i s  i s  
by i t s e l f  a m ajor re s e a rc h  a re a ,  the  d is c u s s io n  w i l l  be d e fe r re d  
to  th e  n e x t  c h a p te r  where such a problem w i l l  be considered  fo r  a 
s in g le  c l a s s  o f  n e a r e s t  neighbour ru le s ,  namely weighted n e a re s t  
neighbour r u l e s  (Dudani, 1976; Macleod e t  a l ,  1987).
In  t h i s  s e c t i o n ,  a b r i e f  d i s c u s s i o n  i s  g iv e n  o f  t h e  
t h e o r e t i c a l  r e s u l t s  f o r  n e a r e s t  ne ighbour c l a s s i f i c a t i o n  r u le s  
when t h e  num ber o f  p r o t o t y p e s  i s  i n f i n i t e .  These  i n c lu d e  
c o n v e r g e n c e ,  a s y m p t o t i c  bounds ,  c o n s i s t e n c y  and th e  r a t e  o f  
co n v erg e n ce .
5 3 3  Ccxivergence o f  NN c l a s s i f i c a ticxi ru le s
Given an i n f i n i t e  p ro to type  s e t ,  both the  u n co n d i t io n a l
p r o b a b i l i t y  d e n s i t y  fu n c t io n  (pdf) of the  n e a re s t  neighbours and 
t h e i r  r e s p e c t i v e  a p o s t e r i o r i  p r o b a b i l i t i e s  a p p r o a c h  t h e  
u n c o n d i t io n a l  p d f  p(x) of th e  t e s t  sample x and i t s  a  p o s t e r i o r i  
p r o b a b i l i t y  p ( c j ^ |  x) (sometimes a lso  denoted as  ’[^(x) or s im ply  
w h e re  i=  1 , 2, . . . , c )  r e s p e c t i v e l y  (D e v i jv e r  and K i t t l e r ,  
1982; P e te r s o n ,  1970). This f a c t  i s  b a s ic  to  t h e o r e t i c a l  s tu d ie s  
on c o n v e r g e n c e  o f  NN c l a s s i f i c a t i o n  r u l e s  when th e  number o f  
p r o to ty p e s  te n d s  to  i n f i n i t y .
L e t Sj^(x) be the  f i n i t e  sample, c o n d i t io n a l  p r o b a b i l i t y  
o f  e r r o r  o f  a  NN c l a s s i f  i c a t o n  r u l e  g iv e n  t h e  t e s t  sam p le  x and 
th e  s e t  S(k) o f  k n e a r e s t  n e ig h b o u rs  (where S (k )C .S ^ ) , i . e .
e ^ (x )  = Pr{ e  /  W [ x ,  S(k) }
c
^ ^ P r {  6 = 03^, w  7  ^ j x, S(k) } (12)
i= l
w h e re  0 and iO a r e  a s  d e f in e d  in  s e c t i o n s  5 .2 .1  and 5 .2 .2 .2 ,1  
r e s p e c t i v e l y .  S in c e  a l l  t h e  o b s e r v a t i o n s  ( i . e .  t h e  p r o t o t y p e  
sam ples  and the  t e s t  samples) are  assumed to  be independent and 
i d e n t i c a l l y  d i s t r i b u t e d  ( s e c t i o n  5 .2 .1 ) ,  e q u a t i o n  (12) can  be 
r e w r i t t e n  as
^ k
(X) = 2 2 p r {  © = X }Pr{ W /  I S(k) }
i=l
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c2 I ’l i ( x ) P r { w / u > J  S(k) ) (13,
i=l
where Pr{ w y  w j  s(k) } depends on the a p o s t e r i o r i  
p r o b a b i l i t i e s  o f  t h e  k n e a r e s t  n e ig h b o u rs .  The p ro b le m  o f  t h e  
c o n v e r g e n c e  o f  a n e a r e s t  n e ig h b o u r  r u l e  i s  to  show t h a t  e ^ (x )  
a p p r o a c h e s  a c o n s t a n t  as  th e  number o f  p r o t o t y p e  s a m p le s  N 
i n c r e a s e s .  Cover and H a r t  (1967) have shown t h a t  th e  e x p e c te d  
v a l u e  o f  e ^ /x )  c o n v e r g e s  to  a c o n s t a n t  Ej  ^ a s  N a p p ro a c h e s  
i n f i n i t y  u n d e r  t h e  c o n d i t i o n s  t h a t  th e  c l a s s  c o n d i t i o n a l  and 
u n c o n d i t i o n a l  p d f ' s  o f  th e  t e s t  sam p le  x a r e  c o n t in u o u s ,  i . e .  
th e y  have shown t h a t
l im  ^  { Gj^(x) } —  ^ Ej^  in  p r o b a b i l i t y  (14)
N ^  oo
where E  i s  th e  e x p e c ta t io n  o p e ra to r .  The c o n s ta n t  Ej^  i s  known as 
the  average  a s y m p to t ic  e r ro r  p r o b a b i l i t y  or s im ply the  e r ro r  r a t e  
o f  the  k-NN c l a s s i f  ic a to n  r u le .  Wagner (1971) and Penrod (1976) 
have p o in te d  o u t  t h a t  the  r e s u l t  in  equa tion  (14) i s  im portan t i f  
a d e s i g n e r  h a s  a l a r g e  number o f  v e ry  l a r g e  d a t a  s e t s .  What a 
d e s i g n e r  r e a l l y  w ou ld  l i k e  to  know i s  w hat h appens  to  a 
p a r t i c u l a r  IN r u l e  when a p ro to ty p e  s e t  approaches i n f i n i t e  s iz e .  
F o r t u n a t e l y ,  W agner (1971) and F r i t z  (1975) have shown t h a t  
e q u a t io n  (14) a l s o  h o ld s  even w ithou t the  ex p e c ta t io n  o p e ra to r ,  
i . e .
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l im  e^(x) —» ej^(x) in  p r o b a b i l i t y  (1 5 )
N — ^  G O
u n d e r  t h e  sam e c o n d i t i o n s  a s  in  Cover and H a r t ,  w here  th e
c o n s t a n t  ej^(x) i s  th e  c o n d i t io n a l  asym pto tic  p r o b a b i l i t y  o f  e r r o r
o f  th e  c l a s s i f i c a t i o n  r u le .  Stone (1977) and Devroye (1981) have 
f u r t h e r  r e la x e d  th e se  c o n d i t io n s  to  (a) t h a t  p(x) i s  d i s t r i b u t e d  
in  a  s e p a r a b l e  m e t r i c  s p ace  (or n o n -a to m ic  space )  and (b) t h a t  
<l^(x) i s  a l m o s t  e v e ry w h e re  c o n t in u o u s  ( i . e .  i t  i s  d e c o m p o sa b le  
i n t o  a co n t in u o u s  component p lu s  a s e r i e s  o f  mass p o in t s ) .
5 3 3  A sym ptotic bounds for  !H c la s s i f i c a t io n  ru les
C o v e r  (1 9 6 8 )  in  h i s  c l a s s i c a l  s t u d y  o f  n e a r e s t
ne ighbour c l a s s i f i c a t i o n  r u le s  gave the  fo llow ing  bounds fo r  the  
c o n s ta n t s  in  the  m u l t i c l a s s  case as :
fo r  k = 1, E _< E^ £  2E , and (16a)
f o r  k > 1, E* <_ Ej  ^ _< E* + (l/k)E*. (16b)
G y o rf i  and G y o rf i  (1978) t ig h te n e d  the  bounds in  ex p re ss io n  (16b) 
to
f o r  k > 1, E* < Ej  ^ £  E* + (16c)
When o n ly  tw o c l a s s e s  a r e  in v o lv e d .  Cover and H a r t  
(1967) and D ev ijver  (1979) fu r th e r  t ig h ten ed  the  bounds fo r  odd k 
in  e x p re s s io n s  (16) to
fo r  k = 1, E < < 2E (1 -  E*) (1 7 a)
f o r  k > 1 and k odd ,  E* < E  ^ < E* + ( y i / k 'T T ) E ,  (17b)
w h ere  k' i s  t h e  l a r g e s t  i n t e g e r  o f  k /2 . The c a s e  when k i s  even  
d o e s  n o t  e n t e r  i n t o  e x p r e s s i o n s  (17) b e c a u se  i t  h a s  been  shown 
(D evijver and K i t t l e r ,  1982) th a t
^ 2 j  = ^ 2 j - l  (18)
w h ere  j = l ,  2 , . . . .
On th e  o th e r  hand, D evijver (1979) has a lso  shown th a t
th e  average  a s y m p to t ic  e r r o r  p r o b a b i l i t i e s  Ej^  and Ej^  ^  (where
i = l ,  2, . . . ,  c) f o r  th e  (k,jL)-NN and (k,Jl^)-NN c l a s s i f i c a t i o n
*
r u l e s  a re  a lw ays  l e s s  than  or equal to  the  Bayes r i s k  E , excep t
when i  o r  i s  e q u a l  to  k' ( i . e .  w i th o u t  r e j e c t i o n ) .  In  t h a t
c a s e ,  i t  i s  s i m i l a r  t o  E|^, t h a t  i s  i t  i s  a lw ay s  g r e a t e r  th a n  o r  
*
e q u a l  t o  E . T h u s ,
^ k ,i < E* < E , = E, (19)
w i t h  1  > k' and > k '.  E q u a t io n  (19) a l s o  i n d i c a t e s  t h a t  t h e  
u s e  o f  a  r e j e c t  o p t i o n  in  (k,SL)-NN and (k,A.^)-NN c l a s s i f i c a t i o n  
r u l e s  may r e d u c e  t h e  a v e r a g e  p r o b a b i l i t y  o f  m i s c l a s s i f i c a t i o n  
b e lo w  t h a t  o f  t h e  Bayes r i s k ,  a v e ry  d e s i r a b l e  p r o p e r t y  f o r  th e  
two ty p e s  o f  r u l e s .
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^ •\-A  ^  ra te  of  convergence o f  m  c la s s i f i c a t io n
D evroye  and Wagner (1980) showed t h a t  i f  (a) k —^  oo
and (2) k/N ^ 0 a s  N — > oo , th e n  u s in g  th e  i n e q u a l i t i e s  o f  
S tone (1 9 7 7 ) ,
*
E|  ^ — ^ E in  p r o b a b i l i t y  as  N —^ oo. (20)
T h a t  i s ,  t h e  NN c l a s s i f i c a t i o n  r u l e  i s  Bayes r i s k  c o n s i s t e n t  i f  
c o n d i t i o n s  (a) an d  (b) a r e  s a t i s f i e d .  w i th  a d d i t i o n a l  
r e s t r i c t i o n s  and by u s in g  a r e c u r s i v e  a l g o r i t h m ,  K rzyzak  and 
Pawlak (1984) have a l s o  shown th a t
*
e. (x) —  ^ e (x) in  p r o b a b i l i t y  as  N — ^ oo (21)
*
w h ere  e (x) i s  t h e  Bayes r i s k  g iv e n  th e  t e s t  s am p le  x (or 
c o n d i t i o n a l  Bayes r i s k ) .  A g a in ,  e q u a t io n  (21) shows t h a t  th e  
c o n d i t i o n a l  a s y m p to t ic  p r o b a b i l i t y  o f  e r r o r  i s  c o n d i t io n a l  Bayes 
r i s k  c o n s i s t e n t .
I f  b o th  c o n d i t i o n s  (a) and (b) a r e  s a t i s f i e d ,  G y o r f i  
(1981) h a s  shown t h a t  th e  r a t e  o f  c o n v e rg e n c e  o f  such  a NN 
c l a s s i f i c a t i o n  r u l e  i s  w here  a > 0. H ow ever, i f
th e s e  c o n d i t io n s  a re  n o t  s a t i f i e d ,  G yorfi (1978) and F r i t z  (1975) 
h a v e  show n t h a t  t h e  k-NN c l a s s i f i c a t i o n  r u l e s  (k £  1) have  an 
e x p o n e n t i a l  r a t e  o f  c o n v e rg e n c e  w hich  d ep en d s  on th e  number o f  
p r o t o t y p e  s a m p le s  N, th e  d i m e n s i o n a l i t y  n and th e  u n d e r ly i n g  
d i s t r i b u t i o n s  o f  th e  p ro to ty p e  samples.
1
References
[01] B a i l e y ,  T. and J a i n ,  A.K. (1978). "A n o te  on d i s t a n c e -
w e ig h te d  k - n e a r e s t  n e ig h b o u r  r u l e s " .  IEEE T r a n s , on  
System s, Man, and C yb ern etics , SMC-8, 311-313.
[02] C o v er ,  T.M. (1968) .  " E s t i m a t i o n  by th e  n e a r e s t  n e ig h b o u r
ru le " .  IEEE Trans, on Inform ation Theory, IT-14, 50-55.
[03] C o v er ,  T.M. and H a r t ,  P.E. (1967). " N e a re s t  n e ig h b o u r
p a t t e r n  c l a s s i f i c a t i o n " .  IEEE T r a n s , on I n fo r m a t io n  
T h eo ry , I T -1 3 , 21-27.
[04] D a s a r a t h y ,  B.V. (1976) .  " I s  y o u r  n e a r e s t  n e i g h b o u r  n e a r
e n o u g h  a n e i g h b o u r " .  P r o c e e d i n g s  o f  t h e  f i r s t  
I n t e r n a t io n a l  C o n fe r e n c e  on In fo r m a tio n  S c ie n c e s  and 
S y s te m s , P a t r a s ,  Greece, August, 1976, 114-117.
[05] D a s a r a th y ,  B.V. and S h e e l a ,  B.V. (1977). " V i s i t i n g  n e a r e s t
n e i g h b o u r s :  a s u r v e y  o f  n e a r e s t  n e ig h b o u r  c l a s s i f i c a t i o n  
te ch n iq u es" .  P ro c e e d in g s  o f  th e  In te r n a t io n a l  C onference on 
C y b e r n e t i c s  and  S o c i e t y , May, 1977, 630-636.
[06] D e v i j v e r ,  P.A. (1977) .  "Reconnaissance  d e s  fo rm e s  p a r  l a
mfethode d e s  p l u s  p r o c h e s  v o i s i n s " .  D o c t o r a l  D i s s e r t a t i c o ,
U n iv e r s i ty  o f  P a r i s  VI.
[07] D e v i j v e r ,  P.A. (1979 ) .  "New e r r o r  bounds w i th  th e  n e a r e s t
neighbour r u le " .  IEEE Trans, on Inform ation Theory, IT-25, 
749-753.
[08] D e v i jv e r ,  and K i t t l e r ,  J .  (1982). P a tte r n  R é c o g n it io n !
A S t a t i s t i c a l  ap p roach . P r e n t i c e - H a l l  I n t e r n a t i o n a l ,
London.
107
[09] D ev ro y e ,  L.P. and  W agner ,  T .J. (1980). "D is t r ib u t io n - f r e e
c o n s i s t e n c y  r e s u l t s  in  n o n p a ra m e tr  i c  d i s c r i m i n a t i o n  and 
reg ressio n  f u n c t io n  estim ation " . The A nnals o f  S t a t i s t i c s . 
8 , 2 3 1 -2 3 9 .
[10] D ev ro y e ,  L.P. (1 9 8 1 ) .  "On th e  i n e q u a l i t y  o f  Cover and H a r t
in  n e a r e s t  n e i g h b o u r  d i s c r i m i n a t i o n " .  IEEE T r a n s , on  
P attern  A n a ly s is  and Machine I n te ll ig e n c e , PAMI-3, 75-78.
[11] D udan i,  S.A. (1976) .  "The d i s t a n c e - w e i g h t e d  k - n e a r e s t
n e ig h b o u r  r u l e " .  IEEE T r a n s , on S y s te m s ,  Man, and  
C y b ern etics , SMC-6, 325-327.
[12] F ix ,  E. and H o d g e s ,  J .L .  (1951). " D i s c r im i n a to r y  a n a l y s i s ,
nonparam etr i c  d i s c r im in a t io n " .  P r o j e c t  2 1 -4 9 -0 0 4 ,  R e p o r t  
No. 4. USAF S c h o o l  o f  A v ia t io n  M e d ic in e ,  Randolph F i e l d ,  
Texas, F e b ru a ry  1951.
[13] F ix ,  E. and H o d g es ,  J .L .  (1952). " D i s c r im i n a to r y  a n a l y s i s ,
sm all  sample perform ance". P ro je c t  21-49-004, Report No. 
11. USAF S c h o o l o f  A v ia t io n  M ed icin e, Randolph F i e l d ,  
Texas, August 1952.
[14] F r a s e r ,  D.A.S. and  G u t tm a n ,  I .  (1956). " T o le ra n c e  r e g io n s " .
Annals o f  M athem atical S t a t i s t i c s , 27, 162-179.
[15] F r i t z ,  J .  (1 9 7 5 ) .  " D i s t r i b u t i o n - f r e e  e x p o n e n t i a l  e r r o r
bound fo r  n e a r e s t  neighbour p a t t e r n  c l a s s i f i c a t io n " .  IEEE 
Trans, on In fo r m a tic s  Theory, IT-21, 552-557.
[16] G o l d s t e i n ,  M. ( 1 9 7 2 ) .  " k ^ - n e a r e s t  n e i g h b o u r
c l a s s i f i c a t i o n " .  IEEE Trans, on Inform ation Theory, IT7 I 8 , 
627-630.
108
[17] G y o r f i ,  L. (1 9 7 8 ) .  On th e  r a t e  o f  c o n v e rg e n ce  o f  n e a r e s t
n e ig h b o u r  r u l e s " .  IEEE T rans, on In fo r m a tio n  T h eory . 
I T -2 4 , 509-512.
[18] G y o r f i ,  L, (1 9 8 1 ) .  "The r a t e  o f  co n v e rg e n c e  o f  k -NN
n
r e g r e s s i o n  e s t i m a t e s  and c l a s s i f i c a t i o n  r u l e s " .  IEEE 
Trans, on In form ation  Theory, it -2 7 , 362-364.
[19] G y o r f i ,  L. and G y o r f i ,  z. (1978). "An upper bound on th e
a s y m p t o t i c  e r r o r  p r o b a b i l i t y  o f  th e  k - n e a r e s t  n e ig h b o u r  
r u l e  f o r  m u l t i p l e  c l a s s e s " .  IEEE T rans, on In fo r m a tio n  
T h eory , I T -2 4 , 512-514.
[20] H eilm an, M.E. (1970). "The n e a re s t  neighbour c l a s s i f i c a t i o n
r u l e  w i t h  a r e j e c t  o p t i o n " .  IEEE T r a n s , on S y s te m s ,  
S cien ce  and C y b e rn etic s , SSC-6, 179-185.
[21] Kemperman, J .H .E . (1956). " G e n e ra l iz e d  T o le r a n c e  L im i t s " .
Annals o f  M athem atical S t a t i s t i c s , 27, 180-186.
[22] K rzy zak ,  A. and P a w la k ,  M. (1984). " D i s t r i b u t i o n - f r e e
c o n s is te n c y  o f  a nonparam etr ic  kernel r e g re s s io n  e s t im a te  
and c l a s s i f i c a t i o n " .  IEEE T rans, on In fo r m a tio n  T h eory , 
I T -3 0 , 78-81.
[23] L o f t s g a a r d e n ,  D.O. an d  Q u e s e n b e r r y ,  C.P. ( 1 9 6 5 ) .  "A
nonparam etr ic  es t im ia te  o f  a m u l t iv a r i a t e  d e n s i ty  function". 
Annals o f  M athem atical S t a t i s t i c s , 36, 1049-1051.
[24] Luk , A. ( 1 9 8 7 ) .  " N e a r e s t  n e i g h b o u r  c l a s s i f i c a t i o n " .
I n t e r n a l  R ep o r t ,  U n iv e r s i ty  o f  Glasgow.
[25] M acleod ,  J .E .S . ,  Luk, A. and T i t t e r i n g  to n ,  D.M. (1987). "A
r e -e x a m in a t io n  o f  th e  d i s ta n c e  weighted k-NN c l a s s i f i c a t i o n  
r u l e " .  IEEE T ran , on S y s te m s, Man, and Cyb e r n e t ic s ,  to  be 
p u b l i s h e d .
109
[26] M orin , R.L. and R a e s id e , D.E. (1981). "A r e a p p r a isa l o f
d is ta n ce -w e ig h ted  k -n e a r e s t  neighbour c l a s s i f i c a t i o n  for  
p a t te r n  r e c o g n i t io n  w ith  m iss in g  data". IEEE T ran s, on 
System s, Man, and C yb ern etics . SMC-11, 241-243.
[27] N i l s s o n ,  N .J. (1 9 6 5 ) .  L e a r n in g  M ach in es . McGraw-Hill , New
York.
[28] P a t r i c k ,  E.A. and F i s c h e r ,  P.P. I I .  (1970). "A g e n e r a l i z e d
k - n e a r e s t  n e ig h b o u r  r u l e " .  In fo r m a tio n  and C o n tr o l, 1 6 , 
128-152.
[29] P e n r o d ,  C.S. (1976 ) .  " N o n p a ra m e t r ic  e s t i m a t i o n  w i th  l o c a l
ru le s " .  Ph.D. d i s s e r t a t i o n .  U n iv e rs i ty  o f  Texas a t  A ustin .
[30] P e t e r s o n ,  D.W. (1 9 7 0 ) .  "Some co n v e rg e n c e  p r o p e r t i e s  o f  a
n e a r e s t  n e ig h b o u r  r u l e " .  IEEE T r a n s , on I n fo r m a t io n  
T h eo ry , I T -1 6 , 26-31.
[31] R a b i n e r ,  L.R., L e v i n s o n ,  S.E., R o sen b erg ,  A.E. and W ilpon ,
J.G. (1979). "S p e a k e r - in d e p e n d e n t  r e c o g n i t i o n  o f  i s o l a t e d  
w o rd s  u s in g  c l u s t e r i n g  te c h n iq u e s " .  IEEE T r a n s , on  
A c o u stic s , Speech, and S ig n a l P rocessing , ASSP-27, 336-349.
[32] S to n e ,  C .J . (1977) .  " C o n s i s t e n t  nonpar am e tr ic  reg ress ion" .
The Annals o f  S t a t i s t i c s , 595-645.
[33] Tomek, I .  (1976) .  "A g e n e r a l i z a t i o n  o f  th e  k-NN r u l e " .
IEEE T ra n s, on S y s te m s , Man, and C y b e r n e t ic s , SMC-6, 121-  
126.
[34] T u k e y ,  J .w .  ( 1 9 4 7 ) .  " N o n p a r a m e t r i c  e s t i m a t i o n  I I .
S t a t i s t i c a l l y  e q u iv a le n t  b locks and to le ra n c e  reg ions  -  the 
con tin u o u s  case" .  A n n als o f  M ath em atica l S t a t i s t i c s ,  1^, 
529-539.
110
[35] U rquh art ,  R.E, (1 9 8 3 ) .  Some new tec h n iq u e s  for p a t t e r n
r e c o g n i t i o n  r e s e a r c h  and lu n g  sound s i g n a l  a n a l y s i s " .  
Ph.D. t h e s i s ,  U n iv e r s i ty  o f  Glasgow.
[36] Wagner, T.J. (1971). "Convergence o f  the n e a re s t  neighbour
ru le " .  IEEE T ra n s , on In fo r m a tio n  T heory, IT -1 7 , 566-571.
[37] W i lk s ,  S.S. (1941) .  " D e te r m i n a t i o n  o f  s a m p le s  s i z e s  f o r
s e t t i n g  t o le r a n c e  l i m i t s " .  A n n a ls  o f  M a t h e m a t i c a l  
S t a t i s t i c s ,  12, 91-96.
I l l
Some new r e s u l t s  in  n earest neighbour c la s s i f ic a t io n
(The a u t h o r  w ou ld  l i k e  to  e x p r e s s  h i s  th a n k s  to  P r o f e s s o r  D.M. 
T i t t e r i n g  t o n ,  t o  D r. J .E .S . M acleod , and to  th e  r e f e r e e s  o f  two 
o f  t h e  a u t h o r ' s  p u b l i c a t i o n s  c i t e d  h e r e i n ,  fo r  t h e i r  h e l p f u l  
advice  and comments du ring  the p re p a ra t io n  of  t h i s  ch a p te r ;  and 
to  Dr. D.J. Hand f o r  h e l p f u l  d i s c u s s i o n  d u r in g  th e  p r e s e n t a t i o n  
o f  a paper in  th e  B r i t i s h  P a t t e rn  Recognition A ssoc ia t ion  Third 
I n t e r n a t io n a l  C onference , St. Andrews, 25-27 September, 1985.)
This work was su p p o rted  by th e  Croucher Foundation, Hong Kong.
Some new res u l t s  in  n earest neighbour c la s s if ic a t ic m  
Sunrnary
T h i s  c h a p t e r  p r e s e n t s  some o f  th e  r e c e n t  r e s u l t s  on 
n e a r e s t  n e i g h b o u r  c l a s s i f i c a t i o n .  In p a r t i c u l a r ,  th e  f i n i t e  
p e r f o r m a n c e  o f  t h e  w e ig h te d  k-NN r u l e  i s  com pared w i th  t h a t  o f  
the t r a d i t i o n a l  k-NN ru le .  Macleod e t  a l  (1987) have shown th a t  
a w e ig h te d  r u l e  may in  some c a s e s  a c h ie v e  a lo w e r  f i n i t e ,  
c o n d i t io n a l  p r o b a b i l i t y  o f  e r r o r  th an  th e  u n w e ig h ted  r u l e  when 
th e  s i z e  o f  t h e  p r o t o t y p e  s e t  i s  f i n i t e .  T h is  c o n c l u s i o n  was 
confirm ed by so lv in g  a n a l y t i c a l l y  a p a r t i c u l a r  sim ple problem and 
by e x p e r i m e n t a l  r e s u l t s  u s in g  a g e n e r a l i s e d  form o f  D u d a n i 's  
w e ig h t i rg  fu n c t io n .
An a l t e r n a t i v e  n e a re s t  neighbour c l a s s i f i c a t i o n  scheme 
i s  a l s o  i n t r o d u c e d .  U sing  a f i n i t e  s e t  o f  g a u s s i a n  d a t a ,  i t s  
f i n i t e  behav iour i s  examined. M od if ica tions  to  reduce r e j e c t i o n s  
are s u g g e s te d .
6.1 In tro d u ctio n
T h is  c h a p te r  i s  d iv ided  in to  two p a r t s .  The f i r s t  p a r t  
a d d r e s s e s  t h e  q u e s t i o n  l e f t  over from c h a p t e r  5, n a m e ly ,  th e  
f i n i t e  sample perfo rm ance  ( i.e . the  performance when the s iz e  o f  
th e  p r o t o t y p e  s e t  i s  f i n i t e )  o f  a n e a r e s t  n e ig h b o u r  c l a s s i f i e r  
( s e c t i o n  5 .4 .1 ) .  As t h i s  i s  a v e ry  d i f f i c u l t  p ro b le m ,  o n ly  one 
type o f  NN c l a s s i f i c a t i o n  a lg o ri th m , v iz  the weighted k-NN r u l e
112
( s e c t i o n  5 .2 .2 .3 .3 ) ,  w i l l  be exam ined in  th e  n e x t  s e c t i o n  
( s e c t i o n  6 .2 ) .  As m e n t io n e d  in  s e c t i o n  S .2 .2 .3 .3 , B a i l e y  and J a i n
(1978) have proved t h a t  th e  asym pto tic  co n d i t io n a l  p r o b a b i l i t y  of 
e r ro r  e^.(x) o f  th e  unweighted k-NN ru le  (sec tio n  5.2.2.2.1) for a 
t e s t  s a m p le  x i s  lo w e r  th a n  t h a t  o f  any w e ig h ted  k-NN r u l e .  In  
s e c t i o n  6 . 2 , t h i s  c o n c l u s i o n  i s  r e c o n s id e r e d  fo r  th e  c a s e  when 
th e  s i z e  o f  t h e  p r o t o t y p e  s e t  i s  f i n i t e .  In p a r t i c u l a r ,  
e q u a t io n s  for th e  f i n i t e ,  c o n d i t io n a l  p r o b a b i l i ty  o f  e r ro r  e^(x) 
o f  X a r e  d e v e l o p e d .  I t  i s  th e n  argued  t h a t  a w e ig h ted  r u l e  may 
in some c a s e s  a c h i e v e  a lo w e r  e^Xx) th a n  th e  unw eig h ted  r u l e .  
This c o n c lu s io n  i s  confirm ed  by a n a l y t i c a l l y  so lv ing  a p a r t i c u l a r  
s im p le  p ro b le m  a n d ,  a s  an i l l u s t r a t i o n ,  e x p e r im e n ta l  r e s u l t s  
o b ta ined  using  a g e n e r a l i s e d  form of Dudani's w eighting func tion  
(1976) a re  a l s o  p re s e n te d .
T he  s e c o n d  p a r t  ( s e c t i o n  6 .3) o f  t h i s  c h a p t e r  
in t ro d u ces  a new ty p e  o f  NN algori thm . E s s e n t i a l ly ,  the  n e a re s t  
n e ig h b o u r s  i n  S(k) a r e  exam ined  s e q u e n t i a l l y  in  o rd e r  o f  
in c re a s in g  d i s t a n œ  f r a n  the  unknown sample x u n t i l  a s p e c i f ie d  
m a j o r i t y  m o f  v o t e s  in  fa v o u r  o f  some p a t t e r n  c l a s s  over  i t s  
n e a r e s t  r i v a l  occurs .  Again, experim ents w ith  a f i n i t e  number o f  
n o r m a l ly  d i s t r i b u t e d  p r o t o t y p e  sam ples  a re  descr ibed . As w ith  
the (k,(L) or (k,iLj )^ NN c l a s s i f i c a t i o n  r u le s ,  r e j e c t i o n  in c re a se s  
a s  m i n c r e a s e s .  T h e r e f o r e ,  m o d i f i c a t i o n s  to  re d u c e  th e  
p r o b a b i l i t y  o f  r e j e c t i o n  a r e  a l s o  su g g e s te d  in  s e c t i o n  6.3. 
E x p e r im e n t s  a r e  g i v e n  to  i l l u s t r a t e  th e  r e s u l t s  o f  th e s e  
m o d i f i c a t io n s .
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6»2 F i n i  t e - sample performance of weighted k-W classification  
rules
6 .2 .1 . I n tr o d u c t io n
In  many p a t t e r n  c l a s s i f i c a t i o n  p ro b le m s ,  a s e t  o f  
c l a s s i f i e d  p ro to ty p e  sam ples (not n e c e ss a r i ly  cŒ npletely  c o r re c t )  
and an a d d i t i o n a l  s e t  o f  t e s t  sam p les  a r e  a v a i l a b l e .  Many 
c l a s s i c a l  s t a t i s t i c a l  p a t t e r n  r e c o g n i t i o n  t e c h n iq u e s  can  be 
app lied . One o f  th e s e  techn iques  i s  the k -n e a re s t  neighbour (NN) 
c l a s s i f i c a t i o n  r u l e  i n t r o d u c e d  in s e c t i o n  5 .2 .2 .2 .1 . A no ther  
i n t u i t i v e l y  a p p e a l i n g  i d e a ,  due to  Dudani (1976), i s  t h a t  a 
p ro to type  sam ple c l o s e s t  to  an u n c la s s i f i e d  t e s t  sample should be 
weighted m ost h e a v i ly .  Dudani proposed the use o f  a w eight which 
in c re a se s  a s  th e  d i s t a n c e  be tw ea i  the t e s t  sample and i t s  n e a re s t  
n e ig h b o u rs  d e c r e a s e s .
I t  h a s  h ow ever  b een  shown by B a i l e y  and J a i n  (1978) 
th a t  th e  c o n d i t i o n a l  a sy m p to tic  p ro b a b i l i ty  o f  e r ro r  ej^(x) o f  th e  
t r a d i t i o n a l  unw eighted  k-NN r u le  (i.e. i t s  performance assuming 
an i n f i n i t e  s e t  o f  p ro to ty p e  samples) i s  b e t te r  than th a t  o f  any 
weighted k-NN r u l e .  T h is  conc lu s ion  i s  no t d isp u ted .  In the same 
paper, B a i le y  and J a in  a l s o  p re sen t  the  r e s u l t s  o f  an experim ent 
in  w h ich  a k-NN r u l e  g i v e s  a lo w er  f i n i t e ,  a v e ra g e  f r e q u e n c y  o f  
m i s c l a s s i f i c a t i o n  th a n  a d i s t a n c e - w e i g h t e d  k-NN r u l e  u s in g  
D u d an i 's  w e i g h t i n g  f u n c t i o n .  S im i l a r  r e s u l t s  were ob ta ined  by 
Morin and R aes ide  (1981). These r e s u l t s  would tend to imply th a t  
the above c o n c lu s io n  fo r  the c o n d i t io n a l  asym ptotic  p r o b a b i l i t y
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of e r r o r  may a l s o  app ly  when the  number o f  p ro to type  samples i s  
f i n i t e .  However from  e x p e r i m e n t a l  r e s u l t s  in  t h r e e  r e c e n t  
p a p e r s ,  one  c a n  g a t h e r  e v id e n c e  s u g g e s t in g  t h a t  i t  d o e s  n o t
a p p ly .  Brown and K o p lo w i tz  (1979) used a NN r u l e  w e ig h te d
a c c o rd in g  to  t h e  n u m b e rs  o f  sa m p le s  in th e  r e s p e c t i v e  p a t t e r n  
c l a s s e s  and o b ta in e d  b e t t e r  performance than from the unweighted 
ru le  on a f i n i t e  p ro to ty p e  se t .  K eller e t  a l  (1985) proposed a 
fuzzy k-NN r u l e  which can be considered as another weighted ru le  
(weighting in t h i s  c a se  being based on fuzzy lo g ic ) ;  for a f i n i t e  
number o f  p ro to ty p e  sam ples ,  these  workers' ru le  a lso  performed 
b e t te r  than  th e  unw eighted ru le .  Most in t e r e s t i n g l y  o f  a l l  from 
the  p r e s e n t  v i e w p o i n t ,  Fukunaga and F l i c k  (1985) ( in  a p ap e r  on 
NN methods o f  Bayes r i s k  e s t im a t io n )  used both d is ta n ce -w e ig h ted  
and u n w e i g h t e d  d i s t a n c e  m e a s u r e s  and o b t a i n e d  lo w e r  
c l a s s i f i c a t i o n  e r r o r  r a t e s  when u s irg  the weighted measures.
The f i r s t  a im  o f  s e c t i o n  6.2 i s  to  show t h a t  th e
follow ing  h y p o th e s i s  i s  no t g e n e ra l ly  ap p l ic a b le :
Hypothesis 1 T h a t  t h e  e r r o r  r a t e  o f  th e  un w eig h ted  k-NN r u l e  i s  
lower than  t h a t  o f  any weighted k-NN r u le  even when the number 
o f  p r o to ty p e  sam ples  i s  f i n i t e .
In s e c t i o n  6 .2 .2  t h e  b a s i c  d i f f e r e n c e s  b e tw een  th e  c a s e s  o f  
f i n i t e  and i n f i n i t e  p ro to ty p e  s e t s  a re  d iscu ssed ,  ex p ress io n s  for 
th e  c o n d i t i o n a l  p r o b a b i l i t y  o f  e r r o r  o f  a t e s t  sam ple  a r e  
d e v e l o p e d , and i t  i s  a rg u e d  i n t u i t i v e l y  t h a t  under c e r t a i n  
c o n d i t i o n s  a w e ig h t e d  r u l e  may a c h ie v e  a lo w er  ^^(x) th a n  an
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unweighted r u l e .  In  s e c t i o n  6.2.3, a p a r t i c u la r  example (2-NN, 1 
d im ension, 2 c l a s s e s ,  2 p ro to ty p e  samples per c l a s s ,  p a r t i c u l a r  
c l a s s  c o n d i t i o n a l  p r o b a b i l i t y  d e n s i ty  functions) i s  solved. I t  
is  shown a n a l y t i c a l l y ,  for t h i s  p a r t i c u la r  case , t h a t  a s u i t a b ly  
w e ig h te d  NN r u l e  g i v e s  a lo w er  f i n i t e ,  e x p e c te d  (or a v e ra g e )  
p r o b a b i l i t y  o f  e r r o r  ( i . e .  f  { e^(x) } w i th  th e  e x p e c t a t i o n  
t a k in g  o v e r  a l l  p o s s i b l e  v a l u e s  o f  x) than  th e  c o r r e s p o n d in g  
u n w e ig h te d  r u l e  f o r  any p r o to t y p e  s e t  ( s u b j e c t  to  th e  above 
r e s t r i c t i o n s )  g e n e r a t e d  from th e  sp ec if ied  p d f 's .  This example 
may be r e g a r d e d  a s  c o n f i r m in g  a n a l y t i c a l l y  w hat was shown or 
s u g g e s te d  e x p e r i m e n t a l l y  f o r  th e  problems s tud ied  in the above 
t h r e e  c i t e d  r e f e r e n c e s .  I t  may a l s o  be r e g a rd e d  a s  a c o u n t e r ­
example to  H y p o th es is  1.
The se c o n d  aim  o f  t h i s  s e c t i o n  i s  to  i n v e s t i g a t e  
H y p o th e s is  1 e x p e r i m e n t a l l y .  I t  i s  shown in t h i s  s e c t i o n  t h a t  
th e  h ig h e r  a v e r a g e  f r e q u e n c y  o f  m i s c l a s s i f i c a t i o n  o b s e rv e d  by 
Bailey  and J a i n  and by Morin and Raeside in the case  o f  d i s ta n c e -  
weighted k-NN c l a s s i f i c a t i o n  i s  due not to any in h e re n t  genera l 
p r o p e r t y  o f  w e ig h t e d  k-NN r u l e s  b u t  r a t h e r  to  th e  p a r t i c u l a r  
weighting fu n c t io n  used , t h a t  o f  Djdani (1976). In s e c t io n  6.2.4 
a g e n e r a l i s e d  v e r s i o n  o f  D u d a n i ' s  r u l e  i s  p r o p o s e d  and 
experim en ta l  r e s u l t s  a r e  p resen ted  to show th a t  in  some cases  a 
low er f i n i t e ,  a v e r a g e  f r e q u e n c y  o f  m i s c l a s s i f i c a t i o n  can  be 
achieved when using  th e  weighted measure.
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6 . 2 . 2 .  C la s s i f i c a t io n  error o f  nearest neighbour ru le s  when the  
number o f  p roto typ e sam ples i s  f in i t e
For t h e  s a k e  o f  s i m p l i c i t y ,  a t w o - c l a s s  p ro b lem  i s  
con s id e red .  F o rm a l ly ,  l e t  be a s e t  o f  N c l a s s i f i e d  p ro to type  
s a m p le s  { ( x ^ , 0 ^ ) ,  i '^2'^2'^'   ^ w here 0  ^ i s  th e
l a b e l  o f  t h e  p r o t o t y p e  sa m p le  x^ and may be a s s ig n e d  to  e i t h e r  
c l a s s  Ci)^ o r  c l a s s  L e t  x be th e  u n c l a s s i f i e d  t e s t  sam p le
and ( x ( j ) , 0 ( j ) )  be th e  j - t h  n e a r e s t  n e ig h b o u r  ( j = l ,  2 , . . . ,  k) 
to  X .
The c o n d i t i o n a l  a s y m p to t i c  p r o b a b i l i t y  o f  e r ro r  e^(x) 
of the k-NN r u l e  fo r  a t e s t  sample x can be expressed in term s o f  
the  a p o s t e r i o r i  p r o b a b i l i t i e s  o f  th e  two c l a s s e s  and ^ 2 * 
For r = l , 2 , . . . ,
r - 1
e ', i ( x )  =2 r
3=0
r - 1
j=0
e 2 , ( x )  = ni(x)£[(f)lJwar^ W
j=0
r - 1
j=0
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(lb)
where i - 1 ,2  i s  th e  a p o s t e r i o r i  p ro b a b i l i ty  o f  c l a s s
^ 2 r  2 r  n e a r e s t  neighbours, and
g i s  an e r r o r  fu n c t io n  due to  the r e s o lu t io n  o f  t i e s  (which 
may o r  may n o t  depend on For g e n e r a l i t y  o f
n o t a t i o n ,  g i s  denoted by g(S2 )^ in the above equation ),  
(c . f .  D e v i j v e r  and K i t t l e r ,  1982, page 77).
When th e  number o f  p r o to t y p e  sam p le s  i s  f i n i t e ,  th e  
above e q u a t io n s  do n o t  hold in  genera l  because the a p o s t e r i o r i  
p r o b a b i l i t y  o f  g iv e n  the  j - t h  n e a re s t  neighbour x (j)  for any 
j = l , 2 , . . . , k  w i l l  n o t  i n  g e n e r a l  e q u a l  t h e  a p o s t e r i o r i  
p r o b a b i l i t y  o f  g iv e n  th e  t e s t  sam ple  x. Thus, f o l l o w i n g  
Fukunaga and F l i c k  (1985 ) ,  th e  a p o s t e r i o r i  p r o b a b i l i t y  o f  w ^  
given x ( j)  has to  be  expressed  as
T , j (x ( j ) )  = ±  (2b)
n ,2 (*(i)) = T.2 (x) + b_. (2 c)
where h^ i s  th e  amount o f  " d i s to r t io n "  (or dev ia tion) between the  
a p o s t e r i o r i  p r o b a b i l i t i e s  o f  x ( j )  and x ( h e r e a f t e r , h^ w i l l  be 
r e fe r r e d  to  a s  f i n i t e  d i s t o r t i o n ) .  In the fo llow ing development, 
fo r  c l a r i t y ,  t h e  p o s i t i v e  s i g n  in  e q u a t io n  (2 b) i s  a r b i t r a r i l y  
chosen. With th e  h e lp  o f  e q u a t io n s  (2), the f i n i t e ,  c o n d i t io n a l  
p r o b a b i l i t y  o f  e r r o r  o f  th e  t e s t  sample x for a f i n i t e  p ro to type  
s e t  can be r e w r i t t a i  in the  fo llow ing  way. For r - 1 , 2,.. .,
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q=l
2 r - l  ____
A ( q ) r 5 r
(3a)
2r _
®2r<*> "  ®2r<*^ *^2^ + (9(^2^) '  9 (S2^)} . (3b)
q=l
In  e q u a t i o n s  (3 ) ,  d e n o te s  th e  a v e ra g e  o f  a l l  q-
fo ld  p r o d u c t s  i n v o l v i n g  d i f f e r e n t  f a c t o r s  draw n from  {h 
p = l , 2 , . . . , k }. For i n s t a n c e ,
C - =  V
p=i
- c r z  t
p=l t= p f l
k ^ I T v
P=l
A ls o  in  e q u a t i o n s  (3 ), { A } and } a r e  f u n c t i o n s
of ^ j ( x )  and ^ (x ) , independent o f  the  {h^}. The f a c t  t h a t ,  in 
g e n e ra l ,  B^^  ^ = 0, i s  noted by Fukunaga and F lic k  (1985).
119
To go f u r t h e r ,  t h e  t i e  b r e a k in g  mechanism h as  to  be 
s p e c i f i e d  in  d e t a i l .  (Note t h a t ,  in  Fukunaga and F l ic k 's  r e s u l t s  
t i e s  w ere " r e j e c te d "  f r a n  co n s id e ra t io n .)  Suppose, for in s ta n c e ,  
t h a t  t i e s  a r e  b r o k e n  a t  random . Then, fo r  r = l , 2 , . . . .
In t h i s  c a s e ,  i t  tu rn s  out th a t
The r e s u l t  in  e q u a t io n  (4) i s  e s ta b l i s h e d  by the same argument as 
in D e v i j v e r  and K i t t l e r  (1982), p . lO l  fo r  th e  e x p e c te d  v a l u e s ,  
averaged over x.
I t  d o e s  n o t  f o l l o w ,  h o w ev er ,  t h a t  e^  (x) = ^ 2 r - l ^ * ^ '  
a l th o u g h  i n t e r e s t i n g  r e l a t i o n s h i p s  do a p p e a r .  The f o l lo w in g  
c o n je c tu re  was sugges ted  by T i t t e r i n g  ton (Macleod e t  a l ,  1987):
2 r - l  ____
(5a)
q=l
:r<*> = ® 2r-l<*^
q=l
As y e t ,  t h e r e  i s  no g e n e r a l  p r o o f  o f  t h i s  r e s u l t ,
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a l th o u g h  i t  i s  e a s y  to  ch ec k  t h a t  th e  c o e f f i c i e n t  o f  h^^^^ in  
e q u a t io n  (5b) i s  in d e e d  z e r o ,  i t  i s  l e s s  e a s y  b u t  p o s s i b l e  to
confirm t h a t  th e  im p o r ta n t  f i r s t - o r d e r  terms in eq u a t io n s  (5) do 
match (Macleod e t  a l ,  1987). T i t t e r in g  ton (Macleod e t  a l ,  1987) 
has p o in ted  o u t  the  fo l lo w in g  in te r e s t in g  s t a t i s t i c a l  conc lu s ions  
from e q u a t io n s  (5):
(a) I f  d e n o te s  e x p e c ta t io n  over the d i s t o r t i o n s  {h } and i f
th e  p r o t o t y p e  s e t  i s  v e r y  l a r g e ,  th en
(b) I f  t i e s  a r e  b r o k e n  a t  random  and n o t  s i m p l y  r e j e c t e d  a s
Fukunaga and F l ic k  (1985), then e^^(x) does con ta in  f i r s t -  
o rd e r  te rm s  in  the  d i s t o r t i o n .
(c) e ^ ^ (x )  and ^ 2 r - l d i f f e r  in  moments o f  h ig h e r  o rd e r  th a n
f i r s t .
From the  above eq u a t io n s ,  i t  i s  c le a r  th a t  these  f i n i t e  
d i s t o r t i o n s  {h^: p = l ,  2, . . . ,  k] w i l l  in  g e n e r a l  a f f e c t  th e  
f i n i t e ,  c o n d i t i o n a l  p r o b a b i l i t y  o f  e r r o r  o f  th e  k-NN r u l e  
whenever a f i n i t e  s e t  o f  p r o to t y p e  sam p les  i s  used . I f  a 
w e ig h t in g  f u n c t i o n  i s  c a r e f u l l y  c o n s t r u c t e d ,  th e  a p o s t e r i o r i  
p r o b a b i l i t y  o f  (x)^ g iv e n  t h e  j - t h  n e a r e s t  n e ig h b o u r  x ( j)  may be 
a l t e r e d  so t h a t  t h e  f i n i t e  d i s t o r t i o n  h^ w i l l  be re d u c e d .  T h is  
is  e q u iv a le n t  to  th e  rep lacem en t o f  hj in equa t ions  (2b) and (2c) 
by a new v a r i a b l e  h\, where h^ _< h^. On s u b s t i tu t in g  t h i s  s e t  o f  
v a r i a b l e s  { h ' :  p = l ,  2, . . . ,  k} in to  e q u a t io n s  (5) i t  i s  n o t  
d i f f i c u l t  to  s e e ,  t h a t  fo r  a f i n i t e  number o f  p ro to type  sam ples, 
the f i n i t e ,  c o n d i t io n a l  p r o b a b i l i t y  o f  e r ro r  o f  the sample x may 
he l e s s  w ith  a w eighted  r u le  than w ith  the unweighted ru le .
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S e c t io n  6.2,3 we examine e^(x) and e2 (x) in  more d e t a i l  
f o r  a p a r t i c u l a r  e x a m p le .  As we s h a l l  s e e ,  th e  1-NN r u l e  i s  
o f te n  e q u i v a l e n t  to  a w eighted  2-NN r u le ,  so t h a t  the  comparison 
between e^^Cx) and ^2 has im p l ic a t io n s  as  a comparison between 
unweighted and w eigh ted  2-NN ru le s .  From the  above form ulae, the  
d i f f e r e n t i a l  e f f e c t  in  d i s t o r t i o n  i s  d ic t a t e d  by the  d i f f e r e n c e  
in  th e  p r o p e r t i e s  o f  h^ a n d ~ h p ^  = (1/2) (h^ + h ^ ).
6 .2 3 .  A s im p le  example
I t  i s  p o s s i b l e  to  d e v e lo p  e x p r e s s i o n s  fo r  th e  e r r o r  
p r o b a b i l i t i e s  f o r  a f i n i t e  s e t  o f  p r o t o t y p e s  in  t e rm s  o f  
i n t e g r a l s  o f  p d f 's .  However e v a lu a t io n  o f  these  i n t e g r a l s  w i l l  
be f e a s i b l e  o n ly  i f  h i g h l y  s i m p l i f i e d  m o d e ls  fo r  th e  p d f ' s  a r e  
a ssu m ed . In  t h i s  s e c t i o n  an a n a l y t i c a l  c a l c u l a t i o n  o f  th e  
f i n i t e ,  expec ted  e r ro r  p r o b a b i l i t i e s  for one p a r t i c u l a r ,  h igh ly  
s im p l i f i e d  example i s  p re se n te d .  Here, the  e x p e c ta t io n  o p e ra t io n  
w i l l  be ta k e n  over a l l  the  p o s s ib le  v a lu es  o f  a t e s t  sample x.
R e c a l l i n g  e q u a t i o n  (13) from s e c t i o n  5 .2 .4 .2  and th e  
f a c t  t h a t  when t i e s  a r e  r e s o l v e d  ( i . e .  when no r e j e c t i o n s  a r e  
a l l o w e d ) ,  p r o b a b i l i t y  o f  e r r o r  = 1 -  p r o b a b i l i t y  o f  c o r r e c t  
c l a s s i f i c a t i o n ,  the  f i n i t e ,  c o n d i t io n a l  p r o b a b i l i t y  o f  e r ro r  can 
be w r i t t e n  as
e^(x) = 1 - ^ r j ^ ( x ) P r {  W = I S(k) }. (6)
i= l
122
The e x p e c ta t io n  o f  e q u a t io n  (6) g iv es  the  f i n i t e ,  expected  e r r o r  
p r o b a b i l i t y  and i s  g iv en  by
E ( ) = 1- I
i= l
.(x)Pr{ W = w  J  S(k)]p(x)dx (7)
w h e re  p (x )  i s  t h e  m i x t u r e  (or u n c o n d i t i o n a l )  p d f  o f  x and c i s  
th e  number o f  c l a s s e s .  Using Bayes ru le  equa t ion  (7) can a l s o  be 
w r i t t e n  as
E< Gu(x) 1 = 1 - C] ^ f . ( x ) P r {  w  = w. S(k)}'TT.dx (8) 
i= l
w h e re  f^^(x) i s  t h e  c l a s s - c o n d i t i o n a l  p d f  o f  x and i s  th e  a 
p r i o r i  p r o b a b i l i t y  o f  c l a s s  co^. I t  i s  p o s s ib le  to  s p e c ify  the  a 
p o s t e r i o r i  p r o b a b i l i t i e s  and th e  m ix tu r e  p d f  o f  x and th e n  to  
c a l c u l a t e  a s o l u t i o n  f o r  e q u a t io n  (7). However p(x) i s  r e l a t e d  
to  t h e  c l a s s - c o n d i t i o n a l  p d f ' s  and th e  a p r i o r i  p r o b a b i l i t i e s ,  
and i t  i s  e a s i e r  to  s p e c i fy  fj^(x) and TTj^ * Thus, i t  i s  e a s ie r  to  
co m p u te  a s o l u t i o n  f o r  ^j^(x) } u s in g  e q u a t io n  (8) th a n  w i th  
e q u a t i o n  (7). F u r th e r m o r e ,  th e  second te rm  on th e  r i g h t - h a n d  
s i d e  o f  e q u a t i o n  (8) (and e q u a t io n  7) i s  th e  f i n i t e ,  e x p e c te d  
p r o b a b i l i t y  o f  c o r r e c t  c l a s s i f i c a t i o n .  Thus, the  problem reduces 
t o  f i n d i n g  th e  a n a l y t i c a l  s o l u t i o n s  f o r  th e  f i n i t e ,  e x p e c te d  
p r o b a b i l i t y  o f  c o r r e c t  c l a s s i f i c a t i o n  f o r  th e  w e ig h te d  and 
unw eighted k-NN r u l e s .
3
I t  i s  w orth  rem arking t h a t ,  even in the example below, 
the c a l c u l a t i o n  {see below) o f  the  f i n i t e  expected p r o b a b i l i t y  o f  
c o r r e c t  c l a s s i f i c a t i o n  from  th e  assumed p r o b a b i l i t y  d e n s i t y  
fu n c t io n s  i s  v e ry  com p lica ted  and ted ious .
The e x a m p le
Again a tw o - c la s s  one-d im ensional problem w ith  a f i n i t e  
number o f  p r o t o t y p e  s a m p le s  i s  c o n s id e r e d :  s p e c i f i c a l l y ,  th e  
p ro to type  s e t  i s  assumed to  have four e lem ents ,  two from each 
c la ss .  The a p r i o r i  c l a s s  p r o b a b i l i t i e s  for the t e s t  sample are  
and w i th  = 1, and p a r t i c u l a r  c la s s - c o n d i t io n a l
p r o b a b i l i t y  d e n s i t y  f u n c t io n s  (namely those  defined  in  equa tions  
9 and 10, b e lo w )  a r e  a s su m e d .  A w e ig h te d  2-NN r u l e  i s  compared 
with the  co rre sp o n d in g  unweighted one, 2 being the  l e a s t  number 
o f  n e a r e s t  n e i g h b o u r s  w h ich  a l l o w s  th e  use o f  a w e ig h ted  r u l e .  
For t h i s  exam ple, i t  w i l l  be shown th a t  th e re  e x i s t s  a weighted 
2-NN r u l e  w h i c h  w i l l  a c h i e v e  a h i g h e r  f i n i t e ,  e x p e c t e d  
p r o b a b i l i t y  o f  c o r r e c t  c l a s s i f i c a t i c r i  than the (unweighted) k-NN 
r u l e .  S in c e  t h i s  c o n c l u s i o n  a p p l i e s  fo r  any s e t  o f  p r o to ty p e  
sam p le s  (tw o p e r  c l a s s )  t h a t  cou ld  be g e n e r a te d  from th e  
p a r t i c u l a r  c l  a s s - c o n d i t i o n a l  p d f 's  assumed, we have in t h i s  way 
shown a n a l y t i c a l l y  by c o u n te r - e x a m p le  t h a t  H y p o th e s is  1 i s  n o t  
g e n e r a l l y  a p p l i c a b l e .
To f u r t h e r  s i m p l i f y  th e  n o t a t i o n ,  l e t  a and b be the  
f i r s t  and second n e a r e s t  neighbours  r e s p e c t iv e ly  (i.e . a-x(l)  and 
b=x(2)) and l e t  w^ and w^ be th e  c o r r e s p o n d in g  w e ig h ts  fo r  th e
124
f i r s t  and th e  second n e a r e s t  neighbour, r e s p e c t iv e ly ,  such t h a t  
" l  > " Z  f u r t h e r , l e t  f^ (x )  and f ^ W  be th e  c l a s s - c o n d i t i o n a l  
p r o b a b i l i t y  d e n s i t y  f u n c t i o n s  fo r  c l a s s  and c l a s s  w
r e s p e c t iv e l y  and l e t  them take the  following s im ple forms (see 
f i g u r e  6.1)
and
(3 /4 ) (  1 -  )
f^(x) = 4
( 3 /4 ) (  1 -  (x -1)^  )
f2(x) = "S
|x |<  1
(9)
otherw ise
| x - l | < 1
(10 )
O th e r w ise .
Let (x) and F^(x) be th e  c o r re s p o n d in g  c l a s s - c o n d i t i o n a l
cum ula tive  d i s t r i b u t i o n  fu n c t io n s .  From ta b le  6.1 i t  i s  (±)vious
t h a t  th e  w e ig h t e d  2-NN r u l e  p r o v id e s  the  same d e c i s i o n  a s  th e
u n w e ig h ted  1-NN r u l e  (n o te  t h a t ,  a g a in ,  t i e s  a r e  r e s o lv e d
randomly). The problem can be broken down in to  two subproblems:
the  f i r s t  one i s  to  e v a l u a t e  th e  f i n i t e ,  e x p e c te d  p r o b a b i l i t y
^INN c o r r e c t  c l a s s i f i c a t i o n  for the 1-NN ru le ,  which in t h i s
p a r t i c u l a r  e x a m p le  i s  a l s o  th e  e q u i v a l e n t  f i n i t e ,  e x p e c te d
p ro b a b i l i t y  , o f  c o r r e c t  c l a s s i f i c a t i o n  for the weighted 2-NN
W2NN
t u l e ,  and th e  s eco n d  one i s  to  e v a l u a t e  th e  f i n i t e ,  e x p e c te d  
p r o b a b i l i t y  p o f  c o r r e c t  c l a s s i f i c a t i o n  o f  the unweighted 2-NN
ru le .  I t  i s  r e q u i r e d  to  show, th e re fo re ,  th a t  P ^ ^  > P2NN*
N ote  t h a t ,  a l t h o u g h  th e  t e s t  sam p le  x i s  a l lo w e d  to
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Table  D e c is io n  t a b l e  for the weighted 2-NN r u l e ,  unweighted 
2-NN r u l e  and unweighted 1-NN ru le
C la s s  m em bersh ip  o f
n o i r t h H n n r
Decision o f the
Unweighted 
C-NN r u l e
Weighted 
2-NN r u l e
Unweighted 
2-NN r u l ea = x ( l ) b = X(2)
Case A
1 1 1 1 1
Case E
1 2 1 1
*
Case C 2 1 2 2
*
Case D 2 2 2 2 2
Note * d e n o te s  t i e s  c o n d i t io n  has occurred. T ies  were reso lved  
rand o n ly .
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com e from  e i t h e r  c l a s s  or c l a s s  th e  s t r u c t u r e  o f  th e  
p ro to type  s e t  (namely four samples, two from each c lass )  w i l l  be 
taken as  f ix e d .
F i r s t  subprob lem : e v a lu a t in g
I t  i s  o b v io u s  from  t a b l e  6.1 t h a t  i s  e q u a l  to  th e  
a v e r a g e ,  w e i g h t e d  w i t h  r e s p e c t  to  t h e  a p r i o r i  c l a s s  
p r o b a b i l i t i e s  TT^ an d  I T 2 f o r  th e  t e s t  s a m p le  x ,  o f  t h e  
p r o b a b i l i t y  P ^ ^ ,  t h a t ,  g iv e n  t h a t  the  t e s t  sam ple  comes from 
c l a s s  t h e n  i t s  n e a r e s t  ne ig h b o u r  a i s  a l s o  from c l a s s
and th e  c o r re sp o n d in g  p r o b a b i l i t y  P^^ asso c ia ted  w ith  c l a s s  u>^. 
The former p r o b a b i l i t y  can be evaluated as fo llow s.
C ons ide r  a l l  p o s s ib le  choices x for the p o s i t io n  o f  the 
new o b s e r v a t i o n ,  X ( f i g u r e  6 .1). The p r o b a b i l i t y  t h a t  X l i e s  
w ith in  a p a r t i c u l a r  sm all  i n t e r v a l  (x, x+dx) i s
P( X < X < x+dx ) ^  f ,  (x)dx. (11)
Let y be t h e  a b s o l u t e  v a l u e  o f  th e  d i s t a n c e  b e tw een  x and i t s  
n e a re s t  ne ighbour a. I f  the  neighbour i s  to  belong to c l a s s  
one o f  the  two p ro to ty p e  samples which belong to c la s s  must 
be w i t h i n  a s m a l l  r a n g e  dy  n e a r  e i t h e r  x+y o r  x - y .  The 
p r o b a b i l i t y  o f  t h i s  i s
2 { f^ (x + y )d y  + f^ (x -y )dy} .
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Tte f a c to r  o f  2 i s  p r e s e n t  because the n e a re s t  neighbour could be 
e i t h e r  o f  t h e  2 p r o t o t y p e  s a m p le s  which b e lo n g s  to  c l a s s  CJ^. 
The o th e r  c l a s s  Lû  ^ sample i s  o u ts id e  the in te r v a l  (x-y,x+y), as 
are  the  two c l a s s  C4I 2 s a m p le s , which g ives  the fo llow ing f a c to r s  
towards the  p r o b a b i l i t y
{1 -  (x+y) + Fj^(x-y)}{l -  F^(x+y) + F2 (x-y)}^. (13)
In o r i n c i p l e ,  P^^ c a n  be o b ta in e d  by m u l t i p l y i n g  e x p r e s s io n s  
(11), (12) and (13) t o g e t h e r  and i n t e g r a t i n g  over x and y.
However, th e  p ro b le m  i s  c o m p l ic a te d  by th e  f a c t  t h a t  f^(x) = 0 
( j= l ,2 )  o u t s i d e  f i n i t e  i n t e r v a l s .  I t  i s  t h e r e f o r e  n e c e s s a r y  to  
s p l i t  t h e  r a n g e  o f  x i n t o  fo u r  s u b ra n g e s ,  i . e .  “ 1 £  x £  - 1 / 2 ,  
-1 /2  £  X  £  0, 0 £  X  £  1/2  and 1/2 £  x £  1 (see f ig u re  6.1). When 
X i s  in  t h e  r a n g e  -1  £  x £  - 1 / 2 ,  t h e n  y i s  in  t h e  r a n g e  
0 < y < 1 - x .  On s p l i t t i n g  t h i s  r a n g e  o f  y up i n t o  t h r e e  
sub i n t e r v a l s ,  namely 0 < y < 1+x, 1+x < y < -x and -x  < y < 1-x, 
one see s  t h a t
(i)  a t  y = 1+x, x -y  = - 1 ,  so F^(x-y) i s  z e ro ,
( i i )  u n t i l  y = - x ,  1 -  F2 (x+y) + F2 (x-y) = 1/ and
( i i i )  f o r  y > 1+x , th e  n e a r e s t  n e ig h b o u r  has t o  be a t  x+y.
B earing  in  mind th e se  and o the r  c o n s id e ra t io n s ,  one can 
w r i t e  th e  c o n t r i b u t i o n  o f  th e  ran g e  -1  £  x £  - 1 / 2  to  th e  
p r o b a b i l i t y  P^^ a s
+ 2 p '  f * f i  (x )f .  (x+y) [1 -F , (x+y)]<3y<3x 
‘'f+X I  I
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J.» f  1 (X) (x+y) [l-p^(x+y)] [l_p^(x+y)]
Bv s i m i l a r  a r g u m e n t s ,  t h e  c o n t r i b u t i o n s  from th e  o th e r  t h r e e  
subranges o f  x can be w r i t t e n  as
f^ (x )  [ f^ (x + y )+ f^ (x -y )]  [l-F^{x+y)+F^(x-y)]dydx 
+ 2_[° j '£ ^ ( x ) [ f ^ ( x + y ) + f ^ ( x - y ) ]  [l-F^(x+y)+F^(x-y)] 
[ l -F j fx + y ) )  dydx 
+ 2 C  f'"* f ,  (x )f ,  (x+ y)[ l-F ,  (x+y)l [ l -F ,(x + y )]^ d y d x  
+ f  ^  ( X )  ( f  j  (x+y)+fj(x-y)l [l-F^(x+y)+Fj(x-y)]
[1 -F _ (x+y)+?2 Ix-y)] dydx
+ 2/ ^ 1 /  f^(x)[fj^(x+y)+f^(x-y)][l-F^(x+y)+F^(x-y)l
I I -F 2 (x+y ) 1 dydx
+ 2 0 £  f^ (x )f^ (x -y )F ^ (x-y )[ l-F 2(x+ y)]^ âyd x
+ 2 j ; 'J ' ;* f^ (x ) [ f ^ (x + y )+ f^ (x -v ) l  ( l-F^(x+v)+F^(x-y)l
[ 1-F 2 ( x+y ) +F 2 ( x-y ) 1 ^âydx
+ f^  'X) f^ (x -y )F ^ (x -y ) [ I -F 2 (x+y) +F2 (x -y ) ] dydx
+ 2 j '£ ^ ^*  f ^ ( x ) f ^ ( x - y ) F ^ ( x - Y ) [ l - F 2 ( x + y ) lV * -
Computation o f  th e  above tw elve in te g ra l s  gives
The p r o b a b i l i t y  o f  o b ta in in g  both  x and a from
class  W 2  can be found by s im i la r  methods and, by symmetry, 
same n u m e r i c a l  s o l u t i o n  can  be o b ta in e d .  Thus the  
expected p r o b a b i l i t y  o f  c o r r e c t  c l a s s i f i c a t io n  for the 1
the w eighted 2-NN r u l e s  i s
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Second subprob lem : e v a lu a t in g
^2NN sQ u a l  to  th e  av e rag e  o f  the  four c a s e s  l i s t e d  
in t a b l e  6 .1 : t h e  p r o b a b i l i t y  P^^ t h a t ,  g iven  t h a t  th e  t e s t  
sample x comes foom c l a s s  Cü^, i t s  two nearest  neighbours a and b 
are  a l s o  from  c l a s s  ; th e  c o r re sp o n d in g  o r o b a b i l i t y  p^^ 
asso c ia ted  w ith  c l a s s  W ^; the  p ro b a b i l i ty  P ^  th a t ,  given th a t  x 
comes from c l a s s  , i t s  n e a r e s t  neighbour a comes from c l a s s  
CJ^, w h i l s t  i t s  second n e a re s t  neighbour b comes from c la ss  
and th e  o r o b a b i l i t y  P^^ w hich  has the  same d e s c r i p t i o n  as  P^^ 
except t h a t  th e  c l a s s i f i c a t i o n s  of a and b are reversed.
P^ 2  c a n  be e v a l u a t e d  using  th e  same method a s  in  th e  
f i r s t  p r o b le m .  L e t  z be th e  a b s o lu te  v a lue  o f  the  d i f f e r e n c e  
betw een t h e  d i s t a n c e s  o f  th e  t e s t  sample from i t s  two n e a r e s t  
n e ig h b o u rs  a and b. E x p re s s io n s  (11) and (12) s t i l l  ho ld . 
E x p re s s io n  (13) h a s  to  be m o d if ied  in to  the  fo l lo w in g  two 
ex p ress io n s  o f  p r o b a b i l i t y
{fj^(x+y+z) + f^ (x -y -z )} d z (14)
and
{1 -  F „(x+y+z) + F^(x-y-z)}^.
A gain , th e  r a n g e s  o f  x ,  a and b have to  be s p l i t  in  
su b in te r v a ls . Thus an expression  for P^2 found,
involves tw e n ty - fo u r  in tegra ls  (see appendix 6A). Evaluation o f  
fbese in teg r a ls  g iv e s  "  53.64%.
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S i m i l a r l y ,  by s y m m e try ,  = 53.64%. P^^ and P
correspond  to  s i t u a t i o n s  where t i e s  can occur. Suppose t h a t ,  in  
t h i s  c a s e ,  t h e  d e c i s i o n  i s  made f o r  c l a s s  o r  c l a s s  a t
random. Then
^2NN “ *^1^A2 "^2^D2 d / 2 )  (Pg2'''^C2^
^A2 % 2 ‘‘'^C2^
(1 /2 )(1 -P A 2 )
= (53.64 + 23.68)%
= 77.32%.
With r e f e r e n c e  to  th e  above in e q u a l i t y ,  n o te  t h a t  i f
^E2 ^ ” ^A2 ” ^B2 ”  ^C2
t h e n  P g 2 d e n o t e s  t h e  p r o b a b i l i t y  o f  h a v in g  a t e s t  s a m p le  from  
c l a s s  for which th e  two n e a re s t  ne ighbours  in  th e  p ro to ty p e  
d a ta  a r e  both  from c l a s s
C o m p ar in g  t h e  s o l u t i o n  o f  th e  f i r s t  su b p ro b le m  w i t h  
t h a t  o f  th e  second subproblem , i t  i s  obvious t h a t
^W2NN  ^ ^INN^ ^ ^2NN*
Hence, fo r  t h i s  s im p le  exam ple, i t  has been shown for any s e t  o f  
p r o t o t y p e  s a m p le s  (tw o p e r  c l a s s )  g e n e r a t e d  from t h e  assum ed  
c l a s s - c o n d i t i o n a l  p d f ' s  t h a t  t h e r e  e x i s t s  a w e ig h te d  k-NN r u l e
which) w ] ] 1 pci f tK-tter ic te rms oi cor r c-ct c l a s s i f i c a t i o n  than
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t h e  t r a d i t i o n a l  (u n w e ig h te d )  k-NN r u l e  when th e  number o f
p ro to ty p e  sam p le s  i s  f i n i t e .
6,2.4. A g e n e r a l is a t io n  o f  Dudani's weighting function
For j  < k, l e t  be the d is tance  (which can be defined 
by an y  s u i t a b l e  d i s t a n c e  m e tr ic )  between th e  j - t h  n e a r e s t  
n e ig h b o u r  and  an u n c l a s s i f i e d  sample x. Dudani (1976) d e f in e s  
the w e ig h t  Wj fo r  th e  j - t h  nea re s t  neighbour as
-  "^ 1
^k / ^ 1
(16)
^k = ^ l
( s e e  s e c t i o n  5 . 2 . 2 . 3 . 3 ) .  The d i s t a n c e - w e i g h t e d  k NN 
c l a s s i f i c a t i o n  r u l e  a s s ig n s  a la b e l  0  (for the u n c la ss i f ied  t e s t  
sample x) to  t h a t  c l a s s  w ith  the la rg e s t  t o t a l  weight.
The w e i g h t i n g  f u n c t i o n  in  e q u a t io n s  (16) e f f e c t i v e l y  
removes th e  k - t h  n e a r e s t  neighbour from p a r t i c ip a t in g  in the 
c l a s s i f i c a t i o n .  T h is  i s  because i f  = d^ in eq u ation s (16), 
then W|^  = 0. Let be the average asymptotic error probability  
o f the k-NN ru le . I t  has been shown (Devijver and K ittler , 
th at T herefore, from the above arguments and those in
s e c t io n  6.2.2, one would expect that the distance-weighted k-NN 
r u le  w ould n o t  c l a s s i f y  b e t te r  than the t r a d it io n a l  k-NN ru le
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w ith  t i e s  r e s o lv e d  by some means.
E q u a t io n s  (16) are  th e re fo re  modified to
(<3g -  <3j) + ÛC (dg -  d^)
(1 + a : ) ( d g  -  d^)
(17)
where
dg i s  t h e  d i s t a n c e  betw een  th e  t e s t  sample x and i t s  s - t h  
n e a r e s t  n e ig h b o u r  x(s) (s=k, k+1, . . . ) ,  and 
X  i s  a  p o s i t i v e  co n s tan t .
I t  i s  o b v i o u s  t h a t  when d^ = dj  ^ and 0C= 0, e q u a t io n s  (17) become 
the  o r i g i n a l  w e ig h t in g  func tion  proposed by Dudani. Since the re  
a re  many p o s s i b l e  v e rs io n s  o f  equations (17), only the following 
th re e  s p e c i a l  c a se s  w i l l  be experimented with in th i s  section . 
(Case 1) when X  = 0 and x(s) depends on th e  v a lue  o f  k, i . e .
s  = pk w here p= 2 ,3 ,. . . .  The f i r s t  two v a lu e s  o f  p 
( i .e .  p = 2 and p = 3) were investiga ted ;
(Case 2) when CC = 0 and s /  k and s does no t depend on th e  
v a l u e  o f  k. Two such  e x a m p le s  h av e  b een  
experim ented  w ith , i .e .  s = N and s = (N/c), where 
a g a i n  N = t o t a l  number o f  p r o to ty p e  sam p le s ,  and
c = number o f  c la sse s ;
(Case 3) when s  = k and ûC v a r i e s .  A gain, two such example
13 4
w e re  i n v e s t i g a t e d ,  nam ely, w i th  OC = 1.0 and 
OC = 2 .0 .
The ex p er im en t
The new e x p e r im en t  th a t  has been conducted was s im ila r  
to t h a t  d e s c r i b e d  by D udani (1976) b u t  used the  w e ig h t in g  
f u n c t i o n s  o f  e q u a t i o n s  (17).  The sam ple s e t  was a t h r e e - c l a s s  
b iv a r i a te  d a t a  s e t  g e n e ra te d  by a random number generator using 
NAG r o u t i n e s  on a GEC 4180 c o m p u te r . 3000 t e s t  sam ples  were 
generated. The ex p e r im en t was performed six times on th i s  same 
s e t  o f  t e s t  s a m p l e s ,  e a c h  t i m e  w ith  an in d e p e n d e n tly  g e n e ra te d  
set of 150 p r o to ty p e  sam ples, 50 from each c lass . Figures 6.2 to 
6.7 show th e  s i x  s e t s  o f  150 p ro to ty p e  sam ples used fo r  the  
e x p e r im e n t .  For e a c h  o f  th e  above th r e e  s p e c i a l  c a s e s ,  the
sample-based f i n i t e ,  average  f r e q u e n c y  of m isc la s s i f ic a t io n  or
s im ply  a v e r a g e d  p r o b a b i l i t y  o f  e r r o r  (as e s t im a te d  by a s im pl 
error co u n tin g  method) over the six  runs i s  p lo t ted  agains 
number o f  n e ig h b o u rs  k used for c l a s s i f i c a t io n .  The r e s u l t  
shown in  f i g u r e s  6.8 to  6.10. For com parison  purpose , 
correspxDnding averaged  p r o b a b i l i t y  o f  e rro r  estim ated by 
method (a) fo r  th e  k-NN r u l e  w ith c - c la s s  t i e s  broken randomly by 
s im u l a t i n g  a t o s s  o f  a c - f a c e d  f a i r  d i e .  and (b) fo r  Dudani 
d is ta n c e -w e ig h te d  k-NN r u l e ,  a r e  a lso  shown in the figures .
A lthough  th e  above th ree  sp ec ia l  cases are s e le c ta i  in 
a r a t h e r  ad hoc  m a n n e r ,  f i g u r e s  6.8 to  6.10 show t h a t  in  some 
cases  D u d a n i 's  r u l e  w i t h  t h e  m o d if ie d  d i s t a n c e  weig
135
1 2  
1 1 
10 
9  
8
C
+0
□ L
u
^  D e '  
----------n--------
n  r-, D
U
-2
- 3
- 4
- 5
-sL
0
0
e 1 2 4 5  6  7 6 9 1 0 î : 1 2 1 3 1 4 1 5  1 Ê 1 7
F ig u re  6 .2  The f i r s t  3 -c la se  2-cimensionaI Gaussian prototype se t 
used  in  t h e  e x p e r im e n t  in s e c t i o n  6.2.4 o f  th e  t e x t .  
(The d i s t r i b u t i o n s  of the three c la sse s  of prototype 
saiTitTes a re  described  in Dxiani's paper, 1976.) 
d e n o t e s  f i r s t  c l a s s  p r o to ty p e s ,  (-f ) d en o te s  second 
c l a s s  p r o t o t y p e s  and (D )  d e n o t e s  t h i r d  c l a s t  
p r o to t y p e s .
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F ig u re  6 .3  The second  3 - c 2 a s s  2 -c im e n s io n a l  Gaussian prototype 
s e t  usée  in th e  ex p e r im en t in s e c t i o n  6.2.4 o f  th e  
t e x t .  Sw^bols as ifi f igu re  6.^.
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F ig u re  6 .4  The t h i r d  3 -c la s s  2-dimensional Gaussian prototype set 
u sed  in  thic e x p e r im e n t  in s e c t io n  6.2.4 of the t e x t .  
Symbols as in f igu re  6.2.
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F igu re  6 .5  The f o u r t h  3 - c l a s s  2 -d im en s io n a l  Gaussian prototype 
s e t  u sed  in  th e  e x p e r im en t in s e c t i o n  6.2.4 o f  the 
t e x t .  Sym.bols as in figure 6.2.
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F ig u r e  6 .6  The f if t± j 3 -c la s s  2-ôimensional Gaussian prototype set 
u s e e  in  th e  e x p e r im e n t  in s e c t i o n  6.2.4 o f  the t e x t .  
Symbols as in figure 6.2.
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F ig u re  6 .7  The s i x t h  3 -c le ss  2-diinensionaI Gaussian prototype set 
u s é e  in  th e  ex p er im en t in s e c t i o n  6.2.4 o f  the  t e x t  
Symbols as in figure  6.2.
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f i g u r e  6 .8  F i r a  t e ,  average p ro b a b i l i ty  of error averaged w e r  
s i x  r u n s  v e r s u s  num ber o f  n e i g h b o u r s  k f o r  a 
d i s t a n c e - w e i g h t e d  k-NK r u l e  using th e  w e igh t ing  
fu n c t io n  of equations (17) with CC = G and (i) s = 2k 
(4 ^  end  ( l i )  s = 3k For c o m p a r i s o n ,
a g a i n s t  k i s  a l s o  p l o t t e d  fo r  (i) k-NK r u l e  (-^) and
( i i )  Dudani's d is tance-w eigh ted  k-NT-- ru le  f V i -
1 4 2
_o
C L
L.
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35,
Number of neighbours k
F igure  6 .9  F i n i t e ,  average p ro b a b i l i ty  of e rro r  averaged over 
s i x  r u n s  v e r s u s  num ber o f  n e i g h b o u r s  k fo r  e 
d i s t a n c e - w e i g h t e d  k-NK r u l e  using the  w eigh ting  
furxrticTi of equations (17) with, OC - 0 and (i) s = K 
(4=) and ( i i )  s = N/c (-^ ). Other symbols a re  a s
f i g u r e  6.8.
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fj-oure £ .10  F in i t e ^  average p r o t a t i l i t y  of e rror averaged- over 
s i x  r u n s  v e r s u s  num ber o f  n e i g h b o u r s  k fo r  a 
d i s t a n c e - w e i g h t e d  k-NfC r u le  using the w e igh ting  
f u n c t io n  of equations  (17) witr. s = k and (i) OC ~ l .C  
(=W and ( i i )  CC = 2.C i - ^ ) .  Other symbols a r e  as
f i g u r e  6.8.
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perform ed b e t t e r  than  th e  unweighted k-NN ru le ,  for example when 
k 10 in  f i g u r e s  6.8 t o  6.10. The w o rs t  perform ance of  a l l  i s  
from  D u d a n i 's  u n m o d i f ie d  r u l e .  I t  must be em phasized t h a t  
a lthough  o n ly  th e  average p lo t s  were shown, the same observation 
( i . e .  in  som e c a s e s  D u d an i 's  r u l e  w ith  m odified  d i s t a n c e  
w e igh ting  has perform ed b e t t e r  than the unweighted k-NN rule) was 
noted in  each  run .
F i g u r e  6.11 i l l u s t r a t e s  th e  e f f e c t  o f  vary ing  OC (w ith 
s = k in  e q u a t i o n s  17) from  0.2 to  4.0 fo r  th r e e  v a lu e s  o f  k 
(n am e ly ,  k = 3 , 5 and 16) on one o f  the  p ro to ty p e  s e t s  (the s i x t h  
p ro to ty p e  s e t ,  f i g u r e  6.7) used in the above experiment. I t  can 
be s e e n  t h a t  a s  CC i n c r e a s e s  from 0.2 to  4.0, the  ( f i n i t e  sample) 
e s t im a te d  p r o b a b i l i t y  o f  e r ro r  decreases and then eventually  
l e v e l s  o f f  a t  d i f f e r e n t  v a lu e s  otCC fo r  d i f f e r e n t  v a lu e s  o f  k. 
Again, in  some c a se s  (namely k = 5 and 16) the weighted k-NN ru le  
g iv e s  a low er f requency  of m is c la s s i f ic a t io n  than the unweighted
k-NN r u l e .
These r e s u l t s  a re  fu r th e r  experimental confirm ation, in 
a d d i t i o n  to  t h r e e  r e f e r e n c e s  c i t e d  in  s e c t io n  6.2.1, t h a t  
H y p o th e s i s  1 i s  n o t  g e n e r a l l y  a p p l i c a b l e .  Indeed , 
experim en t th e  w eigh ted  r u l e  (mcxlified Dudani) has sometimes out­
p e r f o r m e d  t h e  u n w e ig h te d  r u l e  even w ith  a r a t i o  (number o f  
p ro to ty p e  sam ples  per c la ss )  /  (dimensionality) as la rge  as 
i . e .  w i th  a p ro to ty p e  s e t  which would be considered e f fe c t iv e ly  
" i n f i n i t e "  f o r  many p u r p o s e s  in  c l a s s i f i e r  d e s i g n .  
H ypo thes is  1 may n o t app ly  even for " f a i r ly  la rge  f m i
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F igu re  6 . 1 1  F i n i t e ,  e s t i m a t e d  p r o b a b i l i t y  of e r r o r  v e rsu s  
v a l  ue o f  OC fo r  a d i s ta n c e - w e ig h te d  k-KN ru le  using  
th e  w e ig h t in g  fu n c t io n  of eq u a t io n s  (1 /) c t  th r e e  
c i f f e r e n t  v a l u e s  o f  k, namely k = u (V '  ' k - - (X ) 
anc  k = I f  « 0 ; .  For coir par isor., for tf.e k-NT 
r u l e  a t  t n e s e  v a i u e r  is p lo t t e d  as th r e e  s t r a i g h t  
l i n e s ,  i . e .  k = 3 ( A ) '  k = 5 ( +  ) anc k = I f  (□ )  •
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s e t s .
6.2.5. D iscussion
A l t h o u g h  i n  s e c t i o n  6 .2 .3  o n ly  a 2 - c l a s s  o n e -  
d i m e n s i o n a l  p ro b le m  h a s  been c o n s id e re d ,  the  argum ents  can in  
p r i n c i p l e  be ex tended  to  h igher dimensions. Ihe extension to the 
m u l t i c l a s s  problem  w i l l  be more d i f f i c u l t  and i s  beyond the scope 
of t h i s  t h e s i s .  T h is  example can be regarded as i l l u s t r a t i n g  how 
th e  e q u a t i o n s  in  s e c t i o n  6.2.2 app ly  to  a p a r t i c u l a r  case .  I t  
can a l s o  be reg a rd ed  as a counter-example to the hypothesis th a t  
the c o n c lu s io n  o f  B a i le y  and Ja in  for the conditional,  asymptotic 
p r o b a b i l i t y  o f  e r r o r  a l s o  a p p l i e s  when the  p ro to ty p e  s e t  i s  
f i n i t e .
The fo l lo w in g  conclusions were arrived  a t  in d iscussion 
w ith  P r o f e s s o r  T i t t e r i n g  ton. The asymptotic comparisons between 
tw o t y p e s  o f  w e ig h te d  k-NN r u l e  have n o t  been in v e s t i g a t e d .  
However, t h i s  i s  achieved  by Bailey and Ja in  (1978) for the case 
w here  one  o f  t h e  w e i g h t i n g s  i s  s p e c i a l ,  namely, the  unweighted 
r u l e .  A n a t u r a l  a p p ro a c h  would be to  fo l lo w  th e  argument o f  
B a i ley  and J a i n  as  f a r  as th e i r  equation (9), but where the ' 
and ”f  now r e f e r  t o  n o n t r i v i a l  w e ig h t in g s .  However, th e  n e x t  
s t a g e  o f  t h e  a r g u m e n t  in  t h e i r  paper then  f a i l s .  I t  seems t h a t  
even a s y m p t o t i c  c o m p a r is o n s  w i l l  r e q u i r e  a t  1 
s p e c i f i c a t i o n  o f  c h a r a c t e r i s t i c s  such as the c la ss  oond 
d e n s i t i e s  f ,  and f ^  and ,  c o n s e q u e n t ly ,  i t  w i l l  be n e c e s s a ry  to  
m d e r ta k e  n u m e r ic a l  work on the l in e s  of th a t  in section  6.2.3.
6.3 An a lt e r n a t iv e  n e a r e s t  neighbour c la ss if ic a t io n
6 .3 .1 . In tr o d u ctio n
T h i s  s e c t i o n  i n t r o d u c e s  a n e a r e s t  n e ig h b o u r  
c l a s s i f i c a t i o n  scheme (Luk and Macleod, 1986) which i s  somewhat 
d i f f e r e n t  from  t h o s e  su rv e y e d  in s e c t i o n  5.2.1. The b a s ic  idea 
w i l l  be d e s c r i b e d  in  t h e  n e x t  s e c t io n .  As in the  (k,i)-NN and 
(k,H^)-NN r u l e s ,  r e j e c t i o n  a r i s e s  n a tu ra l ly  from the basic idea 
when the s i z e  o f  th e  p ro to ty p p  se t  i s  f in i t e .  Methods to reduce 
the p r o b a b i l i t y  o f  r e j e c t i o n  are  suggested in sections 6.3.4 and 
6.3.6. E xperim en ts  on q a u ss ia n  da ta  are conducted to demonstrate 
the r e s u l t s  o f  th e s e  m o d if ic a t io n s .
M»2. Proposed c l a s s i f i c a t io n  scheme
L e t  th e  s e t  o f  N o rd e re d  n e a r e s t  ne ighbours  o f  a t e s t  
sample x be d e f i n e d  o v e r  a s u i t a b l e  m easurem ent, such as  the  
E uc lidean  m e t r i c .  T h i s  e f f e c t i v e l y  maps a h igher d im ens iona l  
space to  a one  d i m e n s i o n a l  space . The proposed c l a s s i f i c a t i o n  
scheme i s  t o  e x a m in e  th e  n e a r e s t  ne ighbou rs  one a t  a t im e  in 
order o f  in c r e a s in g  d i s t a n c e  from x u n t i l  the number of votes 
for c l a s s  CD^  ( i = l , 2 , . . . , c ,  c = number o f  c l a s s e s )  has exceeded 
the number o f  v o te s  fo r  the nearest  " r iva l"  c la ss  CJj i /  
'2 , . . . , c )  by a m a j o r i t y  m, where m ^  1. At t h i s  p o in t  th  
a lg o r i th m  s t o p s  and x i s  a s s ig n e d  to  c l a s s  The proposed
^ole i s  th e  sam e a s  t h e  1-NN r u l e  when m = 1. For m > 1/ i t  w i l l  
continue to search the ordered s e t  o f nearest neighbours untU a
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decision  w (m ), w hich  depends on m, i s  made, i t  d i f f e r s  from the 
(k,a..)-NN r u l e  ( s e c t i o n  5 .2 .2 .2 .3) in  t h a t  ( fo r  m > 1) both  k and 
4 . a r e  v a r i a b l e .  F o r m a l l y ,  f o r  an i n f i n i t e  s e t  o f  sam p les ,  th e
rule can be d e f in e d  a s
W (m) = i f  .)^in, VjT^i, i , j = l , 2 , . . . , c ,  m^l (18
The convergence p ro p e r ty  of the ru le ,  l ik e  th a t  o f  the 
k-NN r u l e  ( s e c t i o n  5 .2 .4 ) ,  i s  g u a ra n te e d  i f  h oo and h/N —^  0 
as N oo, where
;h = >  Ap.
( B a s i c a l ly ,  i t  i s  n e c e s s a r y  to  show t h a t  none o f  the  h n e a r e s t  
neighbours f a l l  o u t s i d e  a hyper sphere o f  radius ^  as the 
of p ro to ty p e  sam ples  approaches in f in i ty .  Then the a po 
p r o b a b i l i t y  o f  t h e  n e a r e s t  ne ighbours  w i l l  approach th e  
p o s te r io r i  p r o b a b i l i t y  o f  the  t e s t  sample x. I t  then W lo w s  th a t  
the f i n i t e  sam ple , c o n d i t io n a l  p ro b ab il i ty  of e rro r  e^( 
proposed  r u l e  w i l l  c o n v e rg e  to  a c o n s ta n t ,  say  which i s  the  
average a s y m p to t ic  e r r o r  p r o b a b i l i t y  of the proposed 
proof i s  s i m i l a r  to  D ev ro y e ,  1981, and a s im p le r  v e r s i  
found in D ev ijv e r  and K i t t e r ,  1982, page72 7 )
M  w  .  „ , 1 1  V .1 U. o l  » /»  «»
f i n i t e  sam p le s iz e " )  o n ly  a sm all s u b s e t  can be seacc
V a .  I^m a .
K i t t l e r ,  1982, p a g e  1 0 8 ) .  O b v io u s ly ,  we can " r e j e c t "  the  t e s t  
sample X  i f  t h e  a l g o r i t h m  has  sea rched  through n e a r e s t
neighbours w i th o u t  f in d in g  the  r e q u is i te  c lear  m ajority  of votes 
in favour o f  any c l a s s .  Thus equation  (18) can be rew ri t ten  as
r
i f  (fl,. -  &j) > m, V j 7^  i ,  
i , j  l , 2 , . . . , c ,  m y 1 ,
5 *  — ^max
P=1
(19a)
oJq o therw ise (19b)
where Wg i s  t h e  c l a s s  o f  r e j e c te d -  sam ples and 
i n d i c a t e s  t h a t  t h e  d e c i s i o n  depends  on both  m and I t  i s
ap p a re n t  t h a t  t h e  v a l u e  m sh o u ld  be sm a l l  m  order to  p rev en t 
e x c e ss iv e  r e j e c t i o n  in  e q u a t io n s  (19). S ince e q u a t io n s  ( 
rather t h æ  e q u a t io n  (18) would h a v e  to be used in a l l  p ra c t ic a l
s i t u a t i o n s ,  t h e  n a m e  •'( m - n e a r e s t  neighbour c l G . . s i f
rule" i s  su g g es ted  fo r  th e  proposed method. A simple experi 
to i n v e s t i g a t e  t h e  e f f e c t ( s )  on f i n i t e  p r o b a b i l i t y  o f  e r r o r  (
frequency  o f  m i s c l a s s i f  i c a t i o n )  and f i n i t e  p r o b a b i l i t y
a k is  now described# 
re je c t io n  P a t  d i f f e r e n t  v a lu es  o f  m ana
(For s i m p l i c i t y ,  t h e  w ord " f i n i t e "  in  both  Pg and P^
• -it w i l l  be obvious from the
dropped in  s u b s e q u e n t  s e c t i o n s .
content when " f i n i t e "  i s  implied.)
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6.3.3. F i r s t  experiment
The same th r e e  c la s s e s  o f  2-dimensional Gaussian data  
as used in  t h e  e x p e r i m e n t  in  s e c t i o n  6.2.4 i s  employed. Again, 
the d a t a  s e t  c o m p r i s e d  150 p r o to ty p e  sam ples (50 sam ples  from 
each c l a s s )  and  3000 t e s t  sam ples .  The t e s t  sam ples were
c l a s s i f i e d
(a) by th e  (m,k )-NN r u l e  with various values of in and kjiiOA max'
(b) by the k-NN rule with v arious  values of k. for comparison;
(c) a l s o  f o r  c o m p a r i s o n ,  by th e  (k,il)-NN r u l e  w ith  v a r io u s
v a lu es  o f k and with ^ = Ik/cl + 1 = s (say) for each k 
valu e; and
(d) a g a in  by  t h e  (k,fi.)-NN r u l e  w ith  v a r io u s  v a lu e s  o f  SL for
k = 15 ( r e f e r r e d  to  a s  th e  "{15,d)-NN ru le " ) .
The e r r o r  p r o b a b i l i t y  and the r e j e c t i o n  p r o b a b i l i t y
were e s t i m a t e d  by s i m p l e  c o u n t in g  o f  th e  e r r o r s  ( r e j e c t i o n s ) ,
i.e. the  e s t i m a t e s  were r e s p e c t iv e ly  = N^^ /  (N -  N )^ and =
/  N, w here  N = t o t a l  number o f  t e s t  sam ples , = number o f
re je c ted  sam p les ,  and N = number of e r ro rs  for accepted samples
ea
(Note t h a t  P i s  t h e  e s t i m a t e  o f  th e  e r r o r  p r o b a b i l i t y  for
e A
j c c e p t e d  sam pl . F i g u r e s  6.12 and 6.13 show r e s p e c t iv e l y  P^ 
^  Pj. a g a i n s t  m a t  d i f f e r e n t  va lues  of k^^^. P^ and P^ for the 
k-NN r u l e ,  t h e  (k ,s)-N N  r u l e  and the  (15,d)-NN r u l e  a re  a l so  
shown in  f i g u r e s  6.12 and 6.13; fo r  the  k-NN r u l e  as used h e re ,  
a l l  r e j e c t i o n s  a r e  due to  t i e s  for maximum number of votes.
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6 3 .4 . Remarks on th e  f i r s t e x p e r im ^ t
From th e  above  e x p e r im e n t  i t  i s  c l e a r  t h a t  w ith  the
p ro p o s e d  m e th o d ,  f o r  any v a lu e  o f  d e c re a s e s  a s  m
in c re a se s  and in c r e a s e s  r a p id ly  with m. A comparison with the
k-NN and (k,(L)-NN r u l e s  i s  d e s ira b le .  Figure 6.12 shows th a t  for
the  d a t a  s e t  u s e d ,  by a s u i t a b l e  ch o ice  o f  m and k , the
max
pro p o sed  sch em e  c a n  be made to  have a sm a l le r  than  i s
a c h i e v a b l e  w i t h  t h e  k-NN r u l e  w ith  any va lue  o f  k s tu d ie d .
U sually , t h i s  improvement i s  a t  the cost of a la rger P^, although
fig u re  6.13 shows t h a t  for the proposed method can be kept (by
s u i t a b le  c h o ic e  o f  m and to le v e ls  tha t would probably be
acc ep tab le  (p rovided  m i s  no t too la rge). Over a small range of 
v a lu e s  o f  m and k ^ ^ ^ , in  t h i s  ex p e r im en t ,  as w ell  as P^ was 
a c tu a l ly  s m a l l e r  than  w ith  the k-W ru le  (e.g. m=5).
s
k-NN
T hus  in  a p p l i c a t i o n s  where a l a rg e  r e j e c t  r a t e  i
t o l e r a b l e ,  th e  proposed  ru le  may have an advantage over the
r u le  in  a l l o w i n g  u s e  o f  th e  e r r o r - r e j e c t i o n  t r a d e o f f .  However
s in c e  r u l e s  o f  t h e  (k,!l)-NN f a m i l y  have a s im i la r  advan tage ,  i t
i s  d e s i r a b l e  t o  com p are  th e  tu l e  w ith  th e
S p e c i f i c a l l y ,  c o m p a r i s o n s  be tw een  the (15,1)-NN and (m,l )
r u l e s ,  and b e tw e e n  t h e  ( m , k ^ , , ) - m  and (k,s)-NN r u l e s ,  a re
i n s t r u c t i v e .  N e i t h e r  r u l e  can be claim ed s ig n if ic a n t ly  b e t te r
than  t h e  o t h e r  u n d e r  a l l  c ircu m stan ces ,  and which o
p re fe r r e d  in  a  g iv e n  am p lica tion  would deperd on the app lica tion .
A ssam ir, s i m i l a r  s t a t i s t i c a l  p ro p e r t ie s  to those o f  the da ta  s e t
c 19 and 6.13 show t h a t  th es t u d i e d  h e r e ,  f o r  e x a m p le ,  f i g u r e s
154
r o r -(m'kma x ' " ™  r u l e  w ould  a l lo w  more f l e x i b l e  use o f  th e  e r  
r e j e c t i o n  t r a d e o f f  in  d e s ig n i n g  a c l a s s i f i e r  (see the  l a r g e  
v e r t i c a l  s p ac in g  o f  the p o in t s  for the (15,D - nn ru le s  in the two 
f i g u r e s ) .  In  t h i s  c o n t e x t  i t  shou ld  be noted t h a t  a l th o u g h  the 
’"’'kmax’" '®  r u l e  w i l l  tend to  be c o m p u ta t io n a l ly  s l i g h t l v  more 
c o s t l y  t h a n  t h e  k-NN and (k,ll)-NN r u l e s ,  the  in c re a s e  in  c o s t  
w i l l  be f a i r l y  s m a l l  b e c a u se  o f  th e  overhead in c u rre d  in  
c a l c u la t in g  and s o r t in g  the in te rp o in t  d is tances .  No p a r t ic u la r  
e f f o r t  was made to  in v e s t ig a t e  computation times sy s tem a tica lly  
or to  o p t i m i s e  th e  a l g o r i t h m s  used , but i t  may be o f  some 
in t e r e s t  t h a t  a ty p ic a l  in c rease  in CPU time was around 5% when 
compared w i t h  t h e  k-NN and (k,d)-NN r u l e s .  However, see Luk 
(1987) for a l t e r n a t i v e  methods o f  reducing the time for searching 
th e - n e a r e s t  ne ig h b o u rs .
F i g u r e  6.14 i s  a p l o t  o f  the  e s t im a te  o f  the  t o t a l
p r o b a b i l i t y  P = P + P ( 1 - P )  when both r e j e c t i o n s  and e t  r e r
m i s c l a s s i f i c a t i o n s  a r e  re g a rd e d  as e r r o r s .  For each v a lue  o f
*^ max ^^tJdied, P^^ for t i e  proposed method shows a minimum with
r e s p e c t  to  m, t h e  v a l u e  o f  P^^ a t  t h i s  minimum d e c re a s in g  w ith
in c reas in g  k . The in c re a se  o f  P_, from th i s  minimum value as 
max GO
m d e c re a se s  i s  due to  m i s c la s s i f i c a t io n s  and the increases as m 
i n c r e a s e s  i s  due  to  r e j e c t i o n s .  P^^ for the  k-NN r u l e  i s  
rep resen ted  by th e  s o l id  l i n e  in figure 6.14. P^^ for the (k,s)-
NN r u le  i s  n o t  shown, because for a l l  values of k th i s  ru le  gave 
l e a s t  a s  l a r g e  a P^^ va lue  as did the k-NN ru le .  Viewed from 
t h i s  s t a n d p o i n t  t h e r e  i s  l i t t l e  d i f f e r e n c e  in  t h e  b e s t  
i^ r fo rm m c e  a v a i l a b l e  from the  (m ,k^^)-W  and k-NN ru le :  however
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F ig u re  6 . i z  (i) E s t i r . a t e d  p r o b a b i l i t y  o f  e r r o r  (when both
r e j e c t i o n s  anc  i rà s c la s s j  f i c e t i o n s  a r e  c o u n te c  as
e r r o r s )  v e rsu s  re g j i re c  m a jo r i ty  rr at d i f f e r e n t  vaj ues
o f  k  ; ( i i )  p v ersus  k for t r a d i t i o n a l  k - K K  ru le  
max e t
w i th  t i e s  taken  as re je c t io n s .
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t h e  m a in  a d v a n t a g e  o f  th e  p roposed  r u l e  i s  n o t  in  t h i s  o v e r a l l  
p e r f o r m a n c e  b u t  in  th e  use i t  a l lo w s  to  be made o f  th e  e r r o r -  
r e j e c t i o n  t r a d e o f f .
A p o s s i b l e  method o f  reducing the o f ten  high r e je c t io n  
r a t e  o f  t h e  c l a s s i f i c a t i o n  r u l e  would be to  invoke
th e  k-NN r u l e  a s  a second s ta g e  to  g iv e  a f i n a l  d e c i s i o n  
(3 (m A j ^ a x w h e n e v e r  t h e  r u l e  g iv e s  a r e j e c t i o n .
E q u a t io n s  (19) f o r  th e  f i n i t e  sample s e t  case  would th e n  be 
r e w r i t t e n  a s
i f  -  i l j )  > ro, ¥  j  /  i ,
i , j = l , 2 r...fC, m 1 ,
^2 — ^max
p=l
CO(k) otherwise
(2 0 a)
(20b)
w h e r e  w ( k )  d e n o t e s  t h e  d e c i s i o n  made by t h e  k NN r u l e  
( r e j e c t i o n s  s t i l l  o u ts tand ing  could be resolved by other means 
l e f t  u n re so lv e d ,  according to the application). I f  our o b jec tiv e  
i s  S im p ly  t o  r e d u c e  th e  r e j e c t i o n  in e q u a t io n s  (19), e q u a t io n  
(20b) c a n  be im p le m e n te d  as  a k-NN r u l e  w ith  a r e j e c t  o p t io n  
( i . e .  a (k ,l ) -N N  r u l e  w i th  S, = k' = F k /c l , s e c t i o n  5.
Again, th e  r e j e c t i œ  in  t t e  k-NN ru le  i s  due to t i e s  between two 
or  m ore  c l a s s e s .  However s in c e  th e  k-NN r u l e  i s  now being  used 
on s a m p le s  t h a t  a r e  in some i n t u i t i v e  sense  d i f f i c u l t  to
157
c l a s s i f y ,  i t  i s  n o t  obvious t h a t  the  e r r o r  p r o b a b i l i t y  a s s o c ia te d
w i th  the  use o f  e q u a t io n  (20b) would be b e t t e r  than  random. T his
i s  e s p e c i a l l y  im p o r ta n t  a t  l a rg e  v a lu e s  o f  m, where the  (m,k ) -
max'
NN r u l e  h a s  a huge  r e j e c t  r a t e .  A second  e x p e r im e n t  was 
t h e r e f o r e  perform ed to  i n v e s t ig a t e  the  e f f e c t ( s )  o f  using such a 
seco n d  s t a g e  on th e  p r o b a b i l i t y  o f  e r r o r  and p r o b a b i l i t y  o f  
r e j e c t i o n  a t  d i f f e r e n t  v a lu e s  o f  m and k ^ ^  under a f ix ed  value  
o f  k (w h ich  i s  n o t  n e c e s s a r y  t h e  o p t i m a l  v a l u e  fo r  a p a r t i c u l a r  
p r o t o t y p e  s e t ) .
63>5. Second E x p e r im e n t
The f i r s t  experim en t ( s ec t io n  6.3.3) was rep ea ted  w ith  
k f i x e d  a s  15 in  e q u a t i o n  (20b). Those r e j e c t i o n s  ( a l l  due  to  
t i e s )  s t i l l  o u t s t a n d i n g  a f t e r  e q u a t io n  (2 0 b) was a p p l i e d  w ere  
l e f t  a s  r e j e c t i o n s  ( c o n s t r a s t  s e c t i o n  6 .3 .7 ,  b e lo w ) .  The 
p r o b a b i l i t y  o f  e r r o r  and th e  p r o b a b i l i t y  o f  r e j e c t i o n  w ere  
e s t im a te d  using  s im i l a r  te chn iques  to those  mentioned in s e c t io n
6.3.3 and were d e f in e d  as
p '  = e s t im a te  o f  p r o b a b i l i t y  o f  e r r o r  for samples accep ted  
by t h e  r u l e  o r  ( f a i l i n g  w hich) by t h e
15-NN r u l e  (w ith  a r e j e c t  option)
N -
and
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Pj- “ e s t i m a t e  o f  p r o b a b i l i t y  o f  r e j e c t i o n  ( i . e .  s a m p le s  
r e j e c t e d  by  e q u a t i o n  2 0 a and s t i l l  r e j e c t e d  by  th e  
15-NN ru le )
N-
N
where = number o f  sam ples r e je c te d  by e q u a t io n  (2 0 a) and the 
15-NN r u l e  (w ith  r e j e c t  o p t io n ) ,  and 
N^b “ number o f  s a m p le s  a c c e p te d  by e q u a t i o n  (2 0 a) o r  th e  
15-NN r u l e ,  b u t  m i s c l a s s i f i e d .
F i g u r e  6 .15 and 6.16 show r e s p e c t i v e l y  and a g a i n s t  m a t
d i f f e r e n t  v a l u e s  o f  k _ . P and P^ fo r  th e  t r a d i t i o n a l  k-NNmax e r
r u l e  (w ith  k v a r ie d  from 1 to  2 0 ) a re  a lso  shown (so l id  l i n e s  in  
f i g u r e  6.15 and 6 .16).
6 3 .6  Remarks on th e  second experim ent
I t  can be seen from the second experim ent t h a t  fo r  both
v a l u e s  o f  k , P' a t  f i r s t  i n c r e a s e s  and P' d e c r e a s e s  w i thmax ' r  e
i n c r e a s i n g  m. B oth  P^ and P^ g r a d u a l l y  l e v e l  o f f  a t  l a r g e r  
v a l u e s  o f  m, d e p e n d in g  on th e  v a l u e s  o f  k and k ^ ^  u sed .  I t  i s  
a l s o  n e c e s s a r y  to  p o i n t  o u t  t h a t  th e  v a l u e  o f  k (= 15) used  in  
e q u a t i o n  (20b) i s  s u b o p t im a l  fo r  t h i s  s e t  o f  d a t a  ( f i g u r e  6 .15).  
A m o re  c a r e f u l  e x a m in a t io n  o f  f i g u r e  6.16 w i l l  r e v e a l  t h a t  fo r  
t h i s  d a t a  s e t  P^ i s  s i g n i f i c a n t l y  l e s s  th a n  P^ o f  th e  k-NN r u l e
o v e r  m o s t  o f  t h e  r a n g e  o f  v a l u e s  o f  m s t u d i e d .  F u r th e r m o r e ,  a t
159
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F ig u re  6 .15  (i)  E s t i m a t e d  p r o b a b i l i t y  o f  e r r o r  fo r  a c c e p te d  
s a m p le s  v e r s u s  r e q u i r e d  m a j o r i t y  m a t  d i f f e r e n t  
v a lu e s  of (k = 15 tn ro u Q to u t) ; ( i i )  v e rsu s  k
f o r  t r a d i t i o n a l  k-NN r u l e  v i t n  t i e s  t a k e r ,  a s  
r e j e c t i o n s .
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F ig u re  6 .16  (i) E s t i m a t e d  p r o b a b i l i t y  o f  r e j e c t i o n  FJ. v e r s u s  
r e a u i r e c  m a i o r i t y  ir a t  d i f f e r e n t  v a l u e s  o f  kmax
(k = 15 th roughout); ( i i )  ve rsus  k for t r a d i t i o n a l  
ru le  w ith  t i e s  ta k e r  as r e i e c t i o n s .
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som e o f  t h e s e  v a l u e s  o f  m and th e  p ro p o s e d  m ethod h a s
ach ieved  a s m a l le r  v a lu e  o f  than the s m a l l e s t  v a lu e  (which i s
when k — 18) fo r  the  k-NN r u l e  (a lthough  th e  a c tu a l  d i f f e r e n c e  i s
l e s s  th a n  0,4% and so i t  i s  no t s t a t i s t i c a l l y  v e ry  m eaningful fo r
t h e  n u m b e r  o f  t e s t  s a m p l e s  u s e d  in  t h e  e x p e r i m e n t ) .
N e v e r th e le s s ,  t h i s  su g g es ts  t h a t  the  perform ance (in  term o f  the
p r o b a b i l i t y  o f  e r ro r )  o f  th e  proposed scheme depends h e a v i ly  on
th e  s e l e c t i o n  o f  t h e  v a l u e s  fo r  th e  p a r a m e t e r s  m, k and k inmax
e q u a t i o n s  (2 0 ).
H aving  i l l u s t r a t e d  by th e  above e x p e r i m e n t  t h a t  th e  
co m b in ed  e f f e c t  o f  th e  (^^k^^^)-N N  r u l e  and k-NN r u l e  w i t h  a 
r e j e c t  o p t io n  could achieve a s l i g h t l y  s m a l le r  when the  s iz e  
o f  t h e  p r o t o t y p e  s e t  i s  f i n i t e ,  i t  i s  a l s o  i n t e r e s t i n g  to  
exam ine the  case  when no r e j e c t i o n  i s  p e rm i t te d .  In t h a t  c a se ,  
the  second s ta g e  o f  e q u a t io n s  (20) could be implemented as  a k-NN 
r u l e  w i t h  a l l  th e  o u t s t a n d i n g  r e j e c t i o n s  re so lv ed  a r b i t r a r i l y .  
Again th e  p r o b a b i l i t y  o f  e r ro r  would be o f  i n t e r e s t  because t h i s  
p r o b a b i l i t y  i s  a s s o c ia te d  w ith  the  e r r o r s  c o n t r ib u te d  by the  k-NN 
r u l e  arü  th e  a r b i t r a t i o n  p ro cess  for th e  o u ts ta n d in g  r e je c t i o n s .  
O b v io u s ly ,  f o r  t h i s  d a t a  s e t ,  i f  th e  e r r o r  p r o b a b i l i t y  w i th  
e q u a t io n  (20b) has the  v a lue  around (c -  l ) / c  = 2/3 expected when 
th e  d e c i s i o n  b e tw e e n  c l a s s e s  i s  made ra n d o m ly  (D e v i jv e r  and 
K i t t l e r ,  1982 , page 28),  th e  u se  o f  th e  second  s t a g e  w i l l  be no 
b e t t e r  than  a s im ple  random assignirient o f  c l a s s  membership for 
the sam ples  r e j e c te d  by e q u a t io n  (20a). A th i r d  experim ent was 
t h e r e f o r e  perform ed w ith  the  aim of s tudying e r ro r  p r o b a b i l i t i e s  
when e q u a t i o n s  (2 0 a) and (2 0 b) a r e  used w i th  o u t s t a n d i n g
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rejections resolved arbitrarily.
63.1 . T h ird  E x p e r i m e n t
The sam e d a t a  s e t  a s  in  s e c t i o n  6.3.3  w as c l a s s i f i e d
u s in g  e q u a t i o n s  (20a) and (20b). In  e q u a t i o n  (20b), k was a g a i n
t a k e n  a s  15. In  c o n t r a s t  t o  th e  second  e x p e r i m e n t  ( s e c t i o n
6.3.5) r e j e c t i o n s  s t i l l  l e f t  o u t s t a n d i n g  by e q u a t i o n  (20b) w ere
r e s o l v e d  a r b i t r a r i l y  by  u s in g  a random number g e n e r a t o r  to
s im u la te  a c - fa c e d  f a i r  d ie .  Since the  randan number g e n e ra to r
w as n o n - r e p e a t a b l e , t h e  t e s t  was co n d u c te d  10  t i m e s  and th e
r e s u l t s  were averaged. The r e s u l t s  are  shown in f ig u re s  6.17 and
6.18 in  th e  form  o f  p l o t s  a g a i n s t  m ( fo r  d i f f e r e n t  v a l u e s  o f
k ) o f  th e  mean v a lu e s  P. and P,r- (over 10 te s t s )  o f  th e  e r r o r  max t  15
p r o b a b i l i t i e s  P^ and P^^, d e f in e d  as fo l lo w s :
P^ = e s t i m a t e  o f  p r o b a b i l i t y  o f  e r ro r  for a l l  samples 
« e t
N
P^^ = e s t im a te  o f  p r o b a b i l i t y  o f  e r r o r  a s so c ia te d  w ith  
t t e  use o f  tire 15-NN c l a s s i f i c a t i o n  r u le
« e t  -  «ea
« r
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\  -  F e d  -  Pr>
   — , 0
0 , Nj. = 0
where now = t o t a l  number o f  e r r o r s
ga -  number o f  e r r o r s  f o r  s a m p le s  a c c e p te d  by t h e^ea -
(m,kmax)~NN c l a s s i f i c a t i o n  r u l e  
= number o f  s a m p le s  r e j e c t e d  by th e  
c l a s s i f i c a t i o n  ru le
N o te  t h a t  t h e  d e f i n i t i o n  o f  i s  n o t  e s s e n t i a l l y  c h an g e d :  a l l  
r e j e c t i o n s  in  both  experim en ts  a re  d ie  to  th e  r u le .
As b e f o r e ,  N i s  t h e  t o t a l  number o f  t e s t  s a m p le s .  In  f i g u r e  
6.17, fo r  the  t r a d i t i o n a l  k-NN ru le  w ith  r e j e c t i o n s  re so lv ed  
a r b i t r a r i l y  a s  ab o v e  i s  p l o t t e d  v e r s u s  k f o r  c o m p a r is o n  ( s o l i d  
l i n e ) .
6 3 .8 .  Remarks on th e th ird  experiment
When e q u a t io n s  (20a) and (20b) are  used w ith  k ^ ^  = 50 
and w i th  o u ts ta n d in g  r e j e c t i o n s  reso lved  by the  above a r b i t r a r y  
p r o c e d u r e ,  f i g u r e  6.17 show s t h a t  by a s u i t a b l e  c h o i c e  o f  th e  
p a ram e te r  m i t  i s  p o s s ib le  w ith  t h i s  d a ta  s e t  for the  ( ^ f k ^ ^ , k ) -  
NN r u l e  to  ach ieve  a s m a l le r  than the  k-NN r u l e  (for which th e  
a p p r o p r ia t e  v a lu e  fo r  com parison i s  t h a t  w ith  th e  same va lue  o f  k 
as used in  e q u a t io n  20b v iz  k = 15; note however t h a t  t h i s  v a lu e
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i s  s u b o p t im a l) . The improvement i s  sm all  bu t can be s i g n i f i c a n t :  
th e  b e s t  improvement in t h i s  experim ent was a t  m = 1 0 , where 
was a p p ro x im a te ly  32.5% as a g a in s t  34% w ith  the  15-NN r u l e  (the 
95% c o n f i d e n c e  l i m i t s  in  f i g u r e  6.17 a r e  a t  + 0.5%). T h i s  
c o n c l u s i o n  a p p l i e s  o n l y  i f  enough s a m p le s  a r e  p e r m i t t e d  to  be 
s e a r c h e d :  u s i n g  15 y i e l d s  no i m p r o v e m e n t  on t h e
t r a d i t i o n a l  k-NN r u l e  ( f ig u re  6.17).
When m i s  l a rg e  and the r e j e c t i o n  by e q u a t io n  (20a) i s  
c o n s e q u e n t l y  huge  ( f i g u r e  6 .13 ),  t h e  v a l u e  o f  P^ i s  l a r g e l y  
c o n t r o l l e d  by k. Hence a minimum in  a p l o t  o f  t o t a l  e r r o r  r a t e  
v e r s u s  m i s  to  be expected : such a minimum i s  observed in  f ig u re  
6 .17 a t  m = 10 f o r  k^^„  = 50.
In f ig u r e  6.18, fo r  k ^ ^  = 50, P^^ a t  the l a rg e r  v a lu e s  
o f  m d e c r e a s e s  to  a b o u t  42% a s  com pared w i th  t h e  v a l u e  2 /3  
e x p e c t e d .  Thus th e  use o f  th e  15-NN r u l e  on t h i s  d a t a  s e t  to  
c l a s s i f y  s a m p le s  r e j e c t e d  by th e  ^ ^ m a x ^ r u l e  h a s  g iv e n  an 
e r r o r  r a t e  w h ich  i s  b e t t e r  th a n  random on t h e s e  d i f f i c u l t - t o -  
c l a s s i f y  s a m p le s ,  in  s p i t e  o f  th e  a r b i t r a r y  r e s o l u t i o n  o f  
r e j e c t i o n s  s t i l l  l e f t  o u ts ta n d in g  by the  15-NN r u le .
The sh a p e  o f  th e  p l o t  fo r  k^^^  = 50 in  f i g u r e  6.18 fo r  
s m a l l e r  v a lu e s  o f  m can be in te rp r e te d  as fo llow s  : (a) for m = 1 
and m = 2 th e r e  a re  no r e j e c t i o n s  by equa t ion  (20a) and Pj^  ^ i s  by 
d e f i n i t i o n  ze ro ; (b) for in te rm e d ia te  v a lu es  th e re  a re  r e l a t i v e l y  
few r e j e c t i o n s  by eq u a t io n  (20a) (e.g. for m=3 only 3 o f  the  3000 
t e s t  s a m p le s  w ere  r e j e c t e d  -  se e  f i g u r e  6.18) and P^^ i s  no
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longer a statistically valid estimate.
6 .3 .9 .  D is c u s s io n
T he  b e h a v i o u r  o f  t h e  p r o p o s e d  n e a r e s t  n e ig h b o u r  
c l a s s i f i c a t i o n  r u l e ,  the  r u le ,  has been in v e s t ig a t e d
in  t h r e e  e x p e r i m e n t s  on a G a u s s ia n  d a t a  s e t  c o m p r i s i n g  150 
p ro to ty p e  sam ples and 3000 t e s t  samples. For t h i s  d a ta  s e t ,  th e  
f i r s t  e x p e r i m e n t  h a s  shown t h a t  th e  p ro p o s e d  schem e can  g i v e  a 
lo w e r  e r r o r  p r o b a b i l i t y  th a n  th e  k-NN c l a s s i f i c a t i o n  r u l e  b u t  
t e n d s  to  g i v e  a h ig h e r  r e j e c t i o n  p r o b a b i l i t y .  The r e j e c t i o n  
p r o b a b i l i t y  can become very  high in some c i rc u m s tan c es  b u t  can be 
k e p t  down by s u i t a b l e  c h o i c e  o f  th e  p a r a m e t e r s  m and k^^^  to  
l e v e l s  t h a t  a r e  p r o b a b l y  a c c e p t a b l e .  The f i r s t  e x p e r i m e n t  h a s  
a l s o  in d ic a te d  t h a t  the  proposed method can be used to  complement 
t h e  (k,fir)-NN r u l e  b e c a u s e  o f  th e  d i f f e r e n c e  in  t h e  r e j e c t i o n  
p r o b a b i l i t y .  I t  i s  suggested  t h a t  the proposed r u l e ,  in  s p i t e  o f  
i t s  p r o b a b l y  l a r g e r  c o m p u ta t i o n a l  c o s t ,  c o u ld  be u s e f u l  in  
a p p l i c a t i o n s  w h e re  a low  e r r o r  p r o b a b i l i t y  i s  e s s e n t i a l  and a 
somewhat l a rg e  r e j e c t i o n  r a t e  i s  to l e r a b l e ,  and where th e  (k,IL)- 
NN r u l e  canno t ach iev e  the n ece ssa ry  to l e r a b l e  r e j e c t i o n  r a t e .
The secord  and th i r d  experim ent have shown t h a t  lower 
f i n i t e  p r o b a b i l i t y  o f  e r r o r  can  in  some c a s e s  be a c h ie v e d  when 
th e  k-NN r u l e  i s  used  to  c l a s s i f y  th e  s a m p le s  r e j e c t e d  by th e  
(m ,k m a x )~ ^  r u l e  th a n  when th e  k-NN r u l e  i s  used a l o n e .  The 
r e d u c t i o n  may n o t  be s i g n i f i c a n t ,  b u t  i t  i s  a cc o m p an ied  by a 
s i g n i f i c a n t  r e d u c t i o n  in  r e j e c t i o n  p r o b a b i l i t y  (w h e re
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a p p lic a b le )  .
S e v e r a l  o t h e r  q u e s t i o n s  have been  l e f t  open  in  t h i s  
s e c t i o n .  F i r s t l y ,  w h a t a r e  th e  a s y m p t o t i c  p e r f o r m a n c e  and th e  
r a t e  o f  convergence o f  e q u a t io n  (18) compared w ith  the  k-NN and 
(k,J.)-NN c l a s s i f i c a t i o n  r u l e s ?  S e c o n d ly ,  w h a t i s  t h e  a c t u a l  
r e l a t i o n s h i p  between the  m i s c l a s s i f i c a t i o n  r a t e  o f  th e  proposed 
sch em e  and th e  B ayes  r i s k  (or e r r o r ) ?  T h i r d l y ,  how i s  one to  
d e te rm in e  an o p t im a l  cho ice  o f  the  p a ram e te rs  m and k ^ ^ ?  These 
d i f f i c u l t  q u e s t io n s  w i l l  be l e f t  for f u tu r e  re s e a rc h .
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Appendix 6.A: Expression used to  evaluate
F o l l o w i n g  thr a r g u m e n t s  g iv e r ,  in  s e c t i o n  6.2.3,  F  ^ i s
A z
g i v e n  by  th e  f o l l o w i n g  e x p r e s s i o n .
"J.Jo Jo ^ 1 (x-y)] [ f j ( x + y + z )  + f^ ( x - y - z )  ] c z d y c x  
+ 2 J ' j ^ ^ ^ f ^ ( x )  f f ^ ( x + y )  + f ^ ( x - y ) j  ( x + y 4 z ) d z d y c x
plirHKrl'K-S
+ %}, f  ] (X) [ f -, (>+y) + f j  (x -y) ]  (x+y+z)
[1- F ^ (x+y4 z }1"o zoycx 
4 j,+%Jo  ^ (>'+y-^z)czdydx
+ ^'IX xL-s^l f i (x4y)  f j (x4y+z)  [ 1 - F .  (x+y4z)  ] ^ dz d y c x  
+ 2 ||^ O c  - 1  f ]  (x+y) f] (>’-^y+z) [ j - F r  (x+y+z)] ^dzdydx
t  '^ S^!o5(, f 2 (x) [ f j  (x4-y)4-f^ (X-y)] [f^ (x+y4z)4-f^ ( x - y - z )  ] o z d y c x
rO r . x f
t  f j  ( X )  I f  ]  (x4-y) + f^ ( X - y ) ]  (x+y4z) +  f^ ( x - y - z ) ]
[1-Fn ( x4-y4 z ) ] ^ d z c y d x
+ I ' j r C V  f 1 (>:+y)-{, (y-y)] f],(%+y+z)
2
f l - F ^ ( x 4 y t z ) ]  c z d y d x
«6 fHX rl+%-y
+ 2j^£^ (X) I f T ( x t y ) t f ]  (x -y ) ]  f f .  {x+y-42) + i^ (x-y-z)]
[ ] - F 2 ( x ^ y 4 z ) ] ^ d z d y d x
+ z J ^ r T  ( y ) ( f \  (x4-y) + f  (x -y) ]  (x+y4z)
-Ji, ->« ''*4X-V i J i i
[l-F^, ( x+y+z) 1 ^dzcycx
+ z f f  f  1 (X) f . (x+y) f .  (x4-y4-z) []-F.,(x+y4-z)] ^dzdydx 
-lii i+X * J 4 1 ^
+ 2 j [ ^ %  f l  (X) [f] (x-^y)+fi(x-y)] [f^ (x+y-+z) + f 2 (x -y -z ) ]  
[ ] -F 2 (x+y+z)+F2 (x-y-z)]^Gzdydx 
+ 2 (X) [ f  2 (x4y)+f ^  (x-y) ] [ f 2 (x+y+z) + f 2 (x -y -z ) ]
[ l - F 2 (x+y+z)]^dzdydx
f l - F ^ ( x + y + z ) ] ^ c z d y c x
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 ^ f2(x)[f2()^'^y) + ^ 2(x-y)] [^2 (x+y-tzj + f ^ f x - y - z ) ]
f l - F ^  (x+y+z) ] ^dzcydx
m : ( x ) [ f 2 ()^+y)+^2  (*"y)] ^1 (x -y -z )
f1-F  2 ( x+y+z) ]  ^d zdydx
%fi+xfi+x-y o
+ 2jgJ,.yj, (X) f  2  ( x - y j f ^  ( x - y - z )  f l - F 2 ( x + y + z ) ]  c z d y d x
+ (X) t f ]  (x+y)  + f 2 (x -y ) ]  [ f 2  (x+y+z) + f^ ( x - y - z ) ]
(3 - F ^ ( x + y + z ) + F ^ ( x - y - z ) ] ^d zdydx
1 ' "1 (>:-y)^ f] (x-y-z)
2
[ I - F ^ ( x + y + z ) + F ^ ( x - y - z ) ] c z d y d x
m HX-ÿ
%-9 ^3 (^) ( ^] (z+y)+f] (x-y)] f 2 ()(-y-z)
[ l -Fc.  ( x+y +z)  ] ^ cz d y c x  
+  ^ f  2  (X) f  2  ( x - y )  f 2  ( x - y - z )  f I - F 2  (x+y +z)+F 2  (x-y-z) ] ^czdydx
+ (^"y) (%-y-z)  [ 1 - F 2 ( x + y + z )  ] ^dzdydx
+ ^ 2 ( ^ ) f ]  (x -y )  f  1  ( x - y - z )  13- F 2 (x + y+ z) ] ^czdydx
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Lung sound Analysis: a possible non-invasive System
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Chapter 7: Lung sound analysis
(a possible non-invasive examination system)
Sunmary
T h i s  c h a p t e r  d e s c r i b e s  i n  d e t a i l  e a c h  o f  t h e  
im p lem  en t a b l e  m o d u le s  d e v e lo p e d  a t  t h i s  s t a g e ,  and b r i n g s  
t o g e t h e r  a l l  r e s u l t s  r e l e v a n t  to  th e  p ro p o s e d  n o n - i n v a s i v e  
e x a m i n a t i o n  s y s te m  fo r  p a t i e n t s  exposed  to  a s b e s t o s  d u s t s .  
P r o b le m s  a s s o c i a t e d  w i t h  t h e  i m p le m e n ta t io n  o f  t h e  r e s p e c t i v e  
m odules a re  d is c u s s e d .
7.1  In tr o d u ctio n
I t  h a s  b een  m e n t io n e d  in  s e c t i o n  2 .5 .2  t h a t  one  o f  th e  
most im p o r ta n t  abnormal p h y s ic a l  s ig n s  o f  a s b e s to s i s  in a p a t i e n t  
i s  th e  e x i s t e n c e  o f  p e r s i s t e n t ,  b i l a t e r a l ,  b a sa l  l a t e - i n s p i r a t o r y  
f i n e  c r a c k l e s .  H o w e v e r ,  a u s c u l t a t i o n  u s i n g  a b i n a u r a l  
s t e t h o s c o p e  i s  a r a t h e r  s u b j e c t i v e  e x e r c i s e .  In  f a c t ,  i t  h as  
been  shown ( E r t e l , e t  a l . ,  1966b) t h a t  each  ty p e  o f  s t e t h o s c o p e  
h a s  i t s  own f r e q u e n c y  r e s p o n s e  : some ty p e s  w i l l  a t t e n t u a t e  th e  
h ig h e r  f r e q u e n c i e s  w h i l e  o t h e r s  w i l l  a t t e n t u a t e  th e  lo w e r  
f r e q u e n c ie s .  Worse s t i l l  E r t e l ,  e t  a l .  (1966a) have dem onstra ted  
t h a t  age  and some e a r  d i s o r d e r s ,  l i k e  p r e s b y c u s i s ,  w i l l  a f f e c t  
h ea r in g  th rough  a s te th o sc o p e .  In a d d i t io n  th e re  i s  alw ays some 
v a r i a t i o n s  in  r e s p o n s e  f o r  d i f f e r e n t  p h y s i c i a n s .  I t  i s  n o t  
s u r p r i s i n g  t h a t  a u s c u l t a t i o n  (w i th  a s t e t h o s c o p e )  was s lo w ly  
rep la ced  in im portance  as  advances were made in  o th e r  d ia g n o s t ic
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t o o l s  su c h  a s  r a d io g r a p h y  and m ore r e c e n t l y  n u c l e a r  m a g n e t i c  
re sonance  imaging.
However, a l l  t h i s  does n o t  n e c e s s a r i l y  im ply  t h a t  lung 
sound i t s e l f  i s  no t u s e fu l .  I t  m ere ly  in d i c a te s  t h a t  a s u i t a b l e  
t r a n s d u c e r  should be used to  ac q u ire  the  lung sound s i g n a l s  and 
t h a t  o b j e c t i v e  t e c h n i q u e s  a r e  r e q u i r e d  to  a n a l y s e  and i n t e p r e t  
t h e  a c q u i r e d  s i g n a l s .  As p o in t e d  o u t  in  s e c t i o n  2 .5 .2 ,  f o r  a 
n o n - in v a s iv e  system  for ro u t in e  exam ination  o f  p a t i e n t s  exposed 
to  a s b e s to s  d u s t s  (p o s s ib ly  deployed by p a ra -m ed ica l  p e rs o n n e l) ,  
lung sound seems to  be a u s e fu l  card  Ida te .
The o v e r a l l  s t r u c t u r e  f o r  th e  p ro p o se d  n o n - i n v a s i v e  
s y s te m  h a s  been  in t r o d u c e d  in  s e c t i o n  1.3 (se e  a l s o  f i g u r e  1 .1 ).  
Each i n d i v i d u a l  m o d u le ,  w i t h  th e  e x c e p t io n  o f  the  unsuperv ised  
l e a r n i n g  m o d u le ,  w i l l  be d e s c r i b e d  in  more d e t a i l  in  t h i s  
c h a p t e r .  As n o te d  e a r l i e r  in  c h a p t e r  1, one o f  a im s  o f  th e  
u n superv ised  le a rn in g  module i s  to  d e t e c t  any new in fo rm a tio n  in  
a g iv en  environm ent when the  c l a s s i f i c a t i o n  module g iv e  r i s e s  to  
e x c e ss iv e  e r r o r s ;  and as such, i t  has been d e l i b e r a t e l y  l e f t  o u t  
a t  t h i s  s ta g e  o f  the  development because th e re  i s  an i n s u f f l e n t  
number o f  a s b e s to s i s  p a t i e n t s .  In  ch ap te r  8 a b r i e f  d i s c u s s io n  
o f  t h i s  undeveloped module w i l l  be g iven  in r e l a t i o n  to  p o s s ib le  
f u tu r e  re s e a rc h  work.
The l a y o u t  o f  t h i s  c h a p t e r  i s  s i m i l a r  t o  t h e  
o r g a n i s a t io n  o f  the  system i t s e l f .  The theo ry  r e le v a n t  to  t h i s  
p a r t  o f  t h e  t h e s i s  have  b een  in t r o d u c e d  in  c h a p t e r s  2, 3, 4 and
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5, and h e n c e  o n ly  e x p e r i m e n t a l  r e s u l t s  a r e  p r e s e n t e d  in  t h i s  
c h a p te r .  A v e ry  b r i e f  summary o f  th e  c o n d i t io n s  o f  th e  s u b je c t s  
used in t h i s  s tudy  i s  g iven  in s e c t io n  7.2. The d a ta  a c q u i s i t i o n  
m o d u le  and th e  p r e p o c e s s i n g  and f e a t u r e s  g e n e ra t in g  module a re  
r e s p e c t i v e l y  d i s c u s s e d  in  s e c t i o n s  7.3 and 7.4. E x p e r i m e n t a l  
r e s u l t s  from  th e  m apping  m odu le  a r e  g iv e n  in  s e c t i o n  7 .5 . In  
s e c t i o n  7.6, th e  c l a s s i f i c a t i o n  module w i l l  be d e s c r ib e d .  T h is  
c h a p te r  ends w ith  a few conclud ing  remarks in  s e c t io n  7.7.
7 3  C caid itions o f  th e  su b jec ts
Three groups (or c la s s e s )  o f  male s u b je c t s  a r e  used in 
t h i s  s tudy : 5 p a t i e n t s  w ith  a s b e s to s i s ;  5 p a t i e n t s  who a re  known 
to  h a v e  b een  ex p o sed  to  a s b e s t o s  f i b r e s  b u t  who have  n o t  (ye t)  
d e v e lo p e d  any known a s b e s t o s - r e l a t e d  a i l m e n t  ( r e f e r r e d  to  a s  
e x p o se d  s u b j e c t s )  ; and 5 h e a l t h y  n o n -sm o k in g  p e r s o n s  (no rm al 
s u b j e c t s ) .  A l l  a s b e s t o s i s  p a t i e n t s  have e s t a b l i s h e d  ab n o rm a l  
p h y s ic a l  s ig n s  and a b n o rm a l i t i e s  in  both t h e i r  c h e s t  x - ra y  f i lm  
and t h e i r  pulmonary fu n c t io n a l  t e s t s  ( s ec t io n  2.5.2). Also worth  
n o t i n g  i s  t h a t  d u r in g  th e  c o u r s e  o f  t h i s  p r o j e c t  one o f  th e  
exposed p a t i e n t s  d ied  from a c a rd ia c  d is o rd e r .
7 3  D ata A c q u is itio n : the equipment and the procedure
Sounds h e a rd  a t  a c h e s t  w a l l  have  been  t r a n s m i t t e d  
th r o u g h  a num ber o f  m e d ia :  th e  lung  p a re n c h y m a ,  th e  p l e u r a l  
c a v i t y  and th e  t h o r a c i c  c a v i t y  ( s e c t i o n  2 .2). I d e a l l y ,  t h e  
a c o u s t ic  impedance o f  a tran sd u ce r  should match t h a t  o f  the  c h e s t
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so t h a t  th e  t r a n s m i t t e d  sounds  w i l l  be a maximum (H u e te r  and 
B o l t ,  1955).  U n f o r t u n a t e l y ,  t h e  im p ed an ce  i s  n o t  a c o n s t a n t  a t  
d i f f e r e n t  l o c a t io n s  on th e  c h e s t  nor i s  i t  the same fo r  d i f f e r e n t  
i n d i v i d u a l s .  F u r t h e r ,  t h e  e l a s t i c  p r o p e r t i e s  o f  t h e  lu n g  
p a re n c h y m a  and o t h e r  c o n n e c t i v e  t i s s u e s  may n o t  n e c e s s a r i l y  
f o l lo w  th e  s im p le  l i n e a r  Hooke's law (which s t a t e s  t h a t  r e s to r in g  
f o r c e  i s  p r o p o r t i o n a l  to  d i s p l a c e m e n t )  fo r  a v i b r a t i n g  s y s t e m .  
For i n s t a n c e ,  t h e  th e rm o d y n a m ic  p r o p e r t i e s  o f  a g a s  may ch an g e  
c o n s id e ra b ly  when the  p r e s s u re  becomes very  high j u s t  b e fo re  th e  
opening o f  an o b s t ru c te d  or r e s t r i c t e d  sm all  a irw ay. The problem 
o f  t u r b u l e n c e  and v o r t i c i t y  a t  th e  l a r g e r  a i r w a y s  may add 
a d d i t i o n a l  c o m p l i c a t i o n s  to  th e  c o m p u ta t io n  o f  th e  im p ed an ce .  
C o n s e q u e n t ly ,  t h e r e  i s  s t i l l  no known s a t i s f a c t o r y  m odel o r  
method to  d e te rm in e  the  impedance o f  the  c h e s t  w a l l .
H o w ie  (1981)  and  T i e r n e y  (1983) h a v e  d o n e  som e 
p re l im iin a ry  e x p e r im en ts  to  e v a lu a te  the a c o u s t ic  impedance o f  the  
c h e s t .  T h e i r  e x p e r i m e n t  c e n t r e d  on th e  a s s u m p t io n  t h a t  t a b l e -  
j e l l y  h a s  s i m i l a r  a c o u s t i c  p r o p e r t i e s  to  human lu n g .  However, 
t h e i r  s t u d ie s  have f a i l e d  to take  in to  account the  impedance o f  
th e  t h o r a c i c  c a v i t y  and th e  s u r ro u n d in g  c o n n e c t iv e  t i s s u e s .  
A n o th e r  m ore a c c u r a t e  e s t i m a t i o n  m ethod i s  to  d e t e r m i n e  th e  
imipedance o f  th e  c h e s t  w a ll  o f  a cadaver,  bu t such an experim ent 
would r a i s e  e t h i c a l  and l e g a l  problem s as w e ll  as  t e c h n ic a l  ones.
For th e se  re a so n s  and a lso  for c o m p a t ib i l i t y  w ith  the  
p rev io u s  re c o rd in g s ,  a tran sd u ce r  which was designed  by McGhee 
(1978),  b a se d  on th e  work o f  Guard (1976), and was found to
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produce " re a so n ab ly  u sa b le  o u tp u t"  (U rquhart, 1983) was used fo r  
t h i s  s tu d y .  I t  i s  an e n c l o s u r e  s y s te m  w i t h  a G e n e r a l  R ad io  
0 . 5 - i n c h  e l e c t r e t  m ic ro p h o n e  ( ty p e  1962-9602) and a m a tc h e d  
p r e a m p l i f i e r  surrounded by a th i c k  tube  o f  alum inium . T h is  tube  
a c t s  a s  a m echan ica l mass e lem en t which a t t e n t u a t e s  am bien t sourd 
( a c o u s t i c  i n t e r f e r e n c e  and n o i s e )  reach ing  th e  m icrophone. The 
head  o f  t h i s  e n c l o s u r e  i s  f i t t e d  w i t h  a r i g i d  T u f n o l  d ia p h ra g m  
0.64mm t h i c k  t o  c r u d e l y  m a tc h  th e  im p ed an ce  b e tw e e n  th e  
m icrophone and th e  c h e s t  w a l l .  T h is  im proves th e  a b i l i t y  o f  the  
m ic ro j^ o n e  to  d e t e c t  sound from the  c h e s t  and, a t  the  same t im e ,  
red u ces  the  i n t e r f e r e n c e  reco rded  (Urquhart, 1983).
The m ic ro p h o n e  and th e  p r e a m p l i f i e r  have  a -2dB 
bandw idth  from 5Hz to  20kHz (m an u fa c tu re r 's  da ta)  a l th o u g h  t h i s  
i s  m o d i f i e d  c o n s i d e r a b l y  by  t h e  a lu m in iu m  t u b i n g .  F ig u r e  7.1 
shows th e  frequency  response  o f  the  GR m icrophone and e n c lo su re  
in  a i r  ( so l id  c u rv e ) . The response  o f  a s tan d a rd  Bruel and K jaer 
m ic ro p h o n e  ( ty p e  4134) i s  a l s o  shown f o r  c o m p a r i s o n  ( d o t t e d  
cu rve ) .  Both m icrophones were te s t e d  under the  same c o n d i t io n s ,  
and both  were c a l i b r a t e d  a g a i n s t  ano ther  s tan d a rd  B ruel and Kjaer 
m ic ro p h o n e  ( ty p e  4165).  I t  can  be s e e n  t h a t  t h i s  e n c l o s u r e  
s y s te m  h as  some r a t h e r  i r r e g u l a r  r e s p o n s e s :  (a) d e c r e a s i n g  
a t t e n u a t i o n  from  20Hz t o  2000Hz; (b) a m p l i f i c a t i o n  w i t h i n  th e  
r a n g e  o f  3kHz to  6kHz; and (c) s h a r p  a t t e n u a t i o n  a t  h ig h e r  
f r e q u e n c i e s .
The lu n g  sound s i g n a l s  p ic k e d  up by  t h i s  e n c l o s e d  
m ic ro p h o n e  s y s te m  w ere  r e c o r d e d  by a  v a r i a b l e  s p e e d  4 - c h a n n e l
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r e c o r d e r  (R aca l S to re -4 D )  w i t h  t h e  s p e e d  s e t  a t  30 i n c h e s  p e r  
s e c o n d .  A gain  th e  c h o i c e  o f  t h e  r e c o r d i n g  sp e e d  i s  m a in ly  f o r  
c o m p a t i b i l i t y  w i th  t h e  p r e v i o u s  r e c o r d i n g s  done  by U r q u h a r t  
(1983) 90 t h a t  th e  r e c o rd in g s  may be re u s a b le  in t h i s  study. At 
t h i s  sp e e d  i t  p e r m i t s  a l l  f r e q u e n c i e s  b e tw e e n  0 t o  lOkHz t o  be 
reco rd ed  (m a n u fa c tu re r 's  d a t a ) .
A l l  r e c o r d i n g  s e s s i o n s  w ere  p e r f o r m e d  in  one  o f  th e  
c o n s u l t a t i o n  room s o f  t h e  G lasgow  R oyal I n f i r m a r y  u n d e r  th e  
s u p e r v i s i o n  o f  an e x p e r i e n c e  p h y s i c i a n  who h a s  s p e c i a l i z e d  in  
r e s p i r a t o r y  d i s o r d e r s .  Each s u b je c t  was asked to  remove a l l  h i s  
u p p e r  g a r m e n t s ,  t o  s i t  on a s t o o l  and to  b r e a t h  s l i g h l y  h a r d e r  
th a n  n o rm a l  th ro u g h  h i s  m ou th . (A gain , t h i s  was l a r g e l y  
d e t e r m i n e d  by th e  p h y s i c i a n . )  A u s c u l t a t i o n  w ith  a s te th o sc o p e  
was then  perform ed a t  th e  low er (or basa l)  p o s t e r i o r  p a r t  o f  the  
c h e s t  n e a r  th e  n i n t h  o r  t e n t h  i n t e r c o s t a l  s p a c e  p r i o r  to  th e  
a c tu a l  reco rd in g .  A f te r  the  p h y s ic ia n  had s e le c te d  the  s i t e  o f  
r e c o rd in g ,  the  enc lo sed  microptione system  was he ld  f i r m ly  w ith  
bo th  hands and g e n t ly  p re s se d  a g a i n s t  t h a t  lo c a t io n .  Throughout 
t h e  r e c o r d i n g ,  t h e  sound was c o n t i n u o u s l y  m o n i to r e d  by a Gould 
ISMKz o s c i l l o s c o p e  to  make s u r e  t h a t  th e  r e c o r d e d  l e v e l  was 
a c c e p t a b l e .  Around 10 b r e a t h  c y c l e s  w ere  r e c o r d e d .  The w h o le  
rec o rd in g  was rep lay ed  (and d isp la y e d  the same o s c i l lo s c o p e )  
a t  a  s l i g h t l y  s low er  speed and i f  th e r e  was no a p p a re n t  s e r io u s  
f l a w  (su c h  as  su d d en  m ovem ent o f  th e  hand w h ich  c a n  c a u s e  a 
l e n g t h y  and l a r g e  d e f l e c t i o n  in  th e  r e c o r d e d  s i g n a l ) , t h e  
r e c o r d i n g  was a c c e p te d  fo r  f u r t h e r  a n a l y s i s ;  e l s e  t h e  w h o le  
p ro ced u re  was re p e a te d  u n t i l  the  reco rd in g  was a c c e p ta b le .
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The t r a n s i t i o n s  between i n s p i r a t i o n  and e x p i r a t io n  were 
r e c o r d e d  on a s e p a r a t e  c h a n n e l  in  t h e  P a c a l  S to r e -4 D  r e c o r d e r .  
A t t h e  b e g i n n in g  o f  t h i s  s t u d y ,  th e  t r a n s i t i o n  was i d e n t i f i e d  
u s i n g  a t h e r m i s t o r  m oun ted  on a p ro b e  t h a t  was a t t a c h e d  to  a 
h e a d s e t  w orn  by th e  s u b j e c t .  However b e c a u s e  o f  d i f f i c u l t i e s  
w i t h  t h e  p ro b e  and fo r  h y g i e n i c  r e a s o n s ,  t h e  b r e a t h  t r a n s i t i o n  
was f i n a l l y  i d e n t i f i e d  m anua lly  by using  a s im p le  push b u t to n ,  
w i th  i n s p i r a t i o n  in d ic a te d  by p re s s in g  the  b u t to n  and e x p i r a t i o n  
by r e l e a s in g  i t .
A f t e r  a r e c o r d i n g  s e s s i o n ,  t h e  t a p e  was t r a n s f e r r e d  
back to th e  U n iv e r s i ty  o f  Glasgow for f u r th e r  a n a ly s i s .  I t  was 
d is c o v e re d  t h a t  in  o rder  to  d i g i t i z e  th e  lung sound, th e  r e c o rd e r  
s p e e d  h a s  to  be re d u c e d  by  a f a c t o r  o f  16 i . e .  t o  1.875 in c h e s  
p e r  s e c o n d  in  o r d e r  to  o v e rc o m e  s o f t w a r e  o v e r h e a d s  in  th e  d a t a  
logg ing  program s (Campbell, 1983). The recorded  s ig n a l s  were then  
d i g i t i z e d  (or sampled) by a 1 2 - b i t  Micro C o n s u l ta n ts  a n a lo g - to -  
d i g i t a l  co n v e r te r  w ith  a n t i - a l i a s i n g  f i l t e r s  under th e  c o n t ro l  
o f  a s m a l l  8 - b i t  Z80-based m icro-com puter (model SBC-100). S ince 
o n ly  i n s p i r a t i o n s  a r e  o f  i n t e r e s t  in  t h i s  s t u d y  ( s e c t i o n  7 .1 ) ,  
th e  whole d i g i t i z a t i o n  p ro c e ss  was m anually  c o n t ro l l e d  w ith  th e  
h e l p  o f  t h e  b r e a t h  t r a n s i t i o n  s i g n a l s  and an o s c i l l o s c o p e .  A 
s c h e m a t i c  d ia g ra m  o f  t h e  d a t a  a c q u i s i t i o n  m odu le  i s  shown in  
f ig u r e  7.2. The d i g i t i z e d  i n s p i r a t i o n  s ig n a l s  were pe rm an en tly  
s t o r e d  on f lo p p y  d i s k e t t e s  and t r a n s f e r r e d  to  th e  GEC 4180 
m i n ic o m p u te r  f o r  f u r t h e r  a n a l y s i s  by u s in g  a d e d i c a t e d  f i l e -  
t r a n s f e r r i n g  æ C-200 m icrocom puter. U n fo r tu n a te ly ,  th e  GEC 4180 
w ou ld  n o t  a c c e p t  b i n a r y  d a t a  w i t h o u t  m o d i fy in g  i t .  T h e r e f o r e ,
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Figure 7.2 Schematic diagram of the data acqu isition  module.
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t h e  w h o le  t r a n s f e r r i n g  p r o c e d u r e  h a s  t o  i n c l u d e  a b i n a r y - t o -  
hexadecim al convers ion  a t  th e  SBC-200 erd  and a h e x a d e c im a l- to -  
b in a ry  c o n v e rs io n  (for s to r a g e  e f f ic ie n c y )  when th e  d a t a  f i n a l l y  
a r r iv e d  a t  the  GEC 4180.
The w h o le  p r o c e s s  w as e x t r e m e l y  t i m e  c o n su m in g .  The 
i n s t r u m e n t a t i o n  t a p e  r e c o r d e r  h a s  t o  be t r a n s p o r t e d  b ack  and 
f o r th  by van between the  Glasgow Royal I n f i rm a ry  (for reco rd ing) 
and th e  U n iv e r s i ty  (for p layback  and d a t a  logg ing).  The d a t a  had 
to  be  lo g g e d  on th e  SBC-100 m ic r o - c o m p u te r  un d er  m anua l 
s u p e r v i s i o n  a s  d e s c r i b e d  ab o v e ,  th e  f lo p p y  d i s c  moved to  t h e  
SBC 200 f o r  d a t a  t r a n s f e r ,  t h e  f i l e  t r a n s l a t e d  from b i n a r y  to  
hex ad ec im al,  the  d a ta  t r a n s f e r r e d  d o w n-line  to  the  GEC 4180 (w ith  
f u r t h e r  d e l a y s  in  th e  e v e n t  o f  a  f a u l t  on th e  SBC-200, t h e  GEC 
4180 , or t h e  l i n e ) ,  and f i n a l l y  t h e  d a t a  t r a n s l a t e d  b ack  to  
b i n a r y .  M oreover in  v ie w  o f  th e  l a r g e  s i z e  o f  t h e  d a t a  f i l e s ,  
o n l y  a b o u t  t h r e e  c o u l d  be h e l d  on GEC 4180  d i s c  s t o r a g e  
s i m u l t a n e o u s l y ,  and t h e r e f o r e  a new e x p e r i m e n t  i n v o l v i n g  th e  
w h o le  d a t a  s e t  n e c e s s i t a t e d  r e p e t i t i o n  o f  a l l  t h e  above s t e p s  
from  th e  d a t a  lo g g in g  o n w a rd s .  T hese  cum bersom e p r o c e d u r e s  
r e t a r d e d  p r o g r e s s  on th e  p r o j e c t  and had th e  e f f e c t  t h a t  o f  th e  
50 s u b j e c t s  from  whom r e c o r d i n g s  w ere  o b t a i n e d ,  t h e  d a t a  from  
o n ly  15 c o u ld  be a n a l y s e d .  The a u th o r  u n d e r s t a n d s  t h a t  a m ore  
e f f i c i e n t  d a ta  a c q u i s i t i o n  system  i s  now under developm ent.
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7.4 P rep rocessin g  and F eature G eneration
7.4.1 P reprocessin g: ^jectrum  estim aticH i
The le n g th  o f  th e  d i g i t i z e d  i n s p i r a t i o n  s i g n a l s  v a r i e s  
b e tw e e n  10k and 28k (o f  m e a s u re m e n ts )  b e c a u s e  th e  d u r a t i o n  o f  
each i n s p i r a t i o n  v a r i e s  (a) w i th in  an in d iv id u a l  and (b) between 
d i f f e r e n t  s u b je c t s .  Thus, i t  would be u s e fu l  i f  th e se  v a r i a b l e  
le n g th  d a ta  re c o rd s  could somehow be tran sfo rm ed  in to  re c o rd s  o f  
f i x e d  l e n g t h .  To do s o ,  i t  may be n e c e s s a r y  t o  t r a n s f o r m  t h e s e  
d a t a  from  one dom ain  to  a n o t h e r  dom ain . The i n h e r e n t  c y c l i c  
n a t u r e  o f  r e s p i r a t i o n  m akes f r e q u e n c y  dom a in  a n a l y s i s  v e r y  
a t t r a c t i v e .  In  t h i s  s tu d y ,  a da tum  w i t h  a v a r i a b l e  num ber o f  
m easurem ents  in  th e  t im e  domain i s  transfom ed  in to  a datum w ith  
f ix ed  number o f  m easurem ents  in  the  frequency  domain by w eighted 
o v er lap p ed  segment averag ing  (WCSA) -  s e c t io n  3.3.3. More s im p le  
e s t i m a t i o n  t e c h n i q u e s  w h ich  a r e  b a se d  d i r e c t l y  on th e  f a s t  
F o u r ie r  t ran s fo rm  (FFT) have been used by a number o f  r e s e a r c h e r s  
(Murphy and S o r e n s e n ,  1973; M ori e t  a l . ,  1978; G a v r i e l y  e t  a l . ,  
1981; U r q u h a r t  e t  a l . ,  1981).
I t  i s  w o r th  p o i n t i n g  o u t  h e r e  t h a t  a n o t h e r  s p e c t ru m  
e s t i m a t i o n  t e c h n i q u e ,  t h e  maximum e n t r o p y  m e thod  (MEM), was 
b r i e f l y  i n v e s t i g a t e d  by U r q u h a r t  ( 1 9 8 3 ) .  H o w e v e r ,  h i s  
p r e l im in a r y  s tudy  in d ic a te d  t h a t  i t  i s  v e ry  d i f f i c u l t  to  s e l e c t  
t h e  r i g h t  m odel o r d e r  w h ich  i s  e s s e n t i a l  in  MEM (A k a ik e ,  1974; 
Kay and Mar p ie ,  1981). C o n s id e r in g  th e  v a r i a b l i t y  o f  each b re a th  
c y c le  and the  d i f f i c u l t y  in  f in d in g  the  r i g h t  model o rd e r ,  i t  i s
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n o t  s u r p r i s i n g  t h a t  r e l a t i v e l y  v e r y  few p u b l i c a t i o n s  in  lu n g  
□ a n a l y s i s  a r e  based on MEM or r e l a t e d  te ch n iq u es .sound
As p o i n t e d  o u t  in  s e c t i o n  3.3.3 t h e r e  a r e  tw o  m e th o d s  
to  im plem ent W06A, namely th e  a lg o r i th m  due to  C a r te r  and N u t t a l l  
(1980) and t h a t  due to  Yuen (1983). Both o f  th e se  a lg o r i th m s  a re  
imiplemented in  t h i s  study . In both methods, a 2048 -po in t FFT i s  
used  f o r  e a c h  s e g m e n t  and th e  q u a d r a t i c  (or la g )  window i s  a 5 -  
p o in t  D a n ie l l  window (Yuen and F ra s e r ,  1979). In the  a lg o r i th m  
proposed by C a r te r  and N u t t a l l ,  each segment i s  2k in s i z e ,  w i th  
a 50% o v e r l a p p i n g  b e t w e e n  e a c h  s e g m e n t .  The d e g r e e  o f  
o v e r l a p p i n g  i s  d i c t a t e d  by th e  window used w i t h  eac h  seg m en t
( N u t t a l l ,  1 9 8 1 ) ,  and in  t h i s  s tu d y  i s  a minimum 4 - s a m p le
B lackm an-H arr is  window. The a v e ra g e d  p e r io d o g ra m  g e n e r a t e d  by 
e i t h e r  method w i l l  c o n ta in  1024 p o in t s  and have a r e s o lu t io n  o f  
about 4.69Hz. F ig u re  7.3 shows the  averaged periodogram  produced 
by each  a lg o r i th m  fo r  one o f  the  a s b e s to s i s  p a t i e n t s .  I t  can be
s e e n  t h a t  t h e r e  i s  n o t  m uch d i f f e r e n c e  b e t w e e n  t h e  tw o
a p p r o a c h e s .  T h i s  mi ay be a t t r i b u t e d  to  th e  number o f  th e  
m easurem ents  taken  for each in s p i r a t io n .  In the  s tudy  by C a r te r  
and N u t t a l l  (1 9 8 0 ) ,  t h e  s l i g h t  d i f f e r e n c e  b e tw e e n  th e  two 
a p p r o a c h e s  i s  g iv e n  f o r  d a t a  o f  c o m p a r a t i v e l y  s h o r t  s i z e  and 
l a r g e  dynamic range . For t h i s  reaso n ,  the  approach by C a r te r  and 
N u t t a l l  was adopted for subsequent t ra n s fo rm a t io n .
F i g u r e  7.4 i l l u s t r a t e s  a p e r io d o g ra m  from  one o f  th e  
exposed p a t i e n t s  and ano ther  one frcm one o f  the  normal s u b je c t s .  
I t  c a n  be s e e n  t h a t  th e  a s b e s t o s i s  p a t i e n t  h a s  a p e r  iodogram
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b e tw e e n  20Hz t o  2000Hz th a n  e i t h e r  t h e  ex p o sed  or t h e  n o rm a l  
s u b j e c t .  A lso  w o r th  n o t i c e  i s  th e  s m a l l  peak  a t  a ro u n d  3800Hz 
f o r  e a c h  o f  th e  t h r e e  c l a s s e s  o f  s u b j e c t s  s t u d i e d .  T h i s  may be 
due  t o  th e  i r r e g u l a r  r e s p o n s e  o f  t h e  m ic ro p h o n e  r a t h e r  th a n  
r e l a t e d  to  th e  lung sound.
7 .4 .2  F e a t u r e  g e n e r a t io n
One o f  t h e  m o s t  d i f f i c u l t  p a r t s  o f  th e  d e s i g n  o f  a 
p a t t e r n  r e c o g n i t i o n  s y s te m  i s  t h e  c o n s t r u c t i o n  o f  th e  s e t  o f  
f e a t u r e s .  U n l ik e  th e  i d e n t i f i c a t i o n  o f  th e  s e t  o f  p a t t e r n  
c l a s s e s  w h ich  i s  u s u a l l y  e a s y  ( f o r  e x a m p le  i n  c h a r a c t e r  
r e c o g n i t i o n ,  th e  s e t  o f  c h a r a c t e r s  i s  t h e  s e t  o f  c l a s s e s ) ,  t h e  
c h o i c e  o f  f e a t u r e s  d e p e n d s  v e r y  much on th e  i n t u i t i o n  o f  th e  
d e s ig n e r ,  (Of c o u rse ,  once the  s e t  o f  f e a tu r e s  has been decided  
on ,  t h e r e  a r e  many m e th o d s ,  f o r  e i t h e r  s e l e c t i n g  or e x t r a c t i n g  
th e  m ore  u s e f u l  o nes .)  In  t h i s  s tu d y ,  once  th e  i n s p i r a t o r y  
s i g n a l s  have been d i g i t i z e d  and t r a n s f o r m e d  i n t o  th e  f r e q u e n c y  
dom ain , th e  s e t  o f  averaged periodogram s can be cons idered  as  a 
s e t  o f  p a t t e r n s .  F o l lo w in g  U rq u h a r t  (1983), t h e  a v e ra g e d  
periodogram  i s  d iv id ed  in to  a number o f  frequency i n t e r v a l s ,  and 
th e n  a f e a t u r e  i s  g e n e r a t e d  from each  f r e q u e n c y  i n t e r v a l .  In  
t h i s  way th e  d im e n s io n a l i ty  i s  d r a s t i c a l l y  reduced from 1024 to  a 
much s m a l le r  va lue .
A lso  in  t h e i r  p r e v i o u s  s tu d y ,  U r q u h a r t  e t  a l .  (1981) 
have c o n c e n tra te d  t h e i r  a n a ly s i s  cxi f re q u e n c ie s  between 2Hz and 
400Hz. In p a r t i c u l a r  they  have in d ic a te d  th a t  f re q u e n c ie s  below
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50Hz w ere  o f  m e d ic a l  s i g n i f i c a n c e .  T h e r e f o r e ,  6 f r e q u e n c y  
i n t e r v a l s ,  and hence 6 f e a t u r e s ,  were c o n s t ru c te d  between 2Hz and 
50Hz. Kraman (1983) suggested  t h a t  sounds in  t h a t  low frequncy  
range p ro b ab ly  o r ig in a te d  from th e  c h e s t  m uscle  r a th e r  than  from 
t h e  lu n g  i t s e l f .  N e v e r t h e l e s s ,  u s in g  o n l y  t h e s e  6 f e a t u r e s ,  
U r q u h a r t  (1983) was a b l e  to  d i s t i n g u i s h  b e t e e n  n o rm a l  s u b j e c t s  
and a number o f  r e s p i r a t o r y  d i s o r d e r s ,  such as  pulm onary oedema 
and  a s b e s t o s i s .  Thus w h e th e r  o r  n o t  K raroan 's  s u g g e s t i o n  i s  
c o r r e c t ,  U rq u h a r t 's  r e s u l t s  have e s ta b l i s h e d  t h a t  lung sounds in  
t h e  low f r e q u e n c y  ra n g e  c o n t a i n  i n f o r m a t i o n  t h a t  i s  u s e f u l  in  
d i s t i n g u i s h i n g  between lung c o n d i t io n s ,  w hatever the  mechanism by 
which the  sounds a re  g enera ted .
In  t h i s  s tu d y ,  the  f requency  between 4Hz and 2000Hz i s  
a n a ly se d  because i t  has been shown (Benedetto e t  a l . ,  1983) t h a t  
c r a c k le s  in  f ib r o s in g  d i s e a s e s ,  l i k e  a s b e s to s i s  and c ry p to g en ic  
( o r  i d i o p a t h i c )  f i b r o s i n g  a l v e o l i t i s ,  u s u a l l y  h a v e  som e 
s i g n i f i c a n t  h ig h  f r e q u e n c y  co m p o n e n ts .  T h e r e f o r e ,  th e  r a n g e  
be tw een  0 and 2000Hz i s  d iv ided  e q u a l ly  i n t o  20 i n t e r v a l s ,  each 
w i th  a w id th  o f  200Hz. Hence a 20 d im en s io n a l  f e a t u r e  v ec to r  can 
be g e n e ra te d  from each in s p i r a t i o n .  For each frequency i n t e r v a l ,  
a f e a t u r e  i s  fo rm ed  by a v e r a g in g  th e  e s t i m a t e d  pow er (or th e  
c o m p o n e n ts  o f  th e  a v e ra g e d  p e r io d o g ra m )  w i t h i n  t h a t  i n t e r v a l .  
F u r t h e r m o r e ,  a s  S a y e r s  (1975) h a s  s u g g e s t e d ,  n o r m a l i z a t i o n  i s  
u s e f u l  fo r  b io l o g ic a l  s ig n a l s  because i t  i s  u s u a l ly  th e  shape o f  
t h e  s p e c t r u m  r a t h e r  t h a n  i t s  a c t u a l  m a g n i t u d e  t h a t  i s  
s i g n i f i c a n t .  U n f o r t u n a t e l y ,  th e  m o s t  o b v io u s  n o r m a l i z a t i o n  
p ro c e d u re ,  t h a t  i s  d iv id in g  the  average e s t im a te d  power in  each
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i n t e r v a l  by th e  t o t a l  pow er w i t h i n  0 t o  2000Hz, d id  n o t  p ro d u c e  
th e  b e s t  r e s u l t  when some o f  th e  d a ta  were p ro je c te d  onto a two 
d i m e n s i o n a l  s p a c e  u s in g  th e  K i t t l e r  and Young t r a n s f o r m a t i o n  
( f ig u r e  7.5). A f te r  some t r i a l  and e r r o r  e x p e r im e n ta t io n ,  i t  was 
found t h a t ,  a t  l e a s t  f o r  t h i s  p a r t i c u l a r  d a t a  s e t ,  t h e  b e s t  
p r o j e c t i o n  u n d e r  t h e  same t r a n s f o r m a t i o n  c o u ld  be o b t a i n e d  by 
d iv id in g  th e  log o f  th e  average e s t im a te d  power in  each frequency 
i n t e r v a l  by t h e  lo g  o f  t h e  l a r g e s t  a v e r a g e  e s t i m a t e d  power 
( f i g u r e  7 .6 ) .  (T h is  h a s  th e  e f f e c t  o f  r a i s i n g  eac h  e s t i m a t e d  
power to  an index which i s  p ro p o r t io n a l  to  the  in v e rse  o f  th e  log 
o f  t h e  l a r g e s t  a v e r a g e d  e s t i m a t e d  p o w e r . )  T h u s ,  t h i s  
n o r m a l iz a t io n  method i s  used in subsequent a n a ly s i s .
7.5 Magping
The ab o v e  p r o c e d u r e s  o b t a i n  a 2 0 - d im e n s io n a l  f e a t u r e  
v e c t o r  f o r  e ac h  i n s p i r a t i o n .  The p u rp o s e  o f  t h e  n e x t  s t a g e  o f  
th e  n o n - i n v a s i v e  s y s te m  i s  t o  p r o v id e  a u s e r  some v i s u a l  a i d s .  
One method o f  doing t h i s  i s  to  p r o j e c t  the 20 d im en s io n a l  v e c to r s  
onto  a 2 d im e n s io n a l  space through the a p p l i c a t io n  o f  one o f  the  
l i n e a r  mapping a lg o r i th m s  d isc u sse d  in  ch ap te r  4. The idea  i s  to  
d e te rm in e  a mapping (or t ra n s fo rm a t io n )  m a tr ix  U which o p t im iz e s  
a c e r t a i n  c r i t e r i o n  f u n c t i o n  a n d , a t  th e  same t i m e ,  h a s  a s m a l l  
v a r i a n c e  i n  t h e  e s t i m a t e d  s c a t t e r  m a t r i x  ( s e c t i o n  4 ,2 .6 ) .  
Assuming t h a t  somehow th e  mapping m a tr ix  U has been de te rm ined  
w i t h  s u f f i c i e n t l y  s m a l l  v a r i a n c e ,  th e  u s e r  can  th e n  v i s u a l l y  
i n t e r p r e t  the  p ro je c te d  d a ta .  For example, i t  may be p o s s ib le ,  
w i th  t h e  h e l p  o f  t h e  v i s u a l  a i d ,  to  answ er  su ch  q u e s t i o n s  a s
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F i r s t  P r o je c t io n  Component
F ig u r e  7 .5  A tw o - d im e n s io n a l  p r o j e c t i o n  o f  135 2 0 - d i m e n s i o n a l  
l u n g  s o u n d  f e a t u r e  v e c t o r s  u s i n g  t h e  K-Y 
t r a n s f o r m a t i o n .  Bach f e a t u r e  v e c t o r  i s  n o r m a l i z e d  
w i th  r e s p e c t  to  the  t o t a l  e s t im a te d  power betw een 0 
t o  2000Hz. (A) d e n o t e s  a s i n g l e  i n s p i r a t i o n  fo r  a
n o rm a l  s u b j e c t ,  ( O )  d e n o t e s  t h a t  o f  an ex p o sed  
p a t i e n t  and ( 0 )  d e n o t e s  t h a t  o f  an  a s b e s t o s i s  
p a t i e n t .
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F i r s t  P r o je c t io n  Component
F ig u re  7 .6  A t w o - d i m e n s i o n a l  p r o j e c t i o n  o f  135 2 0 - d im e n s io n a l  
l u n g  s o u n d  f e a t u r e  v e c t o r s  u s i n g  t h e  K-Y 
t r a n s f o r m a t i o n .  Each f e a t u r e  v e c t o r  i s  n o r m a l i z e d  
w ith  r e s p e c t  to  th e  l a r g e s t  e s t i i r ia ted  averaged power. 
SyiTibols a s  shown in  f ig u r e  7.5.
1 9 2
"Does t h e  new i n s p i r a t i o n  b e lo n g  to  t h e  n o rm a l  c l a s s ? "  o r  "Are 
t h e r e  any  r e l a t i o n s h i p s  w i t h i n  t h e  s e t  o f  p r o j e c t e d  d a t a ? " .  
(Another p r a c t i c a l  a p p l i c a t io n  o f  t h i s  v i s u a l  a id  has been shown 
in  s e c t i o n  7.4 where d i f f e r e n t  n o rm a l iz a t io n  te ch n iq u e s  fo r  th e  
f e a t u r e  v e c to r s  can be compared v is u a l ly . )
F ive  l i n e a r  mapping a lg o r i th m s  have been im plem ented in  
t h i s  s tudy :
(a) K i t t l e r - Y o u n g  (K-Y) t r a n s fo rm a t io n  ( s e c t io n  4.2.3),
(b) Karhunen-Loeve (K-L) t r a n s f o r m a t io n  ( s e c t i o n  4 .2 .2 ) ,
(c) F i s h e r  (F-S) t r a n s f o r m a t i o n  ( s e c t io n  4.2.4),
(d) Fukunaga-Mantock (F-M) tr a n s fo rm a t io n  w ith  th e  un-m odif ied
w e ig h t in g  f u n c t io n  (equation 14 in  s e c t io n  4.2.5), and
(e) F-M t r a n s f o r m a t io n  w ith  th e  m o d i f i e d  w e i g h t i n g  f u n c t i o n
( e q u a t i o n  15 in  s e c t i o n  4 .2 .5 ) .
F ig u re s  7.6 to  7.10 show th e  d i f f e r e n t  2 -d im en s io n a l  p r o j e c t i o n s  
ach ieved  by u s in g  the  above 5 methods fo r  135 20 -d im ens iona l lung 
sound f e a t u r e  v e c t o r s ,  45 from each group o f  s u b je c t s  s tu d ie d .  
I t  can  be s e e n  t h a t  t h e  K-Y t r a n s f o r m a t i o n  p r o v i d e s  t h e  b e s t  2 -  
d im en io n a l  p r o j e c t i o n  fo r  t h i s  p a r t i c u l a r  s e t  o f  d a ta .
F u r th e rm o re ,  f ig u r e  7.6 shows t h a t  th e re  a re  3 s l i g h t l y  
over lapped  c l u s t e r s  in  th e  p r o je c t io n ,  each co rrespond ing  to  one 
group  (or c l a s s )  of th e  s u b je c t s  s tu d ie d .  A g r e a t e r  o ve r lapp ing  
can a l s o  be seen  between the  exposed and the  a s b e s to s i s  p a t i e n t s .  
(See Appendix 7.A fo r  f u r th e r  comments on f ig u re  7.6.) T h is  i s  to  
be e x p e c te d  b e c a u s e ,  a s  m e n tio n e d  in  s e c t i o n  2 .5 .1 ,  t h e  i n i t i a l  
p a th o lo g ic a l  change o f  a s b e s to s i s  i s  an a l v e o l i t i s .  The degree
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F i r s t  P r o je c t io n  Component
F ig u re  7 .7  A tw o - d i m e n s i o n a l  p r o j e c t i o n  o f  135 2 0 - d i m e n s i o n a l  
l u n g  s o u n d  d a t a  u s i n g  t h e  K-L t r a n s f o r m a t i o n .  
Symbols a s  shown in  f ig u r e  7.5.
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F i r s t  P r o je c t io n  Component
F ig u r e  7 .8  A t w o - d i m e n s i o n a l  p r o j e c t i o n  o f  135 2 0 - d i m e n s i o n a l  
l u n g  s o u n d  d a t a  u s i n g  t h e  F - £  t r a n s f o r m a t i o n .  
Symbols a s  shown in  f ig u re  7.5.
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F i r s t  P r o j e c t i o n  C o m p on en t
F ig u re  7 ,9  A t w o - d i m e n s i o n a l  p r o j e c t i o n  o f  135 2 0 - d i m e n s i o n a l  
l in g  sound d a ta  using  the  F-K t r a n s f o r m a t io n  w ith  th e  
o r i g i n a l  w e ig h t in g -  f u n c t i o n .  S y m b o ls  a s  shown in  
f i g u r e  7 .5 .
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F i r s t  P r o j e c t i o n  C om pon en t
F ig u re  7 .10  A tw o - d i m e n s i o n a l  p r o j e c t i o n  o f  135 20 -d im ens iona l 
lu n g  sound d a t a  u s in g  th e  F-K t r a n s f o r m a t i o n  w i t h  
th e  m od if ied  w e ig h t in g  fu n c t io n .  Symbols a s  shown 
in  f i g u r e  7.5.
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or i n t e n s i t y  o f  th e  a l v e o l i t i s  w i l l  d i c t a t e  th e  p ro g re s s  o f  the  
d i s e a s e ,  w h ich  v a r i e s  f rom  i n d i v i d u a l  t o  i n d i v i d u a l .  T h is  
s i m i l a r  i n i t i a l  p a th o lo g ic a l  change in  th e  lung parenchyma may 
a c c o u n t ,  in  p a r t ,  f o r  t h e  g r e a t e r  o v e r l a p p i n g  o f  t h e  c l u s t e r s  
betw een th e  two c la s s e s .
Each com ponen t o f  t h e  e i g e n v e c t o r  (colum n o f  th e  
m a p p i n g  m a t r i x )  c a n  be c o n s i d e r e d  a s  a w e i g h t  f o r  t h e  
c o r r e s p o n d i n g  com ponen t in  th e  f e a t u r e  v e c t o r .  Thus e a c h  
conponen t o f  th e  transfo rm ed  f e a t u r e  v e c to r  i s  a l i n e a r  w eighted 
sum o f  th e  o r i g i n a l  20 -d im ensiona l f e a tu r e  v e c to r s .  Hence, the  
r e l a t i v e  im p o r t a n c e  o f  e a c h  co m ponen t in  t h e  2 0 - d i m e n s i o n a l  
f e a t u r e  v e c to r  can be a s se s se d  by exam ina ting  the  correspond ing  
component in  th e  e ig e n v e c to r .  T h is  a l so  in d i c a t e s  th e  r e l a t i v e  
im p o rtan ce  o f  each frequency  i n t e r v a l  from which the  f e a tu r e  i s  
g e n e ra te d .  The components o f  each o f  the  two e ig e n v e c to rs  formed 
by  t h e  K-Y t r a n s f o r m a t i o n  a r e  l i s t e d  in  t a b l e  7.1. C a r e f u l  
i n s p e c t io n  o f  th e se  components sugges ted  t h a t  both th e  h igh and 
lo w  f r e q u e n c y  co m p o n en ts  a r e  o f  im p o r t a n c e .  A nderson  e t  a l  
(1986) p o i n t  o u t  t h a t  t h i s  may i n d i c a t e  t h a t  d i f f e r e n c e s  i n  
b r e a th  sounds a s  w e l l  as  th e  p resen ce  of c r a c k le s  a re  re s p o n s ib le  
f o r  t h e  s e p a r a t i o n  o f  th e  t h r e e  g ro u p s  in  f i g u r e  7.6. I t  a l s o  
b r i n g s  o u t  the  p o t e n t i a l  o f  t h i s  type o f  a n a ly s i s  techn ique .
I t  i s  a l s o  w orth  n o t i c in g ,  in  f ig u r e  7.9, th e  e f f e c t  o f  
o u t l i e r s  on the  r e s u l t i n g  p r o je c t io n  when using  th e  o r i g i n a l  F-M 
t r a n s f o r m a t i o n ,  i . e .  m ethod  (d). T h is  e f f e c t  can  be r e d u c e d  by 
u s in g  th e  m odified  w eigh ting  fu n c t io n  suggested  in  s e c t io n  4.2.5,
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T able 7 .1  C om ponen ts  o f  t h e  2 e i g e n v e c t o r s  fo rm ed  by t h e  K-Y 
t r a n s fo rm a t io n .
Components F i r s t  E igenvec to r Second E igenvec to r
1 6.86 3.84
2 -0.57 4.89
3 8.39 -5 .7 6
4 -3.90 -2.75
5 0.34 -3 .6 5
6 -6.00 6.53
7 1.73 -1 .1 0
8 -6.56 6.58
9 7.06 4.19
10 7.70 3.45
11 8.12 -1 2 .1 8
12 -9.16 -1.28
13 -2.21 -2 .0 5
14 4.67 2.19
15 -5.55 0.46
16 -11.63 1.08
17 -1.94 8.95
18 7.79 -0.56
19 3.70 -0 .6 6
20 2.21 -4.82
199
as shown in fig u re  7.10.
7.6 N ea rest Neig^ibour C la s s i f ic a t io n
S e c t io n  7.5 has  e s t a b l i s h e d  t h a t  th e  mapping module can 
p r o v i d e  t h e  m e d i c a l  p r o f e s s i o n a l s  w i th  some u s e f u l  v i s u a l  
d i s p l a y s  and, th u s ,  a l s o  su g g es ts  the  p o s s i b i l i t y  o f  u s ing  such 
d i s p l a y s  in  e x a m i n a t i n g  p a t i e n t s ,  p r o v id e d  a s u i t a b l e  m apping  
m a t r i x  h a s  b een  fo u n d .  In  t h a t  c a s e ,  t h e  o p e r a t o r  o f  t h e  n o n -  
i n v a s i v e  e x a m i n a t i o n  s y s te m  c a n ,  t h r o u g h  t h e s e  d i s p l a y s ,  
d e t e r m i n e  w h e th e r  a p a t i e n t  h a s  a s b e s t o s i s  o r  n o t .  ( I t  m u s t  
a g a i n  be e m p h a s i s e d  t h a t  th e  p ro p o s e d  s y s te m  s h o u ld  n o t  be 
c o n s id e re d  as  a  re p la c e m e n t  fo r  o th e r  d ia g n o s t i c  t o o l s .  I t s  aim 
i s  t o  p r o v i d e  a s i m p l e ,  r o u t i n e ,  n o n in v a s i v e  and r e l a t i v e l y  
r e l i a b l e  in d i c a to r  fo r  a s b e s to s i s ,  th u s  o f f - lo a d in g  some o f  th e  
u n n ece ssa ry  burden fo r  th e  m e d ic a l  p r o f e s s i o n a l s  and h o p e f u l l y  
e n a b l in g  th e  p h y s ic i a n s  to  pay more a t t e n t i o n  to  th o se  p a t i e n t s  
who a re  s u f f e r i n g  from th e  a i lm ent.)
I f  th e  env ironm en t i s  p e r f e c t l y  known d u ring  th e  d es ig n  
s t a g e ,  t h e s e  d i s p l a y s  w i l l  p r o b a b l y  b e  s u f f i c i e n t .  
U n fo r tu n a te ly ,  th e  env ironm ent i s  u s u a l ly  o n ly  p a r t i a l l y  known to  
th e  d e s ig n e r .  Thus, when th e  system becomes o p e r a t io n a l ,  i t  may 
be n e c e s s a ry  to  d e t e c t  th e  new or changing env ironm ent ( i f  such 
in fo rm a t io n  i s  a v a i l a b l e ) .  One o f  the  s im p le s t  ways i s  to  use the  
n e a r e s t  n e ig h b o u r  (NN) c l a s s i f i c a t i o n  r u l e s .  (R easons f o r  
p r e f e r r i n g  NN to  o t h e r  t y p e s  o f  c l a s s i f i c a t i o n  r u l e s  w e re  
d i s c u s s e d  in  s e c t i o n  5.2.1.) Here, th e  c l a s s i f i c a t i o n  scheme i s
2 0 0
u s e d  to  i n d i c a t e  w h e th e r  th e  e x i s t i n g  i n f o r m a t i o n  a b o u t  t h e  
s y s t e m  i s  s u f f i c i e n t  o f  n o t .  A s i m p l e  i n d i c a t o r  w i l l  be t h e  
num ber o f  e r r o r s  a n d / o r  r e j e c t i o n s  ( i f  a r e j e c t  o p t i o n  i s  used) 
c o m m i t t e d  by  th e  NN c l a s s i f i c a t i o n  r u l e .  H ow ever ,  when th e  
proposed  system  i s  com missioned, th e  new lung sound s ig n a l s  from 
some new s u b je c t s  (or using  the  te rm in o lo g y  in t ro d u ced  in  ch ap te r  
5, i . e .  th e  t e s t  samples) w i l l  be u n c l a s s i f i e d  ( i .e .  th e  o p e ra to r  
w i l l  n o t  know to  w h ich  g ro u p  th e  new s u b j e c t  b e l o n g s ) .  Thus i t  
i s  im p o ss ib le  to  know whether a t e s t  sample has been c l a s s i f i e d  
c o r r e c t l y  o r  n o t .  N e v e r th e le s s ,  the  system  t h a t  i s  proposed he re  
i s  o f f - l i n e  in  n a tu re .  T h ere fo re ,  i t  i s  p o s s ib le  to  e s t im a te  th e  
av e ra g e  p r o b a b i l i t y  o f  e r r o r  (or e r r o r  r a te )  fo r  a b a tch  o f  t e s t  
sam ples  (Fukunaga and K esse l,  1971). I f  th e  e x i s t i n g  in fo rm a t io n  
i s  i n a d e q u a t e ,  t h e  a v e r a g e  e r r o r  r a t e  s h o u ld  i n c r e a s e  above  a 
th r e s h o ld  t ,  which i s  p red e f in ed  by th e  d e s ig n e r .  At t h a t  p o in t ,  
so m e  o t h e r  m e c h a n i s m s  c a n  be i n v o k e d  t o  r e v e a l  t h e  new 
in f o r m a t i c s ,  fo r  example the  d a ta  e x p lo ra to ry  techn ique  used by 
U r q u h a r t  (1983).  U n s u p e rv is e d  l e a r n i n g  a l g o r i t h m s  can  a l s o  be 
used to  r e v e a l  such in fo rm a tio n  (chap ter  8).
The f i r s t  ta sk  in  c o n s t ru c t in g  t h i s  module i s  to  s e l e c t  
a  NN c l a s s i f i c a t i o n  r u l e  t h a t  w i l l  g iv e  t h e  s m a l l e s t  e x p e c te d  
p r o b a b i l i t y  o f  e r r o r .  U n f o r t u n a t e l y ,  th e  number o f  c l a s s i f i e d  
lung  sound f e a t u r e  v e c to r s  (pro to type samples) a v a i l a b l e  in  t h i s  
s tu d y  i s  to o  sm a l l  to  p e rm i t  the  im p lem en ta t ion  o f  those  methods 
d i s c u s s e d  in  s e c t i o n  S .2 .2 .4 . A lth o u g h  i t  i s  p o s s i b l e  to  
im p le m e n t  t h o s e  d i s c u s s e d  in  s e c t i o n s  5 .2 .2 .2 ,  5 .2 .2 .3  and 6 .3 , 
th e  s m a l l  number o f  p ro to ty p e s  a lm ost im m ed ia te ly  p re c lu d e s  any
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s e n s i b l e  com parison  between th e se  a lg o r i th m s  (even i f  th e  l e a v e -  
o n e - o u t  m e th o d  i s  u sed  to  e v a l u a t e  th e  p r o b a b i l i t y  o f  e r r o r ,  
D ev ijv e r  and K i t t l e r ,  1982). N e v e r th e le s s ,  s e c t i o n  6.2 p ro v id e s  
an i n t e r e s t i n g  t h e o r e t i c a l  s t u d y  on tw o o f  t h e  a l g o r i t h m s  ( i . e .  
th e  k-NN r u l e ,  s e c t i o n  5.2.2.2.1, and the  d is ta n c e -w e ig h te d  k-NN 
r u l e ,  s e c t i o n  5 .2 .2 .3 .3 ) .  I t  h a s  been  shown in  s e c t i o n  6.2.3 by 
a s im p le  n u m e rica l  example t h a t  the  d i s ta n c e -w e ig h te d  k-NN r u l e  
may h ave  a s l i g h t l y  s m a l l e r  e x p e c te d  p r o b a b i l i t y  o f  e r r o r  th a n  
th e  k-NN r u l e  when th e  number o f  p ro to ty p e s  i s  f i n i t e .  I t  i s ,  o f  
c o u r s e ,  p o s s i b l e  to  r e d u c e  th e  p r o b a b i l i t y  o f  e r r o r  f u r t h e r  by 
r e m o v in g  some o f  th e  "bad" p r o t o t y p e s  u s ing  e d i t i n g  a lg o r i th m s  
(s e e  Luk, 1987).  T h i s  i s  i m p o r t a n t  b e c a u s e  when t h e  p ro p o s e d  
s y s t e m  b ecom es  o p e r a t i o n a l ,  i t  i s  v e r y  l i k e l y  t h a t  a l l  t h e  
modules would be implemented in  a d e d ic a te d  m icrocom puter w i th  
l i m i t e d  amount o f  memory. T h e re fo re ,  th e  number o f  p ro to ty p e s  
t h a t  can  be i n c l u d e d  w i l l  be l i m i t e d .  F u r th e r m o r e ,  i t  i s  a l s o  
p o s s i b l e  t o  sp e e d  up th e  s e a r c h i n g  p r o c e s s  in  t h e  n e a r e s t  
ne ighbour r u l e  by im plem enting one o f  th e  a lg o r i th m s  surveyed in  
Luk (1987). (The au tho r  would recommand an a lg o r i th m  by Yunck, 
1 9 7 6 ,  b e c a u s e  i t  i s  s i m p l e  and  d o e s  n o t  i n v o l v e  a n y  
m u l t i p l i c a t i o n  o p e r a t i o n s  -  p o s s i b l y  an im p o r ta n t  f a c to r  when 
u s ing  a  d e d ic a te d  microcomputer w ith o u t  a s p e c ia l i z e d  m a th m a tica l  
c o - p r o c e s s o r .)
The s e c o n d  t a s k  in  c o n s t r u c t i n g  t h i s  m odule  i s  t o  
e s t i m a t e  t h e  a v e ra g e d  p r o b a b i l i t y  o f  e r r o r  f o r  a s e t  o f  
u n c l a s s i f i e d  t e s t  s a m p le s .  T h is  i s  in  f a c t  one o f  th e  m o s t  
d i f f i c u l t  q u e s t i o n s  f a c i n g  r e s e a r c h e r s  in  t h e  f i e l d  o f  NN
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c l a s s  i f  i c a  to n .  Most o f  th e  proposed s o lu t i o n s  have been c e n t re d  
on t h e  r e l a t i v e l y  s im p l e  t w o - c l a s s  p ro b le m .  N e v e r t h e l e s s ,  
D e v i j v e r  (1985) h a s  r e c e n t l y  s u g g e s t e d  a m ethod  o f  f i n d i n g  an 
u n b ia sed  e s t i m a t e  o f  the  p r o b a b i l i t y  o f  e r r o r  fo r  th e  1-NN r u l e  
in  a m u l t i c l a s s  env ironm ent,  which i s  based on the  id ea  used by 
F ukunaga  and K e s s e l  (1971). The c o n c e p t  i s  v e r y  s i m p l e  b e c a u s e  
i t  s im p ly  co u n ts  th e  number o f  n e a r e s t  ne ighbours  in  each c l a s s .  
A g a in ,  due  to  t h e  s m a l l  number o f  p r o t o t y p e s  a v a i l a b l e  in  t h i s  
s tu d y ,  i t  i s  im p o ss ib le  to  experim en t w ith  i t  on the  lung sound 
d a ta .  However an experim en t has been conducted u s in g  3 c l a s s e s  o f  
b i v a r i a t e  d a t a  s i m i l a r  to  t h o s e  d e s c r i b e d  by D udani (1976). In  
t h i s  e x p e r im en t ,  th e  p ro to ty p e  s e t  c o n s is te d  o f  600 sam ples ,  200 
f ro m  e a c h  c l a s s ;  and t h e r e  w ere  5 i n d e p e n d e n t l y  g e n e r a t e d  t e s t  
s e t s ,  e a c h  c o n t a i n i n g  3000 s a m p le s .  The e s t i m a t i o n  w as ,  
t h e r e f o r e ,  execu ted  5 t im e s ,  each t im e  w ith  a d i f f e r e n t  t e s t  s e t ,  
and  th e  r e s u l t s  w ere  a v e ra g e d .  F ig u r e  7.11 show s th e  a v e ra g e d  
p r o b a b i l i t y  o f  e r r o r  v e rsu s  the  number o f  n e a r e s t  ne ighbours  used 
f o r  t h e  e s t i m a t i o n .  I t  can  be s e e n  t h a t  t h i s  m ethod  d o e s  n o t  
seem  to  c o n v e rg e  a s  e x p e c te d  from  th e  t h e o r e t i c a l  s t u d y  by 
D e v i jv e r  (1985).
7 .7  Remarks
In  t h i s  s tudy , the  frequency  range between 0 and 2000Hz 
h a s  b een  e v e n l y  d i v i d e d  i n t o  20 i n t e r v a l s  and a f e a t u r e  i s  
g e n e r a t e d  f ro m  e ac h  i n t e r v a l .  A p r o j e c t i o n  o f  t h e  3 c l a s s e s  o f  
d a t a  o n to  a 2—d i m e n s i o n a l  s u b s p a c e  was found  n o t  to  e x h i b i t  
e x c e s s i v e  in te rp ^en e  t r  a t  io n  p ro v id e d  th e  K—Y t r a n s fo rm a t io n  was
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Number o f Neighbours, k
F ig u re  7 .11 A veraged p r o b a b i l i t y  o f  e r r o r  v e r su s  number o f  
n earest neighbour k used for th e  e stim a tio n .
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u s e d .  H o w e v e r , i t  i s  f e l t  t h a t  t h e  p r e s e n t  a p p r o a c h  may h av e  
d e e m p h a s iz e d  th e  lo w e r  f r e q u e n c y  c o m p o n e n ts ,  e s p e c i a l l y  t h o s e  
b e tw e e n  0 and  400Hz w h ich  from  th e  p r e v i o u s  s t u d y  (U r q u h a r t ,  
1983) h ave  b een  shown to  be r e l a t i v e l y  i m p o r t a n t .  I t  i s  l i k e l y  
t h a t  a f i n e r  d i v i s i o n  a t  t h e  lo w e r  f r e q u e n c i e s  may y i e l d  some 
u s e f u l  f e a t u r e s ,  which when combined w ith  th e  f e a t u r e s  d e r iv e d  
f rom  th e  h i g h e r  f r e q u e n c i e s ,  may p r o v id e  a b e t t e r  d i s p l a y  th a n  
t h a t  in  f i g u r e  7 .6 . T h i s ,  h o w e v e r ,  w i l l  r e q u i r e  f u r t h e r  
i n v e s t i g a t i o n .
Another problem  r e l a t e d  w ith  th e  mapping module i s  th e  
v a r i a n c e  o f  t h e  m app ing  m a t r i x .  As m e n t io n e d  in  s e c t i o n  4 .2 .5 ,  
s in c e  th e  mapping m a tr ix  i s  a fu n c t io n  o f  th e  e s t im a te d  s c a t t e r  
m a t r i x  ( s e c t i o n  4 .2 .1 ) ,  t h e  v a r i a n c e  o f  t h e  m app ing  m a t r i x  i s  
p r o p o r t i o n a l  to  th e  v a r ia n c e  o f  the  e s t im a te d  s c a t t e r  m a tr ix ;  and 
t h e  v a r i a n c e  o f  t h e  e s t i m a t e d  s c a t t e r  m a t r i x  d e p e n d s  on t h e  
number and th e  d im e n s io n a l i ty  o f  the  p ro to ty p e s  t h a t  were used to  
e s t i m a t e d  i t  ( f i g u r e  4 .7 ).  Thus i t  f o l l o w s  t h a t  t h e  m app ing  
m a t r i x  a l s o  d e p e n d s  on t h e s e  tw o v a r i a b l e s .  In  t h i s  s t u d y ,  th e  
d i m e n s i o n a l i t y  o f  th e  f e a t u r e  v e c t o r  i s  20 and t h e  number o f  
p ro to ty p e s  i s  o n ly  135. I t  i s  th e re f o r e  n o t  s u r p r i s in g  t h a t  th e  
mapping m a tr ix  in  f i g u r e  7.6 may no t work w e ll  w ith  unseen d a ta .
To see t h i s  e f f e c t ,  ano ther  45 p ro to ty p e s  (15 from each 
c l a s s  o f  s u b j e c t s )  t h a t  have n o t  been  u sed  in  t h e  above  s t u d y ,  
were used. F ig u re  7.12 shows a 2 d im ensiona l p r o je c t io n  formed 
by u s in g  th e  e i g e n v e c t o r s  l i s t e d  in  t a b l e  7.1 f o r  a l l  180 2 0 -  
d i m e n s i o n a l  lu n g  sound f e a t u r e  v e c t o r s .  I t  can  be s e e n  t h a t
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F i r s t  P r o je c t io n  Component
F ig u re  7 .12  A tw o  d i m e n s i o n a l  p r o j e c t i o n  o f  180 2 0 -d im ens iona l 
lung sound d a ta  using th e  mapping m a tr ix  formed by 
the  2 e ig e n v e c to r s  l i s t e d  in  t a b l e  7.1. Symbols a s  
shown in  f ig u r e  7,5.
206
t h e r e  i s  m ore o v e r l a p p i n g  b e tw e e n  t h e  t h r e e  c l a s s e s  (com pare  
t e s t i n g  a  c l a s s i f i e r  on th e  u n io n  o f  th e  t r a i n i n g  s e t  and an 
unseen d a ta  s e t ) .  Thus, th e  mapping m a tr ix  formed by using  th e  
e i g e n v e c t o r s  l i s t e d  in  t a b l e  7.1 d o e s  n o t  p r o v i d e  t h e  b e s t  
s e p a r a t i o n  b e tw e e n  t h e  c l a s s e s .  F i g u r e  7.13 show s th e  new 
t r a n s f o r m e d  2 d i m e n s i o n a l  sp a c e  when K-Y t r a n s f o r m a t i o n  i s  
a p p l ie d  ag a in  on a l l  180 20-d im ensional lung  sound d a ta .  I t  can 
be  s e e n  t h e  w h o le  p r o j e c t i o n  h a s  been  r o t a t e d  and b e t t e r  
s e p a r a t io n  between th e  th r e e  c l a s s e s  i s  ach ieved  when compared 
w i th  f ig u r e  7.12.
One v e r y  i m p o r t a n t  f a c t o r  t h a t  h a s  b een  n e g l e c t e d  
d u r i n g  t h i s  s t u d y  i s  t h e  age d i f f e r e n c e  b e tw e e n  th e  n o rm a l  
s u b j e c t s  and t h o s e  a s b e s t o s i s  and ex p o sed  p a t i e n t s .  A l l  th e  
norm al s u b je c t s  a re  between 25 and 35, whereas th o se  a s b e s to s i s  
and e x p o s e d  p a t i e n t s  a r e  b e tw ee n  50 and 70. T h u s ,  t h e  good 
s e p a r a b i l i t y  b e tw e e n  n o rm a l  s u b j e c t s  and t h o s e  a s b e s t o s i s  and 
e x p o s e d  p a t i e n t s  i n  f i g u r e s  7.6 and 7.13 may, in  p a r t ,  due to  
t h i s  age e f f e c t .
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F i r s t  P r o je c t io n  Component
F ig u re  7 .13  A tw o d i m e n s i o n a l  p r o j e c t i o n  o f  180 20-d im ensional 
lu n g  sound d a t a  u s in g  th e  K-Y t r a n s f o r m a t i o n .  
Symbols a s  shown in  f ig u r e  7.6.
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appendix 7A: Further comments on figure 7.6
In  f i g u r e  7 .6 ,  t h r e e  s l i g h t l y  o v e r l a p p e d  c l u s t e r s  a r e  
o b s e r v e d .  In  t h a t  f i g u r e  e a c h  p o i n t  in  th e  p r o j e c t e d  s p a c e  
co rresponds  to  an i n s p i r a t i o n  from one o f  the  s u b je c t s  s tu d ie d .  
U n fo r tu n a te ly ,  i t  i s  im p o ss ib le  to  i n f e r  from t h a t  f ig u r e  which 
s e t  o f  p o in t s  o r i g i n a t e s  from which s u b je c t .  T h is  i s  im p o r ta n t  
because  a s e t  o f  p o in t s  from a p a r t i c u l a r  one s u b je c t  may form a 
lo c a l i z e d  c l u s t e r  in s id e  one o f  the  th r e e  main c l u s t e r s  observed 
in  f i g u r e  7 .6 ,  and h en c e  th e  o b s e rv e d  s e p a r a b i l i t y  b e tw e e n  th e  
th r e e  groups of s u b je c t s  does no t n e c e s s a r i ly  r e p r e s e n t  a  n a t u r a l  
s e p a r a t io n  between the  g roups , bu t may be h e a v i ly  in f lu e n c e d  by 
one or more s u b je c t s  under study.
F igu re  7.6 was th e r e f o r e  r e p lo t t e d  in  f ig u r e  7.14 w ith  
d i f f e r e n t  sy m b o ls  r e p r e s e n t i n g  d i f f e r e n t  s u b j e c t s :  n o rm a l
s u b j e c t s  a r e  i d e n t i f i e d  by d i f f e r e n t  u p p e r  c a s e  c h a r a c t e r s ,  
ex p o sed  s u b j e c t s  a r e  d e n o te d  by lo w e r  c a s e  c h a r a c t e r s  and 
a s b e s to s i s  p a t i e n t s  a re  re p re se n te d  by Greek c h a r a c te r s .  I t  can 
be seen t h a t  the  c h a r a c te r s  re p re s e n t in g  d i f f e r e n t  s u b je c t s  a re  
q u i t e  w i d e l y  s p a c e d  w i t h i n  t h e i r  r e s p e c t i v e  m ain  c l u s t e r s  
a lthough  th e  a s b e s to s i s  s u b je c t s  tend to  s c a t t e r  in  a much w ider 
a r e a  th a n  e i t h e r  ex p o sed  o r  n o rm a l s u b j e c t s .  C o n s id e r a b l e  
o v e r l a p p i n g  can  be o b s e rv e d  b e tw e e n  tw o ex p o sed  s u b j e c t s  
( rep re sen te d  by lower case  a and e) w ith  two a s b e s to s i s  s u b je c t s  
( r e p r e s e n t e d  by th e  G reek c h a r a c t e r s  6 and S ). Thus i t  s t i l l  
a p p e a r s  t h a t  s e p a r a t i o n  i s  by d i s e a s e  c l a s s  r a t h e r  th a n  by 
i n d i v i d u a l ,  b u t  a g a in  in  v iew  o f  th e  s m a l l  num bers  o f  p a t i e n t s  
th e  r e s u l t s  must be regarded  as p re l im in a ry .
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F i r s t  P r o je c t io n  Component
F i g u r e  7 .14  A r e p l o t  o f  th e  135 2 - d im e n s io n a l  p r o j e c t e d  lu n g  
s o u n d  f e a t u r e  v e c t o r s  f r o m  f i g u r e  7 .6  w i t h  
d i f f e r e n t  symbols r e p re s e n t in g  d i f f e r e n t  s u b je c t s :  
normal s u b je c t s  a re  i d e n t i f i e d  by d i f f e r e n t  upper 
c a s e  c h a r a c t e r s ,  exposed  s u b j e c t s  a r e  d e n o te d  by 
low er case  c h a ra c te r s  and a s b e s to s i s  p a t i e n t s  a re  
re p re s e n te d  by v a r io u s  Greek c h a r a c te r s .
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Ch^xter 8: Conclusions and suggestions for future research
8 .1  G eneral co n c lu s io n s  crni th e  proposed n on -in vasive  exam ination  
system
T h ro u g h o u t  t h e  p a s t  t h r e e  y e a r s  o f  r e s e a r c h ,  m o s t  o f  
t h e  e f f o r t  h a s  been  fo c u s e d  on th e  f e a s i b i l i t y  o f  d e v e l o p in g  a 
n o n - i n v a s i v e  s y s te m  t h a t  can  r o u t i n e l y  be used e i t h e r  by a 
p h y s i c i a n  o r  by t r a i n e d  p a r a - m e d i c a l  p e r s o n n e l  to  e x a m in e  
p a t i e n t s  vho have exposed to  a s b e s to s  d u s t s .  At th e  beg in ing  o f  
t h i s  p r o j e c t ,  i t  was d e c i d e d  t h a t  th e  s y s te m  s h o u ld  be d i v i d e d  
i n t o  a num ber o f  r e l a t i v e l y  i n d e p e n d e n t  m .odules. T h i s  h a s  th e  
advan tage  o f  develop ing  th e  m ost needed module(s) i n i t i a l l y ,  such 
as  th e  d a ta  a c q u i s i t i o n  and p re p ro c e ss in g  module, and so forming 
th e  backbone o f  the  system . From t h i s ,  o th e r  more s o p h i s t i c a te d  
p e r ip h e r y  such as  the  c l a s s i f i c a t i o n  and un su pe rv ised  le a rn in g  
m o d u le s  c a n  be added w hen ev er  needed . T h i s  i s  p a r t i c u l a r l y  
s i g n i f i c a n t  when one c o n s id e r  the  in e v i t a b l e  l i m i t e d  number o f  
p a t i e n t s  a v a i l a b l e  d u r in g  t h i s  s ta g e  o f  development and a lso  the  
d e m o n s t r a t i o n  n a t u r e  o f  t h i s  p r o j e c t .  Whenever p o s s ib le ,  each 
module would be im plem ented w ith  a number o f  o p t io n s  so t h a t  the  
u se r  could  s e l e c t  the  d e s i r e d  a l t e r n a t i v e .  For example, a t  the  
p r e p r o c e s s i n g  s t a g e ,  t h e  u s e r  w ould  be a l lo w e d  to  s e l e c t  
d i f f e r e n t  ty p es  o f  window o th e r  than  the 4 - term minimum Blackman— 
H a r r i s  window used in the  WOSA a lgo ri thm . The user could , say, 
s e l e c t  a 4 - t e r m  minimum K a i s e r - B e s s e l  window ( H a r r i s ,  1978). 
T h is  approach  has th e  b e n e f i t  o f  p e rm i t t in g  th e  a d d i t io n  o f  some 
s p e c i a l  a l g o r i t h m s  a t  a l a t e r  s t a g e  o f  th e  d e v e lo p m e n t ,  o r  th e
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re-adaptation of the existing algorithms for other special needs.
O bviously , th e  m ost im p o r ta n t  q u e s t io n  in  t h i s  c h a p te r  
i s  to  c o n c lu d e  w h e th e r  i t  i s  p o s s i b l e  to  b u i l d  th e  p ro p o s e d  
s y s t e m .  I t  i s  t h e  a u t h o r ' s  b e l i e f  t h a t  su ch  a s y s te m  may be 
p o s s i b l e  to  r e a l i s e  in  t h e  n e a r  f u t u r e .  The m a in  i t e m  o f  
ha rdw are  would be a d e d ic a te d  ( t r a n s p o r ta b le )  m icrocom puter w ith  
a h a r d - d i s k  o f  s u i t a b l e  s i z e  ( c o s t  p r o b a b ly  l e s s  th a n  jP  1000).  
The r e s t  o f  t h e  h a rd w a re  c o s t  w i l l  be fo r  b u i l d i n g  a d e d i c a t e d  
t r a n s d u c e r ,  an a n a l o g - t o - d i g i t a l  c o n v e r t e r  w i t h  a n t i - a l i a s i n g  
f i l t e r  and p o s s i b l y  a d i s p l a y  u n i t .  On th e  w h o le ,  when th e  
s y s to n  i s  f u l l y  r e a l i s e d ,  i t s  hardware c o s t  can be con s id e red  a s  
in e x p e n s iv e .
F u r th e rm o re ,  from the r e s u l t s  psresented in  ch a p te r  7, 
i t  c a n  be s e e n  t h a t  t h e  m app ing  m odule  i t s e l f  i s  p o s s i b l y  
ad e q u a te ,  in  most c a s e s ,  fo r  id e n t i f y in g  p a t i e n t s  w ith  a s b e s to s i s  
p r o v i d e d  a s u i t a b l e  m app ing  m a t r i x  can  be found in  th e  f u t u r e .  
T h is  m a tr ix  should g iv e  a sm.all f e l s e  n e g a t iv e  and f a l s e  p o s i t i v e  
r a t e  when the  new samples a re  i d e n t i f i e d  by the  c l a s s i f i c a t i o n  
m odule. I t  must be emphasized th a t  the  proposed system would no t 
be u sed  to  d i a g n o s e  a s b e s t o s i s .  I t s  f u n c t i o n  i s  to  i n d i c a t e  
w hether o th e r  more troub lesom e and p o s s ib ly  in v a s iv e  t e s t s  should 
be used on an o th e rw is e  normal su b je c t .  Thus, the  c l a s s i f i c a t i o n  
m o d u le  may a l s o  h e l p  t o  a s s i s t  th e  d e c i s i o n s  r e a c h e d  by a 
p h y s i c i a n  o r  by  p a r a - m e d i c a l  p e r s o n n e l .  In  t h i s  c a s e ,  t h e  
d e c i s i o n  g i v e n  by  th e  c l a s s i f i c a t i o n  m odu le  w i l l  be e x t r e m e l y  
s i m p l e .  E s s e n t i a l l y ,  t h e  a n s w e rs  w i l l  be " y e s " ,  "no" a n d /o r
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d o n ’t  know", d e p e n d in g  on w h e th e r  any r e j e c t  o p t i o n  i s  used in  
t h e  d e c i s i o n .  S e c t i o n s  5 .2 .2  and 6.3 have p r o v id e d  some v e r y  
u s e f u l  n e a r e s t  n e i g h b o u r  t y p e s  o f  a l g o r i t h m s  f o r  t h i s  
c l a s s i f i c a t i o n  module. For the  proposed system , th e  "don’t  know" 
a n sw e r  (or th e  use  o f  r e j e c t  o p t i o n )  can  be used  to  r e d u c e  th e  
f a l s e  n e g a t iv e  r a t e .  For example, i f  th e  (k,JLj^)-NN r u l e  i s  used 
( s e c t i o n  5 .2 .2 .2 .3 ) ,  f o r  th e  n o n - a s b e s t o s i s  c l a s s e s  can  be
a d j u s t e d  to  a v a l u e  g r e a t e r  th a n  [k /3 ”], so t h a t  in  o r d e r  to  be 
i d e n t i f i e d  a s  n o n - a s b e s t o s i s ,  a t e s t  s a m p le  h a s  to  h ave  more 
ne ig h b o u rs  in the  n o n -a s b e s to s is  c l a s s e s  than in the  a s b e s to s i s  
c l a s s .  In a d d i t io n ,  when the system i s  being developed f u r th e r ,  
t h e  s i z e  o f  th e  p r o t o t y p e  s e t  w i l l  g r a d u a l l y  i n c r e a s e .  T hus , i t  
may be  n e c e s s a r y  t o  s e l e c t  a s m a l l e r  b u t  b e t t e r  p r o t o t y p e  s e t  
a n d / o r  to  sp eed  up th e  s e a r c h i n g  t im e  fo r  th e  s e t  o f  n e a r e s t  
n e ig h b o u rs .  The a lg o r i th m s  surveyed by Luk (1987) may th e r e f o r e  
be u s e f u l .
The n e x t  q u e s t i o n  i s  w h e th e r  th e  m e d ic a l  p r o f e s s i o n  
would a c c e p t ,  in p a r t  or as  a whole, the proposed system . I t  i s  
t h e  a u t h o r ’s o p i n i o n  t h a t  i t  r e a l l y  d e p e n d s  on how one lo o k s  a t  
t h e  s y s te m .  I f  th e  s y s te m  i s  t r e a t e d  o n ly  a s  a s c r e e n i n g  t o o l ,  
t h e  a u t h o r  b e l i e v e s  t h a t  i t  would be a c c e p t a b l e  to  th e  m e d ic a l  
p r o f e s s io n ,  provided f u r th e r  d e v e lo p m e n ta l  w ork and o t h e r  f i n e  
tu n in g  i s  perform ed. I f  i t  i s  viewed as a m edical r e s e a rc h  to o l ,  
some o f  th e  modules in the system a re  c e r t a i n l y  u s e f u l ,  such as 
th e  mapping and c l a s s i f i c a t i o n  modules: s im i l a r  modules have been 
used in  the  p a s t  to  handle a number o f  m e d ic a l - r e la t e d  problem s 
(Cox e t  a l ,  1972; Mendel son  e t  a l , 1973; Nagy, 1968).  As a
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d i a g n o s t i c  a i d ,  on t h e  o t h e r  h an d ,  th e  s y s t e m ,  a t  l e a s t  in  t h e  
form now proposed , i s  l e s s  l i k e l y  to  be a c c e p ta b le .  Indeed, th e  
proposed  system  la c k s  th e  g ra c e  o f  the  so c a l l e d  knowledge-based 
s y s t e m s  ( F r i e d l a n d ,  1985; S u t h e r l a n d ,  19 8 6 ) ,  w h ic h  i f  p r o p e r l y  
p rog ram m ed  c a n  g i v e  n o t  o n ly  a d e c i s i o n  b u t  a l s o  t h e  r e a s o n s  
beh ind  a d e c i s io n .
8.2 C onclu sion s on lung sound research
T h i s  p r o j e c t  h a s  made a c o n t r i b u t i o n  to  lu n g  sound 
r e s e a rc h .  In p a r t i c u l a r ,  the  mapping r e s u l t s  in  c h a p te r  7 have 
shown t h a t  i t  i s  p o s s ib le  to  s e p a ra te  or d i s c r i m in a t e  a s b e s to s i s  
p a t i e n t s  from  n o n - a s b e s t o s i s  s u b j e c t s  w i t h  a low  e r r o r  r a t e  
s i m p l y  by u s in g  lu n g  so u n d s  a l o n e .  In  a d d i t i o n ,  i t  h a s  a l s o  
shown t h a t  exposed  p a t i e n t s  co u ld  be s e p a r a t e d  from  n o rm a l  
s u b j e c t s .  T h i s  may p a r t l y  due to  th e  p a t h o l o g i c a l  c h a n g e s  a s  a 
r e s u l t  o f  exposure to  a s b e s to s  f i b r e s  in the  exposed s u b je c t s  and 
may, i n  p a r t ,  a l s o  be due to  th e  age  d i f f e r e n c e  b e tw e e n  th e  two 
g r o u p s .  A n o th e r  f i n d i n g  i s  t h a t  b o th  th e  h ig h  and t h e  low 
frequency  components o f  the  averaged periodogram  a re  im p o rtan t .  
T h i s  may s u g g e s t  t h a t  c r a c k l e s  p la y  an i m p o r t a n t  p a r t  in  th e  
d i s c r i m i n a t i o n  p r o c e s s  (A nderson e t  a l , 1986). T h i s  d o e s  n o t  
c o n t r a d i c t  t t e  p rev io u s  s tudy  (Urguhart e t  a l ,  1981) which found 
a b n o rm a l i ty  a t  th e  lower f re q u e n c ie s .  In f a c t ,  a s  Kraman (1983) 
h a s  s u g g e s t e d ,  t h i s  may p a r t l y  be c o n t r i b u t e d  by th e  m u s c le  
t i s s u e  in  the  c h e s t  w a l l .  Thus, the  so c a l le d  "lung sounds" may 
a c t u a l l y  be a c o m b in a t io n  o f  sounds  g e n e r a t e d  in  t h e  lu n g ,  th e  
h e a r t ,  and o th e r  co n n ec tiv e  t i s s u e s ,  making the  i n t e r p r e t a t i o n  o f
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lung  sounds ex tre m e ly  d i f f i c u l t  (Anderson e t  a l ,  1987). However, 
w h a te v e r  th e  o r i g i n  o f  t h e s e  s o u n d s ,  i t  i s  c l e a r  t h a t  th e y  
c o n ta in  u s e fu l  d i s c r i m in a t o r y  in fo rm a t io n  (U rguhart,  1983).
8 3  Ccmclusicms c h i  n ea rest neighbour c l a s s i f i c a t io n
T h i s  w ork h as  a l s o  made a c o n t r i b u t i o n  to  n e a r e s t  
ne ighbour (NN) c l a s s i f i c a t i o n .  In s e c t io n  6.2, i t  has been shown 
t h a t  t h e  e r r o r  r a t e  f o r  t h e  w e i g h t e d  k-NN r u l e  ( s e c t i o n  
5 .2 .2 .3 .3 )  may be s m a l l e r  th a n  fo r  th e  u n w e ig h te d  k-NN r u l e  
( s e c t i o n  5 .2 .2 .2 .1 )  when th e  s i z e  o f  th e  p r o t o t y p e  s e t  i s  f i n i t e  
(Macleod e t  a l ,  1987). T h is  c o n c lu s io n  may be im p o r ta n t  when one 
a t t e m p t s  to  s e l e c t  which n e a r e s t  neighbour a lg o r i th m  to use in  a 
g iv e n  a p p l i c a t io n .  In a d d i t io n ,  Luk and Macleod (1986) have a l so  
proposed  ano ther  n e a r e s t  neighbour c l a s s i f i c a t i o n  scheme which i s  
s l i g h t l y  d i f f e r e n t  from, o the r  NN c l a s s i f i c a t i o n  r u l e s  surveyed in 
s e c t i o n  5 .2 .2 . M o d i f i c a t i o n s ,  su ch  a s  t h e  a d d i t i o n  o f  a r e j e c t  
o p t i o n ,  a r e  needed vhen the s iz e  o f  the  p ro to ty p e  s e t  i s  f i n i t e .  
They h ave  s u g g e s t e d  t h a t  th e  p ro p o se d  r u l e  may be u s e f u l  in  
a p p l i c a t i o n s  where a lower e r r o r  p r o b a b i l i t y  i s  e s s e n t i a l  and a 
somewhat l a rg e  r e j e c t i o n  i s  t o l e r a b l e ,  and when th e  (k,i)-NN r u l e  
c a n n o t  a c h i e v e  th e  n e c e s s a r y  t o l e r a b l e  r e j e c t i o n  r a t e .  The 
n o n - i n v a s i v e  e x a m in a t io n  s y s t e m ,  i f  u s e d  f o r  p r e l i m i n a r y  
s c r e e n i n g  a s  s u g g e s te d  in  s e c t i o n  8 .1 ,  m ig h t  c o n s t i t u t e  a 
p o s s i b l e  a p p l i c a t io n  where f a l s e  n e g a t iv e s  a re  n o t  d e s i r a b l e  b u t  
f a l s e  p o s i t i v e s  may be t o l e r a b l e .
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8.4 Suggestions for future research
One a r e a  t h a t  i s  c e r t a i n l y  w o r th  some m ore r e s e a r c h  
e f f o r t  i s  in  th e  m i s s i n g  m o d u le ,  i . e .  t h e  u n s u p e r v i s e d  l e a r n i n g  
m o d u le .  I t  i s  t r u e  t h a t  u n s u p e r v i s e d  l e a r n i n g  h a s  been  a ro u n d  
f o r  m ore th a n  30 y e a r s ,  y e t  in te g ra t in g  t h i s  t e c h n i q u e  i n t o  t h e  
proposed  system  i s  by no mean s im p le .  P erhaps ,  i t  i s  p o s s ib le  to  
f o l l o w  th e  same l i n e  o f  r e s e a r c h  a s  D a s a r a th y  (1980). H is  
p roposed  system  was capab le  o f  d e t e c t i n g  a p r e v io u s ly  u nde tec ted  
c l a s s .  However, fo r  th e  proposed n o n - in v a s iv e  system , w i l l  th e  
p r o b l e m  be a s  s i m p l e  a s  d i s c o v e r i n g  t h e  o n s e t  o f  a  new 
r e s p i r a t o r y  d i s e a s e ?  Or, i s  i t  j u s t  a s im p l e  c a s e  o f  m a ch in e  
m a l f u n c t i o n ?  The p ro b le m  i s  r e a l l y  w h a t  to  lo o k  f o r  when t h i s  
module i s  invoked.
I t  i s  th e  a u t h o r ' s  w ish  t h a t  t h e  w ork on th e  p ro p o s e d  
n o n - in v a s iv e  system can be con tinued  because from c h a p te r  7, i t  
c a n  be s e e n  t h a t  many m o d u les  a r e  s t i l l  i n  t h e i r  in f a n c y .  The 
r e s e a r c h  t h a t  h a s  been  p e r fo rm e d  up to  now i s  r e a l l y  a o n e - o f f  
d e m o n s t r a t i o n  w o rk .  As s u g g e s t e d  i n  s e c t i o n  8 .1 ,  m o re  
deve lopm en ta l  work and f in e  tu n in g s  a re  needed b e fo re  th e  system 
c a n  be d e c l a r e d  a s  o p e r a t i o n a l .  U n d o u b te d ly ,  a more u s e r  
f r i e n d l y  f ro n t-e n d  i s  req u ire d .  The au tho r  would c e r t a i n l y  l i k e  
t o  see  an ic o n -d r iv e n  f ro n t - e n d  which could be used to g e th e r  w ith  
a  "mouse" i n t e r f a c e  to  d r i v e  th e  s y s te m  s t a r t i n g  from  th e  d a t a  
a c q u i s i t i o n  module.
One lo o k  a t  t h e  f r e q u e n c y  r e s p o n s e  o f  t h e  t r a n s d u c e r
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used  in  t h i s  s t u d y  w i l l  c e r t a i n l y  s u g g e s t  t h a t  a b e t t e r  one i s  
r e q u ire d  in the  f u tu r e .  I t  would o b v io u s ly  be u s e fu l  to  e x p lo re  
d i f f e r e n t  a c o u s t i c  m a t e r i a l s  to  f ind  the  b e s t  p o s s i b le  c a n d id a te  
f o r  a c q u i r i n g  lu n g  sound s i g n a l s .  I t  w ould a l s o  be u s e f u l  to  
d e s ig n  a method to  e s t i m a t e  th e  a c o u s t ic  impedance o f  the  c h e s t  
w a l l .  The most e f f e c t i v e  way would be to  use cadavers .
I t  i s  a l s o  p o s s ib le  to  develop  new f e a tu r e  g e n e ra t io n  
a lg o r i th m s .  T h is  c e r t a i n l y  w i l l  have an im p o r tan t  e f f e c t  on the 
s u b s e q u e n t  p r o j e c t i o n  in  t h e  m apping  m o d u le ,  and h en ce  on th e  
c l a s s i f i c a t i o n  module as  w e l l .  The main q u e s t io n  i s  what s o r t  o f  
f e a tu r e s  a re  needed and how to  g e n e ra te  them. Can some f e a t u r e s  
be  g e n e r a t e d  from  th e  t i m e  dom a in ?  Can th e  a g e ,  s e x ,  w e i g h t ,  
h e i g h t ,  and o t h e r  p h y s i o l o g i c a l  d a t a  be i n c o r p o r a t e d  i n t o  th e  
f e a tu r e  g e n e ra to r ?  Again, th e  problem cannot be solved u n le s s  a 
d e f i n i t e  o b j e c t i v e  i s  s e t  fo r  t h e  d e v e lo p m e n t .  For e x a m p le ,  i s  
th e  f u t u r e  s y s te m  g o in g  to  be a d i a g n o s t i c  a id  or a s c r e e n i n g  
d e v i c e  or a m e d ic a l  r e s e a r c h  t o o l ?  I f  i t  i s  a d i a g n o s t i c  a i d ,  
w i l l  i t  be more p r o f i t a b l e  to  use the  so c a l le d  knowledge-based 
a p p r o a c h e s ?  T hese  u n d o u b ed ly  s h o u ld  be r e t a i n e d  a s  f u t u r e  
r e s e a r c h .
R e s e a rc h  i n t o  th e  p o s s i b i l i t y  o f  u s in g  lu n g  sound 
s i g n a l s  t o  m o n i to r  th e  p r o g n o s i s  o f  a c e r t a i n  lu n g  d i s o r d e r  i s  
a l s o  r e q u i r e d .  I f  f o r  ex am p le  a p a t i e n t  w ere  exam ined  on 
su c c e s s iv e  o cca s io n s  and i t  was found t h a t  the p o in t  (assuming a 
mapping a lg o r i th m  i s  used) r e p re s e n t in g  h i s /h e r  r e s p i r a t i o n  was 
moving c lo s e r  tow ards  th e  c l u s t e r  formed by th a t  lung d i s o r d e r ,
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t h i s  m i g h t  be e v i d e n c e  f o r  b e l i e v i n g  t h a t  t h e  p a t i e n t  was 
d e v e l o p i n g  t h a t  lu n g  d i s o r d e r .  A g a in ,  u n l e s s  some work i s  
p e r f o r m e d  on t h i s  s u g g e s t i o n ,  i t  i s  n o t  known w h e th e r  th e  
p ro p o sa l  i s  f e a s i b l e  or not.
I n  n e a r e s t  n e ig h b o u r  (NN) c l a s s i f i c a t i o n  i t  w ould  be 
w o r th  i n v e s t i g a t i n g  t h e  f e a s i b i l i t y  o f  u s in g  t h e  p ro p o s e d  NN 
r u l e  ( s e c t io n  6.3) in  e d i t i n g .  I f  so ,  how would i t  compare w ith  
o t h e r  e d i t i n g  a l g o r i t h m s ?  Some p r e l i m i n a r y  r e s u l t s  (Luk and 
M a c le o d ,  1985) have  s u g g e s te d  t h a t  t h e  proposed c l a s s i f i c a t i o n  
scheme (ch a p te r  6, e q u a t io n s  19) can e l im in a te  more p ro to ty p e s  in  
one i t e r a t i o n  and ach ieve  n e a r ly  the  same p r o b a b i l i t y  o f  e r r o r  i f  
su bsequen t c l a s s i f i c a t i o n  was perform ed by a 1-NN r u l e  (Devijver 
and K i t t l e r ,  1982).  S in c e  th e  r e j e c t  o p t i o n  i s  u sed  in  t h a t  
i m p l e m e n t a t i o n ,  i t  c o u ld  a l s o  be w o r t h w h i l e  t o  s t u d y  p o s s i b l e  
r e l a t i o n s h i p s  between r e j e c t i o n  and e d i t i n g .
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